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INDEXING METHODS FOR EFFICIENT MULTICLASS

RECOGNITION

ALEXANDRA STEFAN

ABSTRACT

Many real world image analysis problems, such as face recognition and hand pose esti-

mation, involve recognizing a large number of classes of objects or shapes. Large margin

methods, such as AdaBoost and Support Vector Machines (SVMs), often provide compet-

itive accuracy rates, but at the cost of evaluating a large number of binary classi�ers, thus

making it di�cult to apply such methods when thousands or mil lions of classes need to be

recognized. This thesis proposes a �lter-and-re�ne framework, whereby, given a test pat-

tern, a small number of candidate classes can be identi�ed e�ciently at the �lter step, and

computationally expensive large margin classi�ers are used to evaluate these candidates

at the re�ne step. Two di�erent �ltering methods are propose d, ClassMap and OVA-VS

(One-vs.-All classi�cation using Vector Search).

ClassMap is an embedding-based method, works for both boosted classi�ers and SVMs,

and tends to map the patterns and their associated classes close to each other in a vector

space. OVA-VS maps OVA classi�ers and test patterns to vectors based on the weights

and outputs of weak classi�ers of the boosting scheme. At runtime, �nding the strongest-

responding OVA classi�er becomes a classical vector searchproblem, where well-known

methods can be used to gain e�ciency.

In our experiments, the proposed methods achieve signi�cant speed-ups, in some cases

up to two orders of magnitude, compared to exhaustive evaluation of all OVA classi�ers.

This was achieved in hand pose recognition and face recognition systems where the number

of classes ranges from 535 to 48,600.
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Chapter 1

Introduction

Many real-world computer vision tasks involve recognizinga very large number of classes of

objects or shapes - a number that can range from thousands to millions. Examples of such

tasks include biometrics-based identi�cation (based on faces and/or �ngerprints), hand and

human body pose classi�cation, speech and sign language recognition, and generic object

recognition using computer vision. An important problem in such domains is designing

recognition methods that are scalable and achieve e�cient running time in the presence of

a large number of classes.

Large margin methods are machine learning techniques that try to maximize the margin

of training patterns, where the margin of a pattern, given a classi�er, is a measure of

con�dence in the output of that classi�er on the pattern. For example, support vector

machines (SVMs) (Vapnik, 1995) are trained by attempting to maximize the minimum

margin of any training example (Allwein et al., 2000). SVMs and boosting (Friedman et al.,

2000; Schapire and Singer, 1999) have been successful in recent years in various pattern

recognition domains. A common way to apply such methods to multiclass problems is to

train, for each class, a one-versus-all (OVA) classi�er to discriminate between samples from

that class and samples from the other classes (Allwein et al., 2000; Torralba et al., 2007).

Given a test pattern to recognize, all OVA classi�ers are applied to that pattern, and the

classi�cation output is the class label associated with theOVA classi�er that produced the

strongest response.

A major bottleneck of these commonly used techniques is that, given a new pattern to

classify, all binary classi�ers must be applied to that patt ern. This leads to time complexity

that is typically at least linear in the number of classes. This time complexity can lead to
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prohibitive running times in large multiclass domains with thousands or millions of classes.

The main goal of this thesis is to address this problem and propose e�cient and scalable

methods for large margin multiclass recognition.

This thesis does not address the topic of feature selection and feature extraction. It is

simply assumed that some appropriate choices regarding features have already been made.

The goal in this thesis is to propose e�cient alternatives to exhaustive evaluation of all

binary classi�ers in order to classify a test pattern. Train ing and test patterns, for the

purposes of our discussion, are feature vectors on which theOVA classi�ers can be directly

applied.

1.1 Contributions

This thesis proposes a �lter-and-re�ne framework, whereby, given a test pattern, a small

number of candidate classes can be identi�ed e�ciently at the �lter step, and computa-

tionally expensive large margin OVA classi�ers are used to evaluate these candidates at the

re�ne step. The main contribution consists of proposing twodi�erent �ltering methods that

can be employed in this �lter-and-re�ne framework: ClassMap, and OVA-VS (One-vs.-All

classi�cation using Vector Search).

1.1.1 ClassMap

The ClassMap method is a novel paradigm for multiclass recognition, whereby e�cient and

accurate recognition is framed as a database search problem: given a pattern to classify,

the goal is to quickly identify, in a database of classes, a small set of candidate classes

for that pattern. The winning candidate can then be selectedby applying the individual

classi�ers available for the candidate classes. Designingan e�cient search mechanism for

a database of classes is a non-trivial problem. First, classes are abstract entities with no

explicit representation given a priori. Second, no distance measure is de�ned a priori for

comparing database objects (classes) to each other and to queries. ClassMap constructs

an explicit representation for classes, that can be used to:
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1. \store" such classes in an actual database,

2. de�ne a distance measure between classes and from patterns to classes, and

3. accommodate e�cient search.

ClassMap is designed for use in domains where the task of multiclass recognition is

decomposed into multiple OVA classi�cation problems. ClassMap is not concerned with

how the classi�ers are trained, e.g., using AdaBoost or supportvector machines. The only

assumptions we make are that:

1. all OVA classi�ers have already been trained, and

2. a set of labeled training patterns has been provided.

The key idea in ClassMap is that we can embed both patterns andclasses into a common

vector space, in a way that patterns tend to get mapped close to their correct classes.

Finding the nearest classes of a pattern in this vector spacecan be done e�ciently, using

vector comparisons based on theL 1 and L 2 metrics. If we haven classes, instead of applying

n OVA classi�ers to the query, we perform n vector comparisons. Typically, performing

such a vector comparison is signi�cantly faster than evaluating one of the original binary

classi�ers. Furthermore, vector indexing methods , e.g., (B•ohm et al., 2001; Gionis et al.,

1999), can be applied to further reduce the number of required vector comparisons. This

way, a small number of candidate classes can be quickly identi�ed for each query. Then,

only the binary classi�ers associated with those classes need to be applied to the query.

We evaluate ClassMap on two datasets, examples in Fig. 1�1: a dataset of hand images

where the task is to recognize the handshape and 3D orientation (out of 2430 classes), and

a dataset of face images where the task is to recognize the individual (out of 535 classes). In

both cases, one-vs.-all (OVA) classi�ers are trained. Compared to the brute-force method,

where all OVA classi�ers are applied on each pattern, ClassMap is between 3 and 28 times

faster, with negligible or no loss in classi�cation accuracy.



4

1.1.2 One-vs.-All Classi�cation Using Vector Search

The second method is called OVA-VS, which stands for \One-vs.-All classi�cation using

Vector Search." This method is speci�c to boosting-based multiclass recognition using

OVA classi�ers. Our main contribution regarding this metho d is showing that, given a

pattern to classify, identifying the strongest-responding OVA classi�er for that pattern is

essentially a nearest neighbor search problem in a real vector spaceRd. This result leads

to two additional contributions:

1. Using the theoretical properties of well-known nearest neighbor search methods, such

as locality sensitive hashing (LSH) (Gionis et al., 1999), we show that OVA classi-

�cation can be approximated with time complexity that is fun damentally sublinear

in the number of classes, and the approximation can be as close as desired (accuracy

can be traded for e�ciency).

2. Using simple vector search methods that are based on dimensionality reduction, we

obtain speedups of over two orders of magnitude in a large multiclass problem, where

approximately 50,000 hand poses are recognized and speedups of 6 in a face recog-

nition problem with 535 classes. Speedups are measured withrespect to the time it

takes to perform brute-force evaluation of all OVA classi�ers on each test pattern.

1.2 Overview

The remainder of this thesis is organized as follows: Chapter 2 provides background infor-

mation and the problem de�nition. Chapter 3 presents related work. Chapters 4 and 5

describe the two main contributions of this thesis, i.e., ClassMap, and OVA-VS. A paper

describing the ClassMap formulation was presented in (Athitsos et al., 2007).

Chapter 6 evaluates the performance of the proposed methodson two tasks: hand pose

estimation and face recognition where the number of classesranges from 535 to 48,600. For

each of these tasks both an SVM and a Boosted-OVA recognitionsystem was trained. In

the experiments, ClassMap, applied to all systems, and OVA-VS, applied to the Boosted-
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Figure 1 �1: Example recognition tasks with a large number of classes.
Top: recognizing handshape and 3D orientation, out of a large number of
shape/orientation combinations. Bottom: recognizing person identity, out
of a large number of classes. In this paper we propose a methodfor quickly
identifying, given a query, a small number of candidate classes, so as to
speed up recognition.

OVA systems, achieved good speedups, of even two orders of magnitude in some cases.

As ClassMap requires training, an experiment was conductedto see how it performs on

patterns from new classes that were not available at training. The results showed good

generalization properties.

Additional discussion about the proposed methods and possible directions for future

work are is conducted in Chapter 7.



Chapter 2

Background and Problem De�nition

Let X be a space of patterns, andY be a �nite set of class labels. Every patternX 2 X

has a class labelL (X ) 2 Y. We use the termdatabaseas a synonym forY, the terms class

and database objectas synonyms forclass label, and the term query as a synonym forquery

pattern.

In the OVA (Allwein et al., 2000) scheme, for each classY 2 Y a large margin classi�er

CY : X ! R is trained to discriminate between patterns of classY and all other patterns.

For a given query pattern Q 2 X, higher (more positive) responsesCY (Q) indicate higher

con�dence that L (Q) = Y . The standard approach is to evaluateCY (Q) for all Y 2 Y,

and classifyQ as belonging to the classY for which CY (Q) is maximized.

Other decomposition schemes have also been proposed for reducing multiclass to binary

classi�cation (Allwein et al., 2000; Dietterich and Bakiri , 1995). In all cases, a set of binary

classi�ers is de�ned, and the class label of a test pattern isdetermined by applying all binary

classi�ers, and comparing the set of binary classi�er outputs to the output code assigned to

each class. In this thesis, we focus on the OVA scheme, because it is readily applicable to

large multiclass problems. The all-pairs scheme, where a classi�er is trained for each pair of

classes, requires training a number of classi�ers that is quadratic to the number of classes,

and thus is not scalable to problems with a large number of classes. Furthermore, the OVA

scheme has been shown to be comparable in accuracy to all-pairs and other decomposition

schemes in various experimental settings (Rifkin and Klautau, 2004).

Let C be the set of large margin OVA classi�ers for a particular multiclass problem. We

assume that all these binary classi�ers have already been trained using an existing method,

such as boosting or SVMs. We use the termbrute-force classi�cation for a classi�cation

6
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process that, as described above, in order to classify a query Q needs to computeC(Q) for

all C 2 C.

Given the above de�nitions, the problem we want to solve can be stated as follows:

we want a classi�cation process that, using the large marginclassi�ers in C, classi�es

query patterns Q as accurately as possible and as fast as possible. Ideally, we want the

classi�cation process to be signi�cantly faster compared to brute-force classi�cation, but

not signi�cantly less accurate.

ClassMap, the �rst of the two methods proposed in this thesis, addresses the above

problem in its general form, as stated in the previous paragraph. OVA-VS, the second

method, addresses a more narrow version of the problem, as itis only applicable to settings

where the OVA classi�ers have been trained using boosting.



Chapter 3

Related Work

Nearest neighbor classi�cation (Duda et al., 2001) is a simple method for multiclass recogni-

tion, and has been successfully applied in large multiclassproblems, such as face recognition

(e.g., (Liu, 2006)), contour matching (e.g., (Grauman and Darrell, 2004)), and articulated

pose estimation (e.g., (Shakhnarovich et al., 2003)). Theoretically, k-nearest neighbor

classi�cation accuracy becomes optimal as the number of training data approaches in�nity

(Duda et al., 2001). However, for amounts of training data available in real applications,

nearest neighbor classi�ers often fall short of the theoretically optimal behavior.

An alternative approach for multiclass recognition is to use large margin classi�ers,

trained for example via boosting (Friedman et al., 2000; Li and Zhang, 2004; Schapire and

Singer, 1999) or support vector machines (SVMs) (Vapnik, 1995). Compared to nearest

neighbor methods, large margin methods can be appealing because of their generalization

properties and good empirical performance in terms of classi�cation accuracy. The stan-

dard strategy for applying large margin methods to a multiclass problem is to decompose

the multiclass problem into a set of binary problems (Allwein et al., 2000).

Di�erent types of multiclass-to-binary decompositions can be de�ned (Dietterich and

Bakiri, 1995), such as OVA and all-pairs (Allwein et al., 2000). To classify a query, all

binary classi�ers are applied, which leads to a time complexity that is linear, for OVA, and

a time complexity that is quadratic in the number of classes for all-pairs. An exception is

the Directed Acyclic Graph SVM (DAGSVM) method (Platt et al. , 2000), that uses the

all-pairs scheme but requires a number of classi�er evaluations that is only linear to the

number of classes, as in the OVA scheme.

The OVA and all-pairs schemes are examples of multiclass-to-binary decomposition

8
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schemes that are de�ned using error correcting output codes(ECOC) (Dietterich and

Bakiri, 1995; Allwein et al., 2000). In ECOC schemes, each class is assigned an ECOC

code, which is a unique vector code of some �xed lengthm. Each of the m entries in

the code is constrained to be a value amongf� 1; 0; 1g. Then, for every coordinate in

this space ofm-dimensional vectors, a classi�er is trained, where the positive and negative

examples come from all classes whose code has, at that coordinate, a value of 1 or -1,

respectively. Given a test pattern, all learned binary classi�ers are applied, and their

values are concatenated to anm-dimensional result vector, where thei -th coordinate is

the output of the binary classi�er trained based on the i -th coordinates of the class output

codes. The pattern is �nally classi�ed as belonging to the class whose ECOC code is the

closest to the result vector for that pattern.

One way to achieve classi�cation time sublinear in the number of classes is to decompose

the multiclass problem into a sublinear number of binary problems. In theory, recognizing

n classes can be decomposed to log2 n binary problems. This can be done by de�ning, for

each class, a unique bit vector oflog2n bits. However, such sublinear decompositions are

rarely used because they de�ne binary problems with unnatural and hard-to-learn class

boundaries, leading to low classi�cation accuracy. OVA andall-pairs decompositions, on

the other hand, lead to more natural binary classi�cation boundaries, and this explains the

popularity of those decompositions in practice.

A variety of indexing methods can be used to speed up nearest neighbor retrieval and

classi�cation (Athitsos, 2006; B•ohm et al., 2001; Gionis et al., 1999; Hjaltason and Samet,

2003a; Hjaltason and Samet, 2003b; Shakhnarovich et al., 2003), often achieving signi�cant

speedups over brute-force search (Athitsos, 2006; Shakhnarovich et al., 2003). However,

for large margin methods, brute-force evaluation of a largenumber of classi�ers is the

current state of the art. Torralba et al. (Torralba et al., 20 07) proposed a method for

improving the e�ciency of the OVA scheme by sharing weak classi�ers among the OVA

models. However, at runtime, all OVA classi�ers are appliedto each pattern, and thus the

complexity of that method is still linear to the number of cla sses.
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The two methods proposed in this thesis perform, given a pattern, a quick search in

a database of classes to identify candidate classes. This search task has many conceptual

similarities with the classical task of searching for nearest neighbors. For the proposed

OVA-VS method, which is applied on top of boosted OVA classi�ers, our search task is

actually identical to nearest neighbor search, and demonstrating that fact is the main

contribution of the OVA-VS method. Therefore, classical nearest neighbor indexing meth-

ods (Athitsos, 2006; B•ohm et al., 2001; Gionis et al., 1999;Hjaltason and Samet, 2003a;

Hjaltason and Samet, 2003b) can be applied in that setting.

On the other hand, for the most general problem de�nition, where neither the OVA

scheme nor boosting-based training are assumed, classicalnearest neighbor methods are

inapplicable, because of two issues: 1.) database objects are classes, thus living in a

di�erent space than patterns. 2.) No distance measure is de�ned a priori for comparing

database objects (classes) to each other and to queries, whereas nearest neighbor indexing

methods require such a distance measure to exist. The main contribution of the ClassMap

method lies in describing how to overcome these two issues, and thereby obtain a method

for e�cient search in a database of classes.

We should also mention some additional methods that have been proposed for spe-

ci�c large multiclass problems. E�cient hand pose estimati on is achieved in (Ong and

Bowden, 2004) by combining hierarchical classi�ers into a tree structure. Hierarchical

template matching has been used for pedestrian detection (Gavrila and Philomin, 2001)

and hand pose estimation (Stenger et al., 2004). Articulated pose can be treated as a

multidimensional regression problem, and estimators can be trained that map observations

into a continuous pose space (Agarwal and Triggs, 2006; de Campos and Murray, 2006).

However, many domains (e.g., face recognition) do not lend themselves readily either to

hierarchical decomposition or to regression-based estimation. The two proposed methods,

on the other hand, are readily applicable in such domains, aslong as a �nite set of classes

can be de�ned.



Chapter 4

ClassMap

In this chapter we describe the ClassMap method, which is oneof the main contributions

of this thesis. ClassMap was introduced in (Athitsos et al., 2007), and it is designed to

address the most general version of our problem, where no assumptions are made about

the underlying large margin method that is used to train the OVA classi�ers.

The key idea in our method is to de�ne an embeddingF : X [ Y ! Rd0
that maps

both patterns and classes into a commond0-dimensional vector space, and that tends to

map queriesQ and their corresponding classesL(Q) close to each other. Using such anF ,

we can e�ciently identify for each Q a set of candidate classes, by �nding classesY whose

embeddingsF (Y ) are close toF (Q). It is assumed that measuring the distance between

vectors F (Q) and F (Y ) is much faster than computing the output of a binary classi� er

C 2 C on a query Q. Once we obtain a set of candidate classes forQ, we only need to

evaluate those binary classi�ersC that are related to the candidate classes.

4.1 Jointly Embedding Queries and Classes

In order to keep our formulation general, the only assumptions that we make are that we

are given a setC of already trained binary classi�ers, a set Xtr � X of labeled training

examples, and a matrixM storing precomputed outputs C(X ) for all C 2 C and X 2 Xtr .

Before talking about the embedding, let us see how we hope to learn something about

a class, without evaluating its classi�er. That is, given a query, Q, a classY 2 Y and a

classi�er, C, how can we useC to evaluate whether or not Y is a candidate class forQ?

If the responses ofC on samples fromY are random, nothing can be done:C o�ers no

information about Y . If the responses follow a distribution, then we can see how likely it

11
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is that C(Q) comes from that distribution. In this thesis we assume the simple case when

the distribution is unimodal and thus we can talk about a typical responseof C for samples

from Y. We will use the notation C(Y ) for this typical response. C(Y ) can be learned

using the response ofC on a training set of patterns from Y. Mean and median are two

possible ways to estimate typical responses. To evaluateY as a candidate forQ, we look

at how far C(Q) is from the C(Y). We can not expect one classi�er,C, to discriminate

well among all the classes, for example, it may give similar typical responses for several

classes. We can also not rely on it providing information about every class. In conclusion,

we cannot expect a single classi�er to solve the problem, butwe hope that several classi�ers

will. Our experiments show that it does.

The next step is to use the classi�ers inC, and the information they give, to build

the desired embedding. The solution is simple: any classi�er C gives a 1D embedding by

mapping a query, Q to C(Q) and a class,Y , to the typical response,C(Y ). Moreover, it

has the desired property that C(Q) is likely to be close toC(Y ) when Q is a pattern of class

Y . Several classi�ers can be combined to produce an embeddingof a higher dimension.

Next we give the formal construction for the embedding.

We de�ne an embeddingF : X [ Y ! Rd0
that jointly maps patterns and classes into a

commond0-dimensional real vector spaceRd0
. We start by de�ning a simple 1D embedding

F R of both patterns Q 2 X and classesY 2 Y based on the responses of a single classi�er

R 2 C, which we call a reference classi�er:

F R(Q) = R(Q) : (4.1)

F R(Y ) = median f R(X ) : X 2 Xtr ; L (X ) = Yg : (4.2)

We should note that reference classi�ers play a role analogous to that of reference objectsin

Lipschitz embeddings (Hjaltason and Samet, 2003a). Note that, for the embedding F R(Y )

of a classY , we use the median of outputs ofR on training examples belonging to class

Y . An alternative approach would be to use the mean instead of the median; we chose the

median as a statistic that is more robust to outliers.
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Figure 4 �1: A 2D embedding F = ( F R1 ; F R2 ), de�ned using Eqs. 4.3 and
4.4 with two reference classi�ersR1 and R2, and mapping both patterns
and classes intoR2. We show the mappings of patterns belonging to classes
Y1 and Y2, and the mappings of classesY1 and Y2 themselves. Note that the
mapping of each class was obtained by computing, along each dimension,
the median mapping of patterns from that class along that dimension. Using
the L 1 distance, 28 of the 32 patterns were mapped closer to the embedding
of their own class than to the embedding of the other class.

Using 1D embeddingsF R as building blocks, we can de�ne a multidimensional embed-

ding F : X [ Y ! Rd0
:

F (Q) = ( F R1 (Q); : : : ; F Rd (Q)) : (4.3)

F (Y ) = ( F R1 (Y ); : : : ; F Rd (Y )) : (4.4)

We use the term ClassMap embeddingsfor embeddingsF de�ned this way. Note that any

OVA classi�er in C can be used as a reference classi�er in the above equations. Asimple

way to construct such an embeddingF in practice is to choosed0 classi�ers randomly from

C.

Query embeddings can be compared to embeddings of classes using any L p metric. In

our implementation we use the L 1 metric as it is more robust to large di�erences in a

single dimension thanL p metrics with p greater than one. A large di�erence in a single
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dimension occurs when, for some reference classi�erRi , Ri (Q) is very di�erent from the

median response ofRi on objects of the same class asQ.

An example of a simple ClassMap embedding, computed with real data (faces from

the 535-class FRGC2 dataset (Phillips et al., 2005)) is shown on Fig. 4�1. We illustrate

a 2D embeddingF de�ned using two OVA classi�ers CY3 and CY4 as reference classi�ers.

The �gure shows the embeddings of training examples from twoother classesY1 and Y2,

di�erent from the classes Y3 and Y4 that the reference classi�ersCY3 and CY4 were trained

to recognize. We see in the �gure that, in most cases,F maps patterns closer to the

embedding of their own class than to the embedding of the other class, when distances are

measured using theL 1 metric. That is exactly the behavior that we want to exploit t o

achieve e�cient search in the database of classes: given a query Q, we expect the embedding

F of its true class L(Q) to be a relatively close neighbor ofF (Q).

Using a ClassMap embedding we can drastically reduce the number of required classi�er

evaluations, by simply �nding the classes whose embeddingsare close to the embedding

of the query. Essentially we substitute vector comparisonsfor classi�er evaluations. This

scheme leads to e�ciency gains in two ways: �rst, we assume that measuring the distance

between two vectors is much faster than applying a classi�eron a pattern. Second, since

the query and all database classes are mapped to a common vector space, e�cient vector

indexing methods, e.g., LSH (Gionis et al., 1999), can be used to speed up nearest neighbor

search in that space.

4.2 A Simple ClassMap Implementation

In this section we sketch a simple end-to-end implementation that speci�es both the o�-line

steps of preprocessing and embedding construction, and theonline process of multiclass

recognition using ClassMap.

ClassMap takes as input the following data:

� A set C of large margin OVA classi�ers C : X ! R.
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� A set Xtr � X of training examples, with class labels.

� A matrix M of classi�er outputs C(X ) for each pair (C; X ) : C 2 C; X 2 Xtr .

The �rst objective is to construct a ClassMap embedding F . A simple approach is

to �rst choose d0, i.e., the dimensionality of the embedding, and then simplychoose ran-

domly d0 reference classi�ersR1; : : : ; Rd from C and apply Equations 4.3 and 4.4. The last

preprocessing step is to compute and storeF (Y ) for each classY 2 Y.

Once preprocessing is done, we can proceed to the runtime phase of ClassMap, i.e.,

classi�cation of previously unseen query patterns. For theruntime phase we adapt the

�lter-and-re�ne framework (Hjaltason and Samet, 2003a). We have used two di�erent

versions of �lter-and-re�ne retrieval in our experiments, described as follows:

Version 1 (simple OVA)

� Input : query Q 2 X, to be classi�ed.

� Embedding step : compute F (Q).

� Filter step : rank all classesY by the distance of their embeddingsF (Y ) from F (Q).

� Re�ne step : for some user-speci�ed numberp, compute all responsesCY (Q) such

that class Y was ranked in the top p classes by the �lter step. AssignQ to the class

Y of the classi�er CY producing the highest response.

Version 2 (OVA + threshold)

� Input : query Q 2 X, to be classi�ed, threshold t (same for all queries) .

� Embedding step : compute F (Q). If, during computing F (Q), for some reference

classi�er CY it is the case that CY (Q) � t, then assignQ to class Y corresponding

to CY and �nish.

� Filter step : rank all classesY by the distance of their embeddingsF (Y ) from F (Q).
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� Re�ne step : given user-speci�edp: start computing CY (Q), according to the order

in which Y was ranked at the �lter step. If, for some Y, CY (Q) � t, then assignQ

to class Y and �nish. If p classes have already been considered, classifyQ as in the

simple OVA case.

We note that there is a large amount of 
exibility in designin g the re�ne step. In

addition to the two versions provided above, several other versions may be reasonable

choices for speci�c domains. Our focus in this thesis is not the speci�c implementation of

the re�ne step, but the design of appropriate embeddingsF to be used for the �lter step,

within the general �lter-and-re�ne framework.

The rationale of the OVA + threshold version of the re�ne step is that higher responses

CY (Q) indicate higher con�dence that Q indeed belongs to classY . ResponsesCY (Q)

higher than some thresholdt may be so conclusive that we can safely classifyQ, without

performing any more classi�er evaluations. The thresholdt can be learned from training

examples, so as to rarely lead to incorrect decisions.

Regardless of the particular implementation of the re�ne step, the key idea in �lter-and-

re�ne classi�cation is that the �lter step, using e�cient ve ctor comparisons, can quickly

identify a relatively small set of candidate classes. Then,the re�ne step uses more expensive

computations (classi�er evaluations) to choose one among those candidates.

4.3 Optimizing Embedding Quality

In order for F to be useful for �lter-and-re�ne classi�cation, F should tend to map queries

closer to their own class than to other classes. In other words, if Q 2 X is a random query

of classL(Q), and Y 6= L(Q) is a random class in the database, we want it to hold as often

as possible that F (Q) be closer to F (L (Q)) than to F (Y ). Instead of choosing random

reference classi�ers, as suggested in Section 4.2, we can optimize embeddings according to

this criterion.

In particular, let � be the distance measure used in Rd0
, and let Q 2 X; Y1 = L(Q); Y2 6=

L(Q). For every embeddingF : X [ Y ! Rd0
we de�ne a corresponding classi�er
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~F : X � Y � Y ! R, as follows:

~F (Q; Y1; Y2) = �( F (Q); F (Y2)) � �( F (Q); F (Y1)) : (4.5)

In words, the task of ~F is to decide whetherL (Q) = Y1 or L (Q) = Y2. The decision simply

depends on whetherF (Q) is closer to F (Y1) or to F (Y2). Positive and negative outputs

of ~F correspond respectively to decisions thatL (Q) = Y1 and L(Q) = Y2. We want to

construct an F so that the error rate of ~F on triples (Q; Y1; Y2) : Y1 = L(Q); Y2 6= L(Q) is

minimized.

For the sake of clarity we should emphasize that two entirelydi�erent types of classi�ers

appear in our formulation: The �rst type is large margin OVA c lassi�ers C : X ! R. The

second type is classi�ers~F associated with embeddingsF , where ~F : X � Y � Y ! R maps a

triple ( Q; Y1; Y2) to a real number. In the remainder of the paper we will refer to classi�ers

of type ~F using the term triple-classi�ers . 184 Every R 2 C can be used to de�ne a 1D

embeddingF R . A triple-classi�er ~F R is expected to act as a weak classi�er, with possibly

high error rate, but better performance than a random guess (see, for example, Fig. 4�1).

We will now discuss how to combine many such weak triple-classi�ers into an optimized

strong triple-classi�er, and a corresponding optimized multidimensional embedding, using

AdaBoost. This idea comes from (Athitsos, 2006), where AdaBoost is used to optimize

embeddings for nearest neighbor retrieval.

The inputs we give to the embedding construction algorithm are the same as in Section

4.2: a setC of large margin classi�ers, a setXtr � X of labeled training examples, and a

matrix M of classi�er outputs C(X ) for each pair (C; X ) : C 2 C; X 2 Xtr .

Embedding construction is performed as follows:

1. We de�ne for each R 2 C a 1D embeddingF R .

2. For eachF R we also de�ne the corresponding weak triple-classi�er ~F R .

3. We construct a set T of training triples ( X; L (X ); Y ) such that X 2 Xtr ; Y 2 Y �

f L (X )g.
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4. We run AdaBoost (Schapire and Singer, 1999) usingT as training data, so as to

combine many weak triple-classi�ers of type ~F R into a strong triple-classi�er H :

H =
d0X

i =1

(� i ~F R i ) ; (4.6)

where eachRi is an element of C and each weight � i is a positive real number.

AdaBoost is used to chooseRi and � i .

5. Based on strong classi�erH we de�ne a d0-dimensional embeddingFout and a distance

measure � : Rd0
� Rd0

! R as follows:

Fout (Q) = ( F R1 (Q); :::; F Rd0(Q)) : (4.7)

Fout (Y ) = ( F R1 (Y ); :::; F Rd0(Y )) : (4.8)

�(( u1; :::; u0
d); (v1; :::; vd0)) =

d0X

i =1

(� i jui � vi j) : (4.9)

Eqs. 4.7 and 4.8 use the de�nition ofF R given in Eqs. 4.1 and 4.2. In Eq. 4.9, (u1; :::; ud0)

and (v1; :::; vd0) are d0-dimensional vectors that Fout maps patterns and classes to.

Following the proof in (Athitsos, 2006) for AdaBoost-train ed embeddings, it holds that

H = ~Fout , where ~Fout is the triple-classi�er constructed from Fout according to 4.5. In other

words, the classi�er H trained via AdaBoost misclassi�es a triple (Q; L (Q); Y 6= L(Q)) i�,

under distance �, Fout maps Q closer to Y than to L(Q). Therefore, AdaBoost directly

optimizes the error rate of classi�er ~Fout , which is exactly the measure we wanted to

optimize for the purposes of usingFout for �lter-and-re�ne classi�cation.

4.4 Summary

ClassMap is a novel approach for speeding up recognition in the presence of a large number

of classes. The ClassMap formulation can be applied in settings where multiclass recog-

nition is performed using large margin OVA classi�ers. The key idea is to relate patterns
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and classes by constructing a joint embedding, that maps both patterns and classes into a

common vector space. Using this embedding, a small number ofcandidate classes for each

query can be quickly identi�ed using simple vector comparisons.



Chapter 5

Boosted OVA-Based Classi�cation Using Vector

Search Methods

This chapter describes OVA-VS (One-vs.-All classi�cation using Vector Search). We de-

signed this method to speed up multiclass recognition in thespecial case where boosted

OVA classi�ers are used.

In that setting, for each class Y;2 Y a boosted classi�er CY : X ! R is trained to

discriminate between patterns of classY and all other patterns. Classi�er CY is of the

following form:

CY (Q) =
dX

i =1

� Y;iwi (Q) (5.1)

where eachwi is a weak classi�er with weight � Y;i (Allwein et al., 2000; Torralba et al.,

2007). Note that the weights � Y;i depend on the classY . On the other hand, without

loss of generality, in our formulation, the weak classi�erswi do not depend on classY : we

de�ne W = f w1; : : : ; wdg to be the union of all weak classi�ers appearing in anyCY . If

some weak classi�erwi is not used in some strong classi�erCY , we simply set � Y;i = 0.

Higher (more positive) responses ofCY (Q) indicate higher con�dence that L (Q) = Y .

To classify a queryQ 2 X, the standard approach is to evaluateCY (Q) for all Y 2 Y, and

classify Q as belonging to the classY for which CY (Q) is maximized. More speci�cally, if

we denote asC(Q) the output of the multiclass classi�er C for pattern Q, C(Q) is de�ned

as:

C(Q) = argmax Y 2 YCY (Q) : (5.2)

In order for the outputs CY (Q) to be comparable for a givenQ and di�erent class labels

20
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Y, weights � Y;i must be normalized. We assume that weights are normalized sothat the

norm of each vector (� Y;1; : : : ; � Y;d) is 1, for all Y 2 Y.

At runtime, given a pattern Q to classify, the standard approach is to apply all OVA

classi�ers CY , and identify the Y such that CY gives the strongest response. Clearly, this

approach has complexity linear to the number of classes. In this chapter we show show

that the strongest-responding CY classi�er can be found e�ciently, using vector search

methods, without needing to evaluateCY (Q) for all Y . This topic is addressed in the next

sections.

5.1 Reduction to Vector Search

The core observation underlying OVA-VS is that, for boostedOVA-based multiclass recog-

nition, both test patterns and OVA classi�ers can be represented as vectors, specifying

points on the surface of a unit hypersphere. Finding for a test pattern Q the strongest-

responding OVA classi�er CY can be done by doing nearest neighbor search on those

points.

In particular, we denote by V(Q) and V (CY ) respectively the vectors corresponding to

test pattern Q and OVA classi�er CY . These vectors are de�ned as follows:

Vorig (Q) = ( w1(Q); : : : ; wd(Q)) ; (5.3)

V (Q) =
Vorig (Q)

kVorig (Q)k
; (5.4)

V (CY ) = ( � Y;1; : : : ; � Y;d) ; (5.5)

wherewi and � Y;i are the weak classi�ers and weights used in Equation 5.1. As areminder,

the same weak classi�erswi are used in the de�nition of all strong classi�ers CY . It is the

weights � Y;i that di�erentiate OVA classi�ers CY from each other. As de�ned in the above

equations, vector Vorig (Q) is the concatenation of the responses of all weak classi�ers wi

on Q. Vector V (Q) is obtained by normalizing Vorig (Q) to unit length ( kV k denotes the

norm of vector V ).
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Using these de�nitions, Equation 5.2 can be rewritten as follows:

C(Q) = argmax Y 2 YCY (Q) (5.6)

= argmax Y 2 Y(Vorig (Q) � V (CY )) (5.7)

= argmax Y 2 Y(V (Q) � V (CY )) ; (5.8)

where V1 � V2 denotes the dot product between vectorsV1 and V2.

We recall from Section 2 that weights� yi are normalized so that the norm of each vector

V (CY ) = ( � Y;1; : : : ; � Y;d) is 1. Also, V (Q) is by de�nition a vector of norm 1. Therefore,

for all test patterns Q 2 X and all OVA classi�ers CY , their vector representations V(Q)

and V(CY ) are unit vectors in d-dimensional real vector spaceRd.

Equation 5.8 indicates that, to classify pattern Q, we need to �nd the class Y that

maximizes dot product V (Q) � V (CY ). However, since both V(Q) and V(CY ) are unit

vectors, we can easily show that maximizingV(Q) � V (CY ) is the same as minimizing the

Euclidean distance betweenV(Q) and V(CY ), because the dot product and the Euclidean

distance for unit vectors are related as follows:

kV (Q) � V (CY )k2 = 2 � 2(V (Q) � V (CY )) : (5.9)

The above equation can be easily derived as follows:

kV (Q) � V (CY )k2 = ( V (Q) � V (CY )) � (V (Q) � V (CY )) (5.10)

= ( V (Q) � V (Q)) + ( V (CY ) � V (CY )) � 2(V (Q) � V (CY ))(5.11)

= 2 � 2(V (Q) � V (CY )) ; (5.12)

using the fact that (V (Q) � V (Q)) = ( V (CY ) � V (CY )) = 1.

Intuitively, this can be explained as follows: �rst, it is cl ear that normalizing OVA

classi�ers is necessary in order to be able to compare their responses. Second, query

vectors can be normalized without loss of generality. This way, both query vectors and
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classi�er vectors are mapped to the surface of the unit hypersphere. We also observe that

the response of an OVA classi�er on a query is, by de�nition, the dot product between the

weights of the weak classi�ers and the responses of those weak classi�ers on the query. In

general, to obtain a high dot product, classi�ers with negative weights and positive weights

should tend to have negative and positive responses respectively on the query. Therefore,

if an OVA classi�er gives a high response on a query, it means that the dot product of their

associated unit vectors is high, which then implies that those unit vectors should be close

to each other.

Consequently, we have established that, given a test pattern Q, �nding the strongest-

responding OVA classi�er CY is reduced to �nding the nearest neighbor ofV (Q) among all

vectors V (CY ) by �nding the class with greatest dot product. The next sect ion describes

how to use that fact for speeding up multiclass recognition.

5.2 Using Nearest Neighbor Search Methods for OVA-Based Cla ssi�ca-
tion

So far we have established that, to classify a test patternQ, it su�ces to �nd the nearest

neighbor of V (Q) among all vectors V (CY ). Clearly, vectors V (CY ) can be computed

o�-line and stored in a database, and indexing methods can beused to preprocess this

database and facilitate nearest neighbor search. We can useany of the numerous indexing

methods that have been proposed for nearest neighbor searchin vector spaces (B•ohm et al.,

2001; Gionis et al., 1999; Hjaltason and Samet, 2003b; Kanthet al., 1998; Li et al., 2002;

Sakurai et al., 2000; Tuncel et al., 2002; Weber and B•ohm, 2000; Weber et al., 1998).

One method that has become popular in recent years is locality sensitive hashing (LSH)

(Gionis et al., 1999). LSH can be used to �nd nearest neighbors, with high probability, in

time O(d logn), where d is the dimensionality of the space (equal to the number of weak

classi�ers in our setting) and n is the number of database vectors (equal to the number of

classes in our setting). The probability of successful retrieval can be set as high as desired,

at the cost of increasing time complexity. For any �xed probability of success, retrieval
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time is sublinear in the number of vectors in the database (Gionis et al., 1999).

LSH is applied to a vector spaceRd as follows: let H be a family of hash functions

h : Rd ! Z, whereZ is the set of integers. As described in (Gionis et al., 1999),H is called

locality sensitive if there exist real numbersr1; r2; p1; p2 such that r1 < r 2, p1 > p 2, and for

any X 1; X 2 2 X:

D(X 1; X 2) < r 1 ) Prh2H (h(X 1) = h(X 2)) � p1 : (5.13)

D (X 1; X 2) > r 2 ) Prh2H (h(X 1) = h(X 2)) � p2 : (5.14)

Given a locality sensitive family H , LSH indexing works as follows: �rst, we pick

integers k and l. Then, we construct l hash functions g1; g2; : : : ; gl , as concatenations ofk

functions chosen randomly fromH:

gi (X ) = ( hi 1(X ); hi 2(X ); : : : ; hik (X )) : (5.15)

Each database objectX is stored in each of thel hash tables de�ned by the functions gi .

Given a query object Q 2 X, the retrieval process �rst identi�es all database objects that

fall in the same bucket as Q in at least one of thel hash tables, and then exact distances are

measured between the query and those database objects. In our implementation, binary

hash functions are de�ned based on random unit vectorsV : for each V , a binary hash

function is de�ned by computing the dot product between V and the vector to be hashed,

and thresholding the result.

Although LSH has good time complexity in theory, this theoretical complexity does

not necessarily translate to good performance in practice,and this is shown in some of our

experiments in Section 6.3. An alternative is to use dimensionality reduction. Since the set

of vectors V (CY ) is computed o�-line, we can use those vectors for an additional o�-line

step, where dimensionality reduction is used to produce lower-dimensional approximate

representations of those vectors. Given a test patternQ, its vector V (Q) can be projected

to the lower-dimensional space online, and then it can be compared to the lower-dimensional
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projections of the database vectors.

Dimensionality reduction can be used within a �lter-and-re�ne retrieval framework

(Ferhatosmanoglu et al., 2001): given an integer parameterp, �lter-and-re�ne works as

follows:

� Input: A test pattern Q, and its vector representation V(Q).

� Filter step: Project V (Q) to the lower-dimensional space, and �nd the nearest

neighbors of the projection ofV (Q) among the projections of the database vectors.

Keep the top p nearest neighbors.

� Re�ne step: For each of the top p nearest neighbors, apply the correspondingCY

to Q.

� Output: Return the CY yielding the strongest responseCY (Q), among the CY 's

evaluated during the re�ne step.

One dimensionality reduction approach that we have experimented with is principal

component analysis (PCA) (Jolli�e, 1986). In particular, w e computed the principal com-

ponents of the set of vector representations of all OVA classi�ers. A disadvantage of PCA

is that the cost of computing the PCA projection of the query can be signi�cant, as demon-

strated in the experiments. Another dimensionality reduction approach that we have used,

that does not incur a signi�cant projection cost, is to simply sample a subset of the original

dimensions. To choosed0 out of the original d dimensions, we tried two di�erent sampling

methods:

� Sampling-1: choose the �rst d0 dimensions. The rationale here is that the �rst d0

dimensions correspond to thed0weak classi�ers that were chosen �rst during training,

and thus convey the most information.

� Sampling-2: choosed0 dimensions randomly.

The cost of using a PCA-based �lter-and-re�ne process is approximately 2 � [d0(n + d) +

p�d] 
ops. This number re
ects the total cost of all steps: projecting (d0�d), �ltering ( n �d0),
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and re�nement (p � d). If we use sampling instead of PCA, the projection cost becomes

independent of d, which can be an important source of computational savings,especially

for larger d's and smaller n's. The cost of OVA classi�cation is approximately 2 � (n � d)


ops.

Naturally, dimensionality reduction and LSH can also be combined with each other in

various ways. For example, since LSH behaves better in smaller dimensions, we can �rst

apply dimensionality reduction to project vectors into a lower-dimensional space, and then

we can use LSH to index that space. We tested this combinationin an experiment which

showed that for the same method parameters, LSH applied to the original space had poor

accuracy vs. e�ciency trade-o�s, and applied to the lower-d imensional space it achieved

signi�cantly better trade-o�s.

5.3 A Note on Sharing Classi�ers

In the previous sections we have shown that multiclass recognition using boosted OVA

classi�ers can be performed e�ciently using nearest neighbor search methods. However, it

is well-known that nearest neighbor search methods performworse as the dimensionality of

the space increases. For example, the running time of LSH is linear to the dimensionality.

In the worst case, the set of weak classi�ers used by any classi�er CY is disjoint of the set

of weak classi�ers used by all other OVA classi�ers. We have seen that PCA is one way to

reduce the dimensionality of the space. An additional, and complimentary, method is to

reduce the numberd of unique weak classi�ers appearing in the OVA classi�ers byforcing

all OVA classi�ers to use the same weak classi�ers, thus reducing the total number of

unique weak classi�ers (Torralba et al., 2007). It turns out that forcing OVA classi�ers to

share weak classi�ers is also bene�cial with respect to classi�cation accuracy, and training

methods have been recently proposed that enforce the sharing of weak classi�ers (Torralba

et al., 2007). Using such training methods also leads to reduced dimensionality in the

vector representation of OVA classi�ers and test patterns, thus facilitating the application

of vector indexing methods like those proposed in this thesis.



Chapter 6

Experiments

The methods proposed in this thesis are designed to be applied on top of existing OVA

classi�cation systems. They use the response of the OVA classi�ers. Therefore each dataset

depends on the brute-force classi�cation system (e.g. SVM OVAs, boosted OVAs), and the

original dataset, that is, the dataset of patterns to be classi�ed (e.g. hand images, face

images, video �les of signs, audio �les of sounds). The datasets used in our experiments

were generated from two original datasets: a dataset of handimages, where the task is to

estimate the handshape and the 3D orientation, and the Face Recognition Grand Challenge

(FRGC) Version 2 dataset (Phillips et al., 2005) of 2D face images. Example images from

these datasets are shown in Fig. 1�1. The hands dataset contains hand images of 81 basic

handshapes de�ned in American Sign Language (ASL) at 30 3D orientations yielding 2,430

number of classes. The faces dataset contains all 2D face images in the FRGC2 dataset,

amounting to 36,817 face images from 535 subjects (i.e., 535classes). The OVA systems

trained to classify the patterns in these datasets are:

1. SVMs with a linear kernel for hand pose estimation,

2. SVMs with a Gaussian RBF kernel for face recognition,

3. jointly boosted classi�ers for hand pose estimation, and

4. jointly boosted classi�ers for face recognition.

The above methods are ourbrute-force methods: they require the application of all

OVAs for classi�cation. ClassMap was applied to all the datasets. OVA-VS was applied

27
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to the last two datasets. Since by de�nition OVA-VS requires boosted classi�ers, it cannot

be applied to datasets 1 and 2.

Next, we describe each of the two datasets, and then we provide and discuss the results

of our experiments.

6.1 Datasets

The Hand Dataset

This dataset contains hand images of 81 basic hand shapes de�ned in American Sign

Language (ASL). There are 30 di�erent out-of-plane view angles for each shape, for a

total of 81 � 30 = 2; 430 hand pose classes. The inplane orientation is �xed. For each

class, 200 synthetic images were generated using Poser 5 (Curious Labs, 2002). For each

synthetic hand image, cluttered background from random real images was added to the

regions outside the hand silhouette.

From each hand image, a histogram of oriented gradient feature vector (Dalal and

Triggs, 2005) of dimension 2,025 was extracted. The image was normalized to 48 by 48

pixels, which was divided into cells of size 6 by 6, with neighboring cells overlapping by

half. For each cell, nine edge orientation bins were evenly spaced between 0 to 180 degrees.

Bins in each cell were normalized with the surrounding 3 by 3 cells. All the bins from

all the cells were vectorized into a feature vector of 2025 feature components for a hand

sample.

To generate a domain with large number of classes, we enhanced the dataset of hand

images, to include 20 in-plane rotations per viewpoint, fora total of 81 handshapes� 30

out-of-plane rotations � 20 in-plane rotations = 48; 600 hand pose classes.

For evaluation, in addition to the synthetic hand images, we also used a second test

set of 992 real hand images, collected from 7 subjects and with cluttered background. The

real test images cover 13 out of the 2,430 classes. We collected real images from only a

few classes in order to facilitate the extremely laborious process of manually annotating

the ground truth for those images. Furthermore, because of the di�culties in visually
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estimating the 3D hand orientation on an image, we assigned to each hand image four

di�erent class labels (out of the possible 2,430 class labels). Each of those four class

labels corresponded to the same handshape and a 3D orientation within 30 degrees of the

manually labeled orientation. The classi�cation result is considered correct i� it was equal

to one of those four labels.

The Face Dataset

This dataset contains all 2D face images in the FRGC2 dataset(Phillips et al., 2005),

amounting to 36817 face images from 535 subjects (i.e., 535 classes).

The original resolution of the face images was either 1704� 2272, or 1200� 1600. All

images were converted to gray images and normalized to 100 by100 pixels. A PCA space

was learned from 4,000 uniformly sampled training faces of all the subjects. The features

of face images were their projections on the top 2,509 PCA components, which accounts

for 99.9% of the variance.

We also created an alternative, smaller test set, which we call the faces-25 test set. In

faces-25 we included all test images from classes for which at least 25 training examples

were available for the embedding construction algorithm. The faces-25 set was useful

for illustrating how performance of ClassMap was a�ected when the number of training

examples per class becomes too small. Images in the faces-25test set were still classi�ed

against all 535 classes.

6.2 Experimental Evaluation of the ClassMap Method

SVM classi�ers were used for both the hands and the faces datasets. For the hands dataset,

for each class, a linear kernel SVM was trained using 150 positive samples of that class, and

48,000 negative samples containing images uniformly sampled from hand images of other

classes. When ClassMap was applied for this dataset, out of the remaining 50 samples per

class, 25 were used as training during embedding construction via AdaBoost, and 25 for

testing.
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For the faces dataset, the 535 OVAs face classi�ers were trained using SVMs with

a Gaussian RBF kernel with variance 10. For each OVA classi�er the positive training

samples contain the training samples of a speci�c class and all training samples from the

other classes are negative training samples. In particular, for each subject the sample

images were split into three disjoint sets: half of the face images were used for training

OVA classi�ers, 1/4 were used for the embedding construction of ClassMap, and 1/4 were

used for testing ClassMap.

In our experiments we evaluated �ve di�erent methods: brute-force classi�cation, and

four di�erent variations of ClassMap, that use di�erent way s to construct ClassMap em-

beddings, and di�erent versions of �lter-and-re�ne retrie val (see Section 4.2). The methods

we have used are the following:

� Brute force : evaluate all OVA classi�ers; select the class whose classi�er produced

the highest response.

� CM-RRC : use version 1 (simple OVA) of �lter-and-re�ne classi�cati on, and use a

randomly generated ClassMap embedding.

� CM-RRC-Thr : use version 2 (OVA+threshold) of �lter-and-re�ne classi� cation,

and use a randomly generated ClassMap embedding.

� CM-Boosted : use version 1 (simple OVA) of �lter-and-re�ne classi�cati on, and a

ClassMap embedding constructed using AdaBoost.

� CM-Boosted-Thr : use version 2 (OVA+threshold) of �lter-and-re�ne classi� cation,

and a ClassMap embedding constructed using AdaBoost.

In training CM-Boosted embeddings, using the algorithm of Section 4.3, di�erent train-

ing triples were used for each dataset. Within each dataset,there was a single run of

ClassMap. The number of triples was the same (i.e., was 3 million) in all runs. The CM-

Boosted embeddings had 45 dimensions (d = 45) for the hand dataset, and 84 dimensions

for the face dataset. The number of dimensions is simply the number of reference classi�ers
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to which AdaBoost assigned non-zero weights. The same embedding was used for both real

and synthetic test images of hands, and the same embedding was used for both the faces

and the faces-25 test sets. To make comparisons fair, the same dimensions (45 for hands

and 84 for faces) were also used for the CM-RRC embeddings.

For the face dataset, for version 2 of the �lter-and-re�ne classi�cation of Section 4.2,

the threshold t was set to � 0:38. This value was chosen by considering the training exam-

ples: � 0:38 was the smallest value that would increase classi�cationerror on the training

examples by no more than 0:05%.

6.2.1 Results

Performance was measured based on classi�cation accuracy and e�ciency. Fig. 6 �1 and

Fig. 6�2 display the results obtained for the four test sets (real hand images, synthetic

hand images, faces, and faces-25) using brute force, CM-Boosted, and (for the faces and

faces-25 sets) CM-Boosted-Thr. To evaluate di�erent accuracy-vs.-e�ciency trade-o�s, we

varied parameter p of the re�ne step (Section 4.2), which speci�es the maximum number

of candidate classes to consider. One measure of e�ciency isthe number of OVA classi�er

evaluations per query. OVA classi�ers were evaluated at theembedding step, in order to

produce the embedding of the query, and at the re�ne step, where the OVA classi�ers

corresponding to the candidate classes are evaluated. However, the di�erence between the

23.9% accuracy of ClassMap and the 22.5% accuracy of brute force search is not statistically

signi�cant, as it has a probability of about 15.3% of occurring by chance. Therefore, we

cannot make the claim that ClassMap actually improves the classi�cation accuracy on this

dataset. We can, however, state that we achieved results comparable to those of brute

force search, at a signi�cant speedup.

On the hand images, the brute-force classi�cation accuracywas 22:5% for the real

images and 95:3% for the synthetic images.

At the cost of 85 classi�er evaluations per query (d = 45; p = 40), CM-Boosted pro-

duced 23:9% classi�cation accuracy for the real images and 95:3% for the synthetic images.
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Figure 6 �1: Results on the real and synthetic test sets of hand images
test sets. For method CM-Boosted we plot accuracy vs. numberof OVA
classi�er evaluations per query. We also show as a solid horizontal line the
brute force classi�cation accuracy, attained at a cost of 2430 evaluations
per query.
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Figure 6 �2: Results on the faces and faces-25 test sets. For methods
CM-Boosted and CM-Boosted-Thr we plot accuracy vs. number of OVA
classi�er evaluations per query. We also show as a solid horizontal line
the brute force classi�cation accuracy, attained at a cost of 535 classi�er
evaluations per query.
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Interestingly, for the real hand images, CM-Boosted was both faster and more accurate

than brute force. A pattern misclassi�ed via brute force can be classi�ed correctly via the

�lter-and-re�ne method, if the OVA classi�er(s) producing false alarms were not associated

with candidate classes considered during the re�ne step.

In terms of running time for the hand dataset, the speed of brute force classi�cation is

28 images/second, and the speed of CM-Boosted (atd = 45; p = 40, and with no loss in

classi�cation accuracy) is 781 images/second, which is 28 times faster than brute force. In

a detection setting, where hundreds or thousands of image windows are classi�ed separately

in order to determine where the hand is located, the speed-upfactor of 28 produced by

ClassMap can make a big di�erence in practice.

We note that the classi�cation accuracy on the dataset of real hand images for the SVM-

OVA was 22:5% which is relatively low for a large margin method. Recognizing handshapes

in arbitrary 3D orientations remains a challenging task, asevidenced by the high error rates

in our experiments. However, these error rates correspond,in some sense, to a worst-case

scenario, where no prior information is available as to what3D orientations and handshapes

are most likely to be observed. Such prior information is oftentimes available in real-world

systems, and can come from the following sources:

� Speci�c usage scenarios, where the user is typically facingin a certain direction with

respect to the camera and makes handshapes with a limited range of 3D orientations.

� Knowledge of speci�c human-computer communication protocols, that involve a rel-

atively small number of gestures, thus restricting possible handshapes and 3D orien-

tations.

� Use of multiple cameras, which can resolve ambiguities thatare unavoidable in sys-

tems that only use a single camera.

� Use of linguistic constraints in the context of sign language recognition. For example,

given the handshape of the dominant hand there is a relatively small number of

possible handshapes for the non-dominant hand.
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� Use of information from multiple consecutive frames in a video sequence. The method

described in this paper can be a source of hypotheses for initializing a hand tracker.

Such a tracker can use information from multiple frames to improve upon the accuracy

of estimates made based on a single frame.

For the face dataset, ClassMap again provides a more e�cientalternative to brute-force

classi�cation. Brute-force classi�cation achieves an accuracy of 92:0%, and it takes 2:17

seconds to classify a face image. At a cost of 178 classi�er evaluations per query, the CM-

Boosted-Thr method yields an accuracy of 91:6%, and it takes 0:73 seconds to classify a face

image, which is 3:0 times faster than brute force. At the re�ne step, CM-Boosted-Thr runs

the OVAs in the order given by the �lter step. If a classi�er, CY , gives a response higher

than a threshold t, the process is stopped and the query is assigned classY . Otherwise it

evaluates all of thep classi�ers, as CM-Boost. This 
rexibility allows CM-Boost -Thr to go

up to p = 400 for the di�cult queries and still achieve the cost of 178 per query on average.

In order to investigate the accuracy trade-o� with respect t o the number of samples

per class available for training of ClassMap, we selected a subset of the test set, which

we refer to as faces-25. Faces-25 contains only samples fromclasses that provided at least

25 samples for training. For this experiment, the embeddingwas trained using all of the

535 classi�ers and the database consisted of the embedding of all 535 classes. At a cost of

128 classi�er evaluations per query, the CM-Boosted-Thr method yielded an accuracy of

94:9%, equal to the accuracy of brute force, at the speed of 0:53 seconds per image, which

is 4:1 faster than brute force.

Fig. 6�3 compares the single embedding constructed via AdaBoost vs. results from

100 randomly constructed embeddings. Interestingly, for the real hand images, several

random embeddings performed better than the AdaBoost-constructed embedding. Since

AdaBoost in general converges only to a local optimum, it is always possible that a random

construction turns out to be better than this local optimum. In the faces dataset, the

AdaBoost-constructed embedding does outperform all 100 CM-RRC embeddings. Still the

randomly constructed ClassMap embeddings performed better than brute force, achieving
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Figure 6 �3: Comparing AdaBoost-based embedding construction to ran-
dom embedding construction. For the real hand test set and the faces test
set, we compare the single embedding constructed via AdaBoost vs. results
from 100 randomly constructed embeddings.

similar accuracy at more than twice the speed.

One last experiment measured the generalization ability ofCM-Boosted embeddings.

In this experiment, AdaBoost used 435 classi�ers and examples from only 435 out of 535

classes. The remaining 100 classes and classi�ers were presented to the system after the

embedding was learned. Then, for each new class (out of the 100), using the embedding

(based on the 435 classi�ers) and the training samples of theclass, the class embedding

was computed and added to the database of embedded classes. The test set included only

examples from the left-out 100 classes. In Fig. 6�4 we compare the results to those obtained

(on the same test set from the left-out 100 classes) using theoriginal embedding, that was

trained on all 535 classes. Not surprisingly, performance was worse for the embedding

that was trained without examples from the classes in the test set. At the same time,

performance on those left-out classes was still better thanthat of CM-RRC embeddings and

brute force. For example, at a cost of 110 classi�er evaluations per query, the embedding

trained without examples from the test classes achieved an accuracy of 84:5%, which is

worse than the 87% accuracy of the embedding trained with all535 classes, but is better

than than the median accuracy (78:5%) and the max accuracy (82:5%) attained using
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Figure 6 �4: Measuring generalization of ClassMap embeddings to patterns
from classes not available during AdaBoost training. We show results from
an embedding optimized on all 535 classes, and an embedding optimized
on only 435 classes, leaving out 100 classes. We also show results from the
best performing out of 100 CM-RRC embeddings (with reference classi�ers
chosen from the 435 classes), and the median result from those 100 embed-
dings. The test set was the set of test patterns from the left-out 100 classes.
Each test pattern was classi�ed against all 535 classes.
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100 randomly constructed embeddings. This experiment shows that ClassMap could be

applicable in a dynamic setting, where new classes and classi�ers can be inserted after the

embedding was trained, without requiring a new embedding tobe constructed.

6.2.2 Summary of ClassMap results

In summary, on the hand and face dataset, ClassMap yielded 3 to 28 times faster classi�ca-

tion compared to brute force, with negligible or no loss in accuracy, in the presence of large

numbers of classes (2,430 and 535 classes respectively). Onthe face dataset, ClassMap also

worked well when applied to query patterns from classes thatwere not available during

embedding construction.

6.3 Experimental Evaluation of the OVA-VS Method

In contrast to ClassMap, the OVA-VS method can only be applied if the OVA classi�ers

have been trained via boosting. For that purpose, we jointlytrained boosted OVA classi�ers

using the shared features approach of Torralba et al. (Torralba et al., 2007). When

applied to the faces dataset of 535 classes and the enhanced hands dataset of 48600 classes,

this method produced a number of 10,000 and respectively 3,000 unique weak classi�ers

appearing in the OVA classi�ers.

For evaluation we used a test set of 281 synthetic hand images(also generated using

Poser) and a test set of 300 face images. Naturally, the sets of test images were disjoint

from the sets of training images. We evaluated seven di�erent methods: brute-force search,

ClassMap, and �ve variants of OVA-VS; each of those �ve variants uses a di�erent approach

for the �ltering step. In more detail, the seven methods we tried are:

� Brute-force search: application of all OVA classi�ers to the query.

� ClassMap (CM-Boosted version). For comparison purposes, we ran ClassMap

on top of the boosted OVA classi�ers which we used as basis forthe di�erent variants

of the OVA-VSmethod. We note that the results provided here di�er from those of
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Section 6.2.1, as the results in Section 6.2.1 were applied on top of OVA classi�ers

trained using SVMs, and not using boosting.

� OVA-VS-PCA: Use PCA within the �lter-and-re�ne framework, as described in

Section 5.2.

� OVA-VS-Sampling-1: Use the Sampling-1 method within the �lter-and-re�ne

framework, as described in Section 5.2.

� OVA-VS-Sampling-2: Use the Sampling-2 method within the �lter-and-re�ne

framework, as described in Section 5.2.

� OVA-VS-LSH: locality sensitive hashing applied to the 3,000-dimensional space

de�ned by the weak classi�ers.

� OVA-VS-PCA+LSH : Use PCA to reduce dimensionality from 3,000 to 20 dimen-

sions, normalize to one, and then use LSH to index the 20-dimensional unit hyper-

sphere.

Performance is measured in terms of speed-up with respect tobrute force, and classi�ca-

tion accuracy. By de�nition, brute force achieves a speed-up factor of 1. The classi�cation

accuracy of brute force is 90:75% for the synthetic hands dataset and 87:0% for the faces

dataset. For the PCA, Sampling-1, and Sampling-2 methods, the parameters that need

to be chosen ared0, i.e., the dimensionality of the lower-dimensional space,and p, i.e.,

the number of OVA classi�ers to be evaluated at the re�ne step. Naturally, classi�cation

accuracy and running time depend on bothp and d0.

We now proceed to describe the experimental results obtained by these methods for

the synthetic hands dataset and the FRGC dataset.

6.3.1 Results on the Synthetic Hands Dataset

Figure 6�12 compares the performance of PCA and CM-Boosted on the synthetic hands

dataset. PCA gave signi�cantly better overall results than ClassMap. To illustrate that,
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Figure 6 �5: Classi�cation accuracy vs. speedup factor on the synthetic
hands dataset, for brute force, PCA, and CM-Boosted. All three methods
were applied on top of boosted OVA classi�ers.
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Figure 6 �6: Classi�cation accuracy vs. speedup factor on the synthetic
hands dataset, for brute force, PCA, and PCA+LSH. All three methods
were applied on top of boosted OVA classi�ers.
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Figure 6 �7: Classi�cation accuracy vs. speedup factor on the synthetic
hands dataset, for brute force, Sampling-1, and Sampling-2. All three meth-
ods were applied on top of boosted OVA classi�ers.
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Figure 6 �8: Classi�cation accuracy vs. speedup factor on the synthetic
hands dataset, for brute force, Sampling-1, and PCA. All three methods
were applied on top of boosted OVA classi�ers.
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Figure 6 �9: Classi�cation accuracy vs. speedup factor on the synthetic
hands dataset, for brute force, Sampling-1, and CM-Boosted. All three
methods were applied on top of boosted OVA classi�ers.
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we plotted a single performance curve for PCA, obtained by constraining d and p so that

the running time of the �lter and the re�ne step were equal. In contrast, for CM-Boosted,

we plotted a family of curves, each curve corresponding to a di�erent embedding dimen-

sionality, ranging from 1 to 90 dimensions. The single PCA curve corresponds to much

better accuracy vs. e�ciency trade-o�s than any of the resul ts obtained using di�erent

d0 and p parameters for CM-Boosted. As a highlight, PCA gave a speed-up factor of 120

over brute-force search for a classi�cation accuracy of 90.75% (equal to that of brute-force

search), whereas ClassMap gave a speed-up factor of 29 for that accuracy. PCA yielded

this result for d0 = 12 and p = 194.

LSH did not work as well for this dataset, both by itself or in conjunction with PCA.

Figure 6�6 illustrates that the performance of PCA+LSH was much worsethan that of using

just PCA. These results for PCA+LSH correspond to a 20-dimensional PCA projection,

LSH parameter k ranging from 8 to 24 and LSH parameter l going up to 6000. We

note that larger values of l place a heavy burden on memory, as the amount of memory

needed for LSH isO(ln ) is the number of classes. Usingl = 10000 required about 5GB of

memory. LSH by itself performed even worse: for example, thebest speed-up obtained for

an accuracy of 80% was a factor of 2.65, and even for an accuracy of 64% the best obtained

speed-up was a factor of 5.

Figures 6�7, 6�8, and 6�9 illustrate the performance of sampling-based dimensionality

reduction, using variants Sampling-1 and Sampling-2. For each of these variants, multiple

curves are plotted, each curve corresponding to a di�erent number d0of sampled dimensions,

ranging from 20 to 40. We note on Figure 6�7 that Sampling-1 worked signi�cantly better

than Sampling-2, as expected, since Sampling-1 selects themost informative dimensions,

whereas Sampling-2 selects dimensions randomly. As Figure6�8 shows, PCA produced

much better results than Sampling-1 (and consequently better results than Sampling-2 as

well).

In Figure 6�9 we observe that the best speedup obtained by Sampling-1 forthe high-

est accuracy setting of 90.75% was a factor of 43, whereas ClassMap, for that accuracy,
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gave a speedup factor of 29. This is an interesting result, considering the simplicity of

the Sampling-1 method vs. the complexity of implementing ClassMap. Using the vector

representation proposed by OVA-VS allowed us to use the inherent structure of that vector

space to our advantage, whereas ClassMap, due to its more general formulation, did not

have access to this vector representation.

In summary, PCA gave the best results for the synthetic handsdataset, highlighted

by a speedup factor of 120 with no loss in classi�cation accuracy over brute-force search.

There was no clear winner between Sampling-1 and ClassMap. Sampling-1 outperformed

Sampling-2, as expected. PCA+LSH performed rather poorly,and LSH on the original

space performed even more poorly.

6.3.2 Results on the FRGC Dataset

While the PCA variant of OVA-VS gave good results for the synthetic hands dataset, that

was not the case for the FRGC dataset. Figure 6�10 plots the results attained using several

di�erent combinations of d0 and p for PCA and ClassMap. We note that for an accuracy of

83.5%, which is 3.5% lower than that of brute-force search, PCA achieved a speedup factor

of only 1.6. As seen on the same �gure, ClassMap also did not work very well, achieving

a speedup of 3.3 for the same accuracy of 83.5%, and a speedup of 1.8 for an accuracy of

87%, which is equal to the accuracy of brute-force search.

One reason for the poor performance of both PCA and ClassMap is the relatively small

number of classes in this dataset, only 535, compared to the 48,600 classes of the synthetic

hands dataset. As a result, generating a single dimension ofa PCA projection, or a single

dimension of a ClassMap embedding, are operations that incur 1/535 of the cost of brute-

force search, compared to 1/48600 for the hands dataset. Figure 6�11 plots classi�cation

accuracy vs. �lter-and-re�ne cost, omitting from that cost the cost of generating PCA

projections and ClassMap embeddings for the queries. This cost is representative of the

performance we could expect if we had a much larger number of classes, that would make

the projection and embedding costs negligible. In that casewe see that PCA performs
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Figure 6 �10: Classi�cation accuracy vs. speedup factor on the face dataset,
for brute force, CM-Boost, and PCA. Both methods were applied on top of
boosted OVA classi�ers.
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Figure 6 �11: Classi�cation accuracy vs. speedup factor on the face dataset,
for brute force, PCA, and CM-Boosted, ignoring the cost of computing the
PCA projection on the query, and also ignoring the cost of computing the
CM-Boosted embedding of the query. Both methods were applied on top
of boosted OVA classi�ers.
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Figure 6 �12: Classi�cation accuracy vs. speedup factor on the face dataset,
for brute force, Sampling-1, and CM-Boosted. All three methods were
applied on top of boosted OVA classi�ers.
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Figure 6 �13: Classi�cation accuracy vs. speedup factor on the face dataset,
for brute force, Sampling-2, and CM-Boosted. All three methods were
applied on top of boosted OVA classi�ers.
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better than ClassMap, obtaining, for example, a speedup factor of 12.3 for a classi�cation

accuracy of 86.3%. For that same accuracy, ClassMap gives a speedup factor of 4.2%.

While the cost of computing the lower-dimensional projection is signi�cant for PCA for

this dataset, the sampling methods Sampling-1 and Sampling-2 do not incur such a cost.

As a result, Sampling-1 produced the best results out of the seven methods evaluated on

this dataset. Figure 6�12 shows the performance of Sampling-1 compared to ClassMap.

Sampling-1 produced a speedup of 6.4 for the same accuracy asbrute-force search, com-

pared to a speedup of 1.8 for ClassMap and for the same accuracy. For an accuracy of

85.5% (compared to 87% for brute-force search), Sampling-1produced a speedup of 10.2,

which is an order of magnitude.

As expected, Sampling-2 performed worse than Sampling-1. At the same time, the

performance of Sampling-2 was actually slightly better than that of ClassMap, as shown

in Figure 6�13.

LSH performed poorly for this dataset, as it did for the hands dataset. For example,

applied on top of a 20-dimensional PCA projection, and for anaccuracy of 81%, the

speedup attained using PCA is only a factor of 1.55.

In summary, Sampling-1 gave the best results for the FRGC dataset, producing a

speedup factor of 6.4 while achieving the accuracy of brute-force search. Sampling-1 and

ClassMap gave similar performance, while PCA and LSH performed poorly. The relatively

small number of classes in this dataset makes it hard to obtain good results for the PCA

and ClassMap methods.

6.3.3 Summary of OVA-VS results

In summary, our experiments with the di�erent variants of th e OVA-VS method show

that, in each dataset, one of these four variants, signi�cantly outperformed ClassMap. For

the hands dataset, for an accuracy equal to that of brute-force search, the PCA variant

of OVA-VS achieved a speedup factor of 120, compared with a speedup factor of 29 for

ClassMap. For the FRGC dataset, again for an accuracy equal to that of brute-force
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search, the Sampling-1 variant of OVA-VS achieved a speedupfactor of 6.4, compared

with a speedup factor of 1.8 for ClassMap. These results are expected, as the vector

representation proposed by OVA-VS does not lose any information, whereas ClassMap

embeddings are lossy.

With respect to the PCA variant of OVA-VS, we have seen that the relatively poor

performance of that variant on the FRGC dataset was due to therelatively small number

of classes, which made the PCA projection cost a large fraction of the cost of brute-force

search. As the number of classes increase, we expect PCA performance to improve.

With respect to the LSH and PCA+LSH variants, we have seen that the results of those

variants on our datasets were rather mediocre. At the same time, there are recent methods

for improving the performance of LSH (Andoni and Indyk, 2006; Panigrahy, 2006), that

we have not implemented. In future work, we plan to evaluate the performance of those

methods when integrated into the LSH variant of OVA-VS. Also, we should note that the

task of LSH in the PCA+LSH variant is rather more challenging than the typical task of

LSH, which is to �nd a few nearest neighbors of the query. For example, in the hands

dataset, for a 20-dimensional embedding, the true nearest neighbor of some queries (i.e.,

the vector representation of the strongest responding classi�er for those queries) is not

included in the 100 nearest neighbors after we project to thePCA space. In such cases,

the task of LSH is to retrieve a not-so-near neighbor of the query, and this leads to worse

performance.



Chapter 7

Discussion and Future work

We have described two methods, ClassMap and OVA-VS, for speeding up large margin

classi�cation in the presence of a large number of classes. The key di�erences between the

two methods can be summarized as follows:

� Generality. ClassMap does not make assumptions about the large margin method

used for training and the binary decomposition scheme. OVA-VS is designed for

application on top of boosted OVA classi�ers. On the other hand, ClassMap makes

the relatively strong assumption that the outputs of an OVA c lassi�er on patterns

of any speci�c class follow a unimodal distribution. No suchassumption is made for

OVA-VS.

� Training data. ClassMap requires additional training data, on top of the training

data used to train the classi�ers. OVA-VS requires no additional training data.

� Cost of mapping. For ClassMap, the embedding of each test pattern is relatively

costly, as it involves applying the reference classi�ers onthe pattern. For OVA-VS,

the mapping of each pattern to a vector is automatic, obtained immediately based

on the responses of the weak classi�ers on that pattern.

� Quality of mapping. The ClassMap embedding is lossy: the nearest class in

the embedding space is not necessarily the class that is computed using brute-force

classi�cation. On the other hand, the mapping used in OVA-VS is lossless: the vector

representation is such that the strongest-responding OVA classi�er (that would be

identi�ed using brute force) is the nearest neighbor of the pattern in the vector space.

47
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Our experiments with hand recognition and face recognitionsystems showed that each

method achieves signi�cant speed-ups, that are over one order of magnitude in some cases,

with relatively small losses in classi�cation accuracy.

In the case where the OVA classi�ers are not trained using boosting, OVA-VS is not

applicable, but ClassMap is applicable and has been shown inthe experiments to be a

signi�cantly better alternative than brute-force search. When boosted OVA classi�ers are

used, then the OVA-VS method becomes applicable, and we can take advantage of the

lossless vector representation proposed by that method. Asshown in the experiments,

in both datasets a variant of OVA-VS produced results signi�cantly better than those of

ClassMap. On the hands dataset, the PCA variant gave the bestresults. On the FRGC

dataset, while PCA did not perform as well due to the relatively small number of classes, the

Sampling-1 variant produced the best results, and signi�cantly outperformed ClassMap.

With respect to the performance of PCA and Sampling-1 variants of the OVA-VS

method, we note that computing the PCA projection of a query requires timeO(dd0), where

d is the number of weak classi�ers (and thus the dimensionality of the vector representation

of classi�ers and patterns) and d0 is the dimensionality of the lower dimensional space

obtained using PCA or Sampling-1. This cost ofO(dd0) is independent of the number

of classes. As the number of classes becomes smaller, theO(dd0) cost becomes a larger

fraction of the overall running time of OVA-VS. The Sampling -1 method does not incur

this O(dd0) cost and thus becomes more attractive computationally, compared to PCA, as

the number of classes decreases. This di�erence ofO(dd0) in the running time contributed

to the fact that Sampling-1 outperformed PCA on the FRGC dataset, where there are

only 535 classes, whereas PCA outperformed Sampling-1 on the hands dataset, where the

number of classes is 48,600.

For ClassMap, the �lter step compares the embedding of the query to the embeddings

of all classes. This step takes negligible time in our experiments, but can become a bot-

tleneck for really large numbers of classes. However, by mapping classes to a vector space,

ClassMap allows application of numerous vector indexing methods (e.g., LSH (Gionis et al.,
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1999)) for speeding up the �lter step. Using vector indexingmethods can lead to recogni-

tion time that is sublinear in the number of classes, thus allowing e�cient recognition even

with signi�cantly more classes than the numbers used in our experiments. Integrating such

indexing methods with ClassMap is an interesting topic for future work.

Another possible improvement for ClassMap is to explicitly model the probability dis-

tribution of the responses of reference classi�ers for the patterns of each class. At the

�lter step, instead of measuring L 1 distances between the embedding of the query and

the embeddings of the database classes, we could compute theprobability of the pattern

belonging to each class, based on the responses of the reference classi�ers. A challenge

in implementing such a probabilistic approach is handling classes with a small number of

training examples.

For OVA-VS, an interesting topic for future exploration is t o try a larger number of

vector indexing methods, in order to identify methods that tend to work well in practice

within the proposed framework. For the LSH variant of OVA-VS , we plan to evaluate

recently proposed methods for improving LSH performance (Andoni and Indyk, 2006;

Panigrahy, 2006). Finally, as OVA-VS is only applicable to boosting-based classi�cation,

it will be interesting to investigate whether similar metho ds can also be designed for other

types of large margin classi�ers, such as support vector machines.

It will also be interesting to integrate the hand recognition module in an actual appli-

cation, such as ASL sign recognition (Athitsos et al., 2008), to obtain a better picture of

how domain-speci�c constraints a�ect hand pose recognition accuracy.
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