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Abstract

Nearestneighborclassi�ersaresimpleto implement,yet
they canmodelcomplex non-parametricdistributions,and
providestate-of-the-artrecognition accuracyin OCRdata-
bases.At thesametime, they maybetoo slowfor practical
characterrecognition,especiallywhenthey relyonsimilar-
ity measures that require computationallyexpensivepair-
wisealignmentsbetweencharacters. This paperproposes
an ef�cient methodfor computingan approximatesimilar-
ity scorebetweentwocharactersbasedontheir exactalign-
mentto a smallnumberof prototypes.Theproposedmethod
is appliedto bothonlineandof�ine character recognition,
where similarity is basedon widely usedand computa-
tionally expensivealignmentmethods,i.e., DynamicTime
Warping and the Hungarianmethodrespectively. In both
casessigni�cant recognition speedupis obtainedat theex-
penseof onlya minor increasein recognitionerror.

1 Intr oduction

Characterrecognitionhasbeenan active researcharea
for thepastthreedecades(see[12] for acomprehensivesur-
vey). The last decadehaswitnessedmany successfulsys-
temsfor bothonline[2, 6, 13] andof�ine [3, 10] character
recognition,with increasingrecognitionaccuracy andde-
creasingtime andmemoryresources.The simplenearest
neighbor(NN) classi�er canbeappliedto thisproblemand
provideexcellentrecognitionaccuracy. For example,aswe
show in theexperiments,a simpleNN classi�er usingDy-
namicTime Warping(DTW) [8] decreasestherecognition
error from 2:90% to 1:90% comparedto the sophisticated
CSDTW method[2] on the UNIPEN digits database[5].
As anotherexample,a simple NN classi�er using Shape
Context (SC) [3] gave state-of-the-artrecognitionerror of
0:63%on theMNIST databaseof handwrittendigits [10].

Themaindrawbackof thenearestneighborclassi�ersis
that they areoften too slow for practicalapplications,es-
pecially when the underlyingsimilarity measureis based

on a computationallyexpensivealignment,thatis superlin-
earin thenumberof objectfeatures.For example,DTW is
quadraticin thenumberof objectfeatures,andtheHungar-
ianmethod,which is usedin theShapeContext distance,is
cubicin thenumberof objectfeatures.Methods[2, 15] have
beenproposedto speeduprecognitionby avoidingthebrute
forcecomputationof similaritiesbetweenthetestobjectand
all databaseobjects.Thesemethodsselectprototypesusing
unsupervisedclusteringtechniquesandrequireonly a few
similarity scorecomputationsbetweenthe test objectand
thoseprototypesin orderto recognizethetestobject.

This paperproposesa simpleapproximateNN method,
which is almostasaccurateasthe simpleNN methodyet
is moreef�cient. The basicideaunderlyingthemethodis
depictedin Figure1. In a nutshell,the methodcomputes
anapproximatesimilarity scorebetweentwo objects,based
on their exact alignmentto a small numberof prototypes.
For simplicity, assumewe have a singleprototype. Then,
in theof�ine stepall databaseobjectsarealignedwith this
prototype,so that after alignmentall databaseobjectsare
representedby vectorsof some�x ed length. In theonline
recognitionstep,thetestobjectisalignedwith theprototype
andis representedby a vectorof thesamelength.Approxi-
matesimilarity scoresbetweenthetestanddatabaseobjects
canbeef�ciently computedin lineartime in thenumberof
prototypefeaturesusing the �x ed length vector represen-
tation, andcanthenbe usedin the �lter stepof �lter and
re�ne retrieval [7] to obtainsigni�cantly fasterandalmost
asaccuraterecognitioncomparedto thesimpleNN method.

Theproposedmethodcanbeviewedasanextensionof
Lipschitzembeddings[4]. In Lipschitzembeddingsanob-
ject is representedby a vectorof distancesto a �x ednum-
ber of prototypes. Our key observation is that computing
the distancebetweenan objectanda prototyperequiresa
precomputationof thealignmentbetweenthem.Therefore,
sincethealignmentis readilyavailableandcontainsricher
informationthanonly thedistance,it is advantageousto en-
codethealignmentinformationin theobjectrepresentation.
The experimentscon�rm that using the richer representa-
tion indeedresultsin increasedrecognitionperformance.



Figure 1. Top row: exact alignmentW (A; B ) between
two objectsA andB . Bottomrow: approximatealignment
W R (A; B ) betweenthe sametwo objectsA andB via a
prototypeR. Correspondingfeaturesin thetwo objectsare
connectedby lineswith thesameline pattern.

2 Recognitionby Prototypes

This section�rst describeshow to representobjectsus-
ing their exact alignmentto a set of prototypes,and de-
�nes the inducedapproximatealignment(via prototypes)
betweenany pairof objects,andthecorrespondingapproxi-
matedistance.Thefollowingsubsectionthendescribeshow
to selectthesetof prototypesin anoptimalway.

2.1 Appro ximate Alignmen t

We will assumethat objectsare representedby setsof
observations.Let X beaspaceof suchobjects,andA; B 2
X betwo objectsof sizenA andnB respectively, suchthat
A = a1; : : : ; an A , andB = b1; : : : ; bn B . Eachai andbj is
anobservationbelongingto afeaturespaceG, with distance
measureDG .

We assumethat we have an alignmentalgorithm(e.g.,
DTW and the Hungarianmethod)that establishescorre-
spondencesbetweenelementsof A and elementsof B .
Given A and B , this algorithm producesan alignment
W (A; B ), wherethek th elementof W (A; B ), denotedas
wk = (ai ; bj ), indicatesthat observation ai of A corre-
spondsto observationbj of B . We furtherassumethateach
ai andbj occurin at leastonewk in W (A; B ). Theexact
distanceDX (A; B ) betweenobjectsA andB canoftenbe
de�ned usingtheunderlyingalignmentasfollows:

DX (A; B ) =
X

k

DG ( ai ; bj
i;j :wk =( a i ;bj )

) (1)

That is, the distancebetweenA andB is the sumof dis-
tancesbetweeneachai andbj of correspondingobserva-
tionsthatappearin thealignmentW (A; B ).

Supposenow that R 2 X is a prototype. Using align-
mentW (A; R), we cande�ne an embeddingF R : X !
Gn R , wherenR is thesizeof prototypeR. In otherwords,
F R mapsany objectA into anorderedsetof nR features

F R (A) = (a0
1; a0

2; : : : ; a0
n R

); where (2)

a0
j = f (f ai j (ai ; r j ) 2 W (A; R)g); (3)

Theaggregatefunctionf (�) takesasinput all featuresai in
A that arealignedwith the single featurer j of the proto-
typeR. Theaggregatefunctionf (�) is a designchoicethat
dependson thealignmentmethodunderconsideration.For
example,in DTW theaggregatefunctionfor the2D position
featuresis thearithmeticmean,andtheaggregatefunction
for the directionfeatureis the tangentangleof the vector
connectingthe �rst andlast positionfeatures.ShapeCon-
text givesa1-1correspondencesotheaggregatefunctionis
theidentity function,i.e.,a0

j = ai .
The embeddings F R (A) = (a0

1; : : : ; a0
n R

) and
F R (B ) = (b0

1; : : : ; b0
n R

) of objectsA and B induce an
approximatealignmentW R (A; B ), whosek th elementis
denotedaswR

k = (a0
k ; b0

k ). Naturally, if we choosed pro-
totypesRi , we cande�ne anembeddingF by simply con-
catenatingembeddingsF R i :

F (A) = (F R 1 (A); : : : ; F R d (A)) : (4)

F mapsobjectsinto Gn 0
, wheren0 =

P d
i =1 nR i is thesum

of the sizesof the Ri 's. Now, if F (A) = (a0
1; : : : ; a0

n 0)
andF (B ) = (b0

1; : : : ; b0
n 0), we cande�ne the distanceD 0

betweenthemas:

D 0(F (A); F (B )) =
n 0

X

l =1

DG (a0
l ; b0

l ) : (5)

Intuitively, the computationallyexpensive way to com-
pare A and B is to �rst �nd their alignment W (A; B )
(which is assumedto be time consuming)andthenevalu-
ateDX (A; B ) basedon this alignment.TheembeddingF
mapsobjectsinto orderedsetsof features,which arenat-
urally alignedto eachother: eacha0

l of F (A) mapsto b0
l

of F (B ). The inducedalignmentis only anapproximation
of theexactalignmentW (A; B ), andit is basedon thefact
thatsomefeaturesin A andsomefeaturesin B werealigned
to thesamefeatureof someprototypeR i .

Now, assumethatall databaseobjectsareembeddedus-
ing F in the of�ine step. Then, in the online recognition
step,insteadof aligning the testobject to all databaseob-
jects, it is alignedto a few prototypeobjects,and is also
embeddedusingF . Sincethetestobjectandeachdatabase
objectareautomaticallyalignedto eachotherthroughthe



embeddings,computingthe approximatedistancesD 0 be-
tweenthemis straightforwardandtakestimelinearin n0, as
opposedto themoreexpensiveexactdistancemeasureD X

that is superlinearin n. Therefore,D 0 is a computationally
ef�cient distancemeasurethatcanbeusedin the�lter step
of �lter -and-re�neretrieval to �lter outdatabaseobjectsthat
aretoo far from the testobject,andto retrieve only the P
mostpromisingcandidates.Then,in there�ne steptheex-
act distanceDX canbe usedto rerankonly the P objects
retrievedin the�lter step.Finally, thebestmatchesafterthe
re�ne stepvotefor theclassof thetestobject.

2.2 Protot yp e Selection

Theprevioussectiondescribedhow to embedunaligned
objectsusingtheir correspondencesto multiple prototypes.
This sectiondescribeshow to selectthe prototypesin an
optimal way. Finding the optimal setof d prototypesout
of N training objectsrequiresO(N d) time. The Sequen-
tial ForwardSearch[11], which is widely usedin machine
learningfor featureselection,can be usedto �nd an ap-
proximatesolution in O(N d) time: we pick the �rst pro-
totypeto betheonethatgivesthebestperformanceon the
training setwhenusedby itself, andwe pick the i th pro-
totypeto be the onethat givesthe bestperformancewhen
combinedwith R1; : : : ; Ri � 1. The performancemeasure
usedto evaluateeachof theprototypesis thenearestneigh-
bor classi�cationaccuracy. This processis repeateduntil a
prespeci�ednumberof prototypesareselected,or until the
classi�cationaccuracy obtainedonaseparatevalidationset
startsdecreasing,which is a signof over�tting.

3 Experiments

In order to evaluateour classi�cation methodwe con-
ductedexperimentswith two OCRdatabases;theUNIPEN
online handwritingdatabase[5], andthe MNIST database
[10], using respectively DTW and the Hungarianmethod
for alignment.Thetradeoff betweenrecognitionspeedand
recognitionerroris usedto evaluatetheperformanceof the
proposedmethod.

3.1 Exp erimen t 1: UNIPEN Database

In thisexperimentweusedtheisolateddigitsbenchmark
(category 1a)of theUNIPEN Train-R01/V07onlinehand-
writing database[5], which consistsof 15; 953digit exam-
ples. Datapreprocessingand featureextraction is carried
out exactly asdescribedin [2] Section2. Eachobservation
ai = (~x i ; ~yi ; � i ) is representedby threefeatures:2D nor-
malizedlocation(~x i ; ~yi ) andthetangentanglebetweentwo
consecutive observations� i . Figure 2 shows an example
digit “seven” beforeandafterpreprocessing.

For this experimentthe digits were randomlyand dis-
jointly dividedinto trainingandtestsetswith a2:1 ratio (or
10,630: 5,323examples). The distancemeasureD D T W

usedfor classi�cationis DynamicTimeWarping[8].
In the�lter step,weprecomputedthealignmentbetween

all database(training)digitsand10prototypes,whichwere
selectedasdescribedin Section2.2. Thus,eachdatabase
digit wasembeddedinto a 1,101dimensionalspace.The
total sequencelengthof the10 referencedigits is 367, and
eachsampleconsistsof 3 features(~x; ~y; � ). During theon-
line step,a testdigit wasembeddedinto the1,101dimen-
sionalspacein asimilarway. TheL 1 distancein thisvector
spacewasusedfor approximatingthe true DTW distance,
andfor �ltering out databasedigits that weretoo far from
thetestdigit. TheL 1 distancewasusedbecausein prelimi-
naryexperimentsit outperformedtheL 2 distance.

Givenatestdigit andusingtheapproximatemeasurewe
retrievedtheP nearestdatabasedigits. In there�ne stepwe
computedthe exact DTW measurebetweenthe test digit
and the P retrieved digits to obtain the �nal results. The
numberof exactDTW computationsin Table1 for thepro-
posedmethodis 10 + P, where10 is thenumberof exact
DTW computationsin the �lter stepandP is the number
of exact DTW computationsin the re�ne step. P = 0 in-
dicatesthat thetestdigit is recognizedusingonly the �lter
step.

Table1 shows the testerror asa function of exact dis-
tancecomputations. Not shown in the table is the ex-
act DTW experiment. In that experimentwe usedbrute-
force search,i.e. we aligneda testdigit with all the train-
ing digits, andclassi�ed it usingthenearestneighborrule.
10,630DTW distancecomputationswere neededfor the
exact DTW experiment,andthe testerror was1:90%. In
summary, theresultsin Table1 indicatethatasexpectedthe
testerrordecreasesasthenumberof exactDTW computa-
tion increases.In addition,givena testerror of 2:80%the
methodrequiresabouthalf thenumberof exactDTW com-
putationsrequiredby BoostMap[1], andabout10%of the
numberof exact DTW computationsrequiredby CSDTW
[2]. Thebesterrorrateof CSDTWis 2:90%using150exact
DD T W computations.

Figure3 showsthetesterrorasa functionof thenumber
of prototypes.As expectedthe testerror decreasesasthe
numberof prototypesincreases.More surprisingly, using
only a singleprototypeoverall (a single8 example)we ob-
tain a relatively low testerrorof 3:76%. This indicatesthat
a prototypeof oneclasscansupplyuseful informationfor
recognizinganobjectof a differentclass.

3.2 Exp erimen t 2: MNIST Database

In this experiment we evaluate our method on the
MNIST database[10], using 20,000 databasedigits and
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Figure 2. Left: Example of a “seven”. Circles de-
note“pen-down” locations,x's denote“pen-up” locations.
Right: Thesameexample,afterpreprocessing.

NN testerrorasa functionof exactdistance
computationsfor theUNIPENdigitsdatabase

# D D T W P ProposedMethod [1]
30 20 2.14% 2.34%
20 10 2.25% 3.00%
10 0 2.80% 6.23%

Table 1. Comparisonof proposedmethodwith [1] on the
UNIPEN digit database,in termsof test error as a func-
tion of exactdistancecomputations.Thetesterrorobtained
with the CSDTW method[2] is 2:90% using150 D D T W

distances.

10,000testdigits. In this databaseeachdigit is represented
by an 28 � 28 grayscaleimage. Exampleimagescanbe
seenin Figure4.

ThedistancemeasureD SC usedfor classi�cationis the
ShapeContext (SC) distance[3]. As in [3] we resample
eachimageso that its size becomes70 � 70. The origi-
nal shapecontext matchingfunctionconsistsof a weighted
combinationof threeterms:a shapecontext featurematch-
ing term, an imagematchingterm, anda bendingenregy
term. In particular, local featurescalled “shapecontext
features”areextractedat eachof 100 featurelocationsin
eachimage. Given two images,using the Hungarianal-
gorithm[9] a 1-1 correspondencebetweentheSC features
of thoseimagesis established.Using the 1-1 correspon-
dences,one image is warpedinto the other image. The
image matchingterm is then obtainedby measuringthe
sum-of-squared-differenceserrorbetweensubwindowscor-
respondingto matchingfeaturelocations,andthe bending
energy termis thecostof thewarping.

Givena 1-1 correspondencebetweentheSCfeaturesof
an imageandthe SC featuresof the prototypeimage,we
record,for eachprototypefeaturelocation, the following
informationaboutthecorrespondingimagefeaturelocation
(after warping the imageto the prototype): the 2D image
location, the local contourorientationat that location, the
shapecontext feature(which is a 60-dimensionalvector, as

0 2 4 6 8 10
0.02

0.025

0.03

0.035

0.04

Figure 3. Testerrorasa functionof thenumberof proto-
types,usingonly the�lter step(P = 0).

in [3]) obtainedat that location,andthe intensityvaluesof
a local 9x9subwindow centeredaroundthatlocation.

We chooseten prototypesrandomly from the training
set. We computethe embeddingof eachtestandtraining
objectaccordingto alignmentto thosetenprototypes.Be-
causeof thesizeof theshapecontext andsubwindow fea-
tures,it is impossibleto storetheembeddingsof all train-
ing objectsin physicalmemory: it would requirestoring
10� 100� (2+ 1+ 60+ 81)numbersperobject;thesenum-
bersare,respectively, thenumberof prototypes,thenumber
of featurelocationsperprototype,andthenumbersneeded
to representpoint locations,orientations,shapecontext fea-
turesandsubwindow features,i.e.,144,000numbersperob-
ject. In orderto keepthestoragerequirementsmanageable,
andto improve theef�ciency of the �lter step,we perform
featureselectionusingtheAdaBoostalgorithm[14].

We applythis featureselectionalgorithmto �rst choose
point locationfeaturesandorientationfeatures,sincethose
are very compactandcheapto store. Then we allow the
trainingalgorithmto choosea smallnumber(in our exper-
iments,30 out of thepossible2,000)of shapecontext and
subwindow features.Thedistancein thislowerdimensional
featurespacewasusedfor approximatingthe true SC dis-
tance.The �lter andre�ne retrieval-basedrecognitionwas
implementedin the sameway as for the online character
recognitionexperiment.

In Table2 we show the testerrorasa functionof exact
distancecomputations.Not shown in the table is the ex-
actShapeContext experiment.In thatexperimentwe used
brute-forcesearch,i.e. we aligneda testdigit with all the
training digits, andclassi�ed it usingthe nearestneighbor
rule. 20,000SCdistancecomputationswereneededfor the
exactSCexperiment,andthe testerrorwas0:84%. Using
only 50 SC distancesthe testerrorobtainedusingthepro-
posedmethodwas1:58%, which is signi�cantly betterthan



Figure 4. Someexamplesfrom the MNIST databaseof
handwrittendigit images.

NN testerrorasa functionof exactdistance
computationsfor MNIST digits database

# D S C P ProposedMethod [1]
50 40 1.58% 1.89%
40 30 1.64% 2.15%
30 20 1.79% 2.68%
20 10 2.20% 4.38%
10 0 7.35% 12.66%

Table 2. Comparisonof proposedmethodwith two other
methodson the MNIST database,in termsof testerror as
a function of exact distancecomputations.The test error
obtainedwith the methodusedin [15] is 2:55% using50
D S C distances.

the 2:55% test error obtainedby the methodproposedin
[15], whichwasspeci�cally designedfor theSCdistance.

4 Conclusion

This paperpresenteda generalmethodfor computing
an approximatesimilarity measurebetweena pair of ob-
jects basedon their alignmentto prototypeobjects. The
proposedmethodis simple andcan be usedto designef-
�cient approximatenearestneighborrecognitionmethods.
The proposedmethod,althoughgeneral,outperformstwo
state-of-the-artcharacterrecognitionmethods[2, 15] that
werespeci�cally designedto exploit their underlyingsimi-
larity measures.Our methodbuilds upontheLipschitzem-
beddingmethod,which representsobjectsusingtheir dis-
tancesto prototypeobjects,but in contrastto Lipschitzem-
beddingstheproposedrepresentationis richerandencodes
thecompletealignmentinformationbetweenanobjectand
aprototyperatherthanonly thedistancebetweenthem.The
superiority of the richer representationhas beendemon-
stratedin the experimentsthat have alsoshown that suf�-
ciently accurateresultsmay be obtainedwith aslittle asa
singleprototype.
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