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Abstract

Neakestneighborclassi ers are simpleto implementyet
they can modelcomplex non-pamametricdistributions,and
provide state-of-the-artecanition accuracyin OCRdata-
bases At the sametime they maybetoo slowfor practical
characterrecanition, especiallywhenthey rely on similar-
ity measuesthat require computationallyexpensivepair-
wise alignmentsbetweercharacters. This paperproposes
an efcient methodfor computingan approximatesimilar-
ity scoe betweenwo charactersbasedntheir exactalign-
mentto a smallnumberof prototypes Theproposednethod
is appliedto bothonlineand of ine characterrecaynition,
whee similarity is basedon widely usedand computa-
tionally expensivealignmentmethods,.e., DynamicTime
Warping and the Hungarian methodrespectively In both
casessigni cant recaynition speedups obtainedat the ex-
penseof only a minorincreasen recanition error.

1 Intr oduction

Characterecognitionhasbeenan active researcharea
for thepastthreedecade¢se€g[12] for acomprehensiesur
vey). The lastdecadehaswitnessedmary successfubys-
temsfor bothonline[2, 6, 13] andof ine [3, 10] character
recognition,with increasingrecognitionaccurag and de-
creasingtime and memoryresources.The simple nearest
neighbor(NN) classi er canbeappliedto this problemand
provide excellentrecognitionaccurag. For example,aswe
shaw in the experimentsa simpleNN classi er using Dy-
namic Time Warping(DTW) [8] decreasethe recognition
error from 2:90% to 1:90% comparedo the sophisticated
CSDTW method[2] on the UNIPEN digits database[b
As anotherexample,a simple NN classi er using Shape
Context (SC) [3] gave state-of-the-artecognitionerror of
0:63%o0nthe MNIST databasef handwrittendigits [10].

Themaindrawvbackof the nearesnheighborclassi ersis
that they are often too slow for practicalapplications,es-
pecially when the underlying similarity measures based

on a computationallyexpensve alignment thatis superlin-
earin the numberof objectfeatures.For example,DTW is
guadratidn the numberof objectfeaturesandthe Hungar
ian method whichis usedin the ShapeContext distanceijs
cubicin thenumberof objectfeaturesMethodg2, 15] have
beenproposedo speedupecognitionby avoidingthebrute
forcecomputatiorof similaritiesbetweerthetestobjectand
all databasebjects.Thesemethodsselectprototypeausing
unsupervisealusteringtechniquesandrequireonly a few
similarity scorecomputationdbetweenthe test objectand
thoseprototypesn orderto recognizethetestobject.

This paperproposesa simpleapproximateNN method,
which is almostasaccurateasthe simple NN methodyet
is moreefcient. The basicideaunderlyingthe methodis
depictedin Figure 1. In a nutshell,the methodcomputes
anapproximatesimilarity scorebetweertwo objects based
on their exact alignmentto a small numberof prototypes.
For simplicity, assumeawve have a single prototype. Then,
in the of ine stepall databas@bjectsarealignedwith this
prototype,so that after alignmentall databasebjectsare
representedy vectorsof some x edlength. In the online
recognitionstep thetestobjectis alignedwith theprototype
andis representedly a vectorof the samdength. Approxi-
matesimilarity scoredetweerthetestanddatabasebjects
canbeefciently computedn lineartime in the numberof
prototypefeaturesusing the x ed length vectorrepresen-
tation, and canthenbe usedin the lter stepof Iter and
re ne retrieval [7] to obtainsigni cantly fasterandalmost
asaccurateecognitioncomparedo thesimpleNN method.

The proposedmethodcanbe viewed asan extensionof
Lipschitzembedding$4]. In Lipschitzembeddingsnob-
jectis representetby a vectorof distancego a x ednhum-
ber of prototypes. Our key obsenationis that computing
the distancebetweenan objectand a prototyperequiresa
precomputatiomf thealignmentbetweerthem. Therefore,
sincethe alignmentis readily availableand containsricher
informationthanonly thedistanceijt is advantageouto en-
codethealignmentinformationin the objectrepresentation.
The experimentscon rm that using the richer representa-
tion indeedresultsin increasedecognitionperformance.
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Figure 1. Toprow: exactalignmentW (A; B) between
two objectsA andB . Bottomrow: approximatealignment
WR(A; B) betweenthe sametwo objectsA andB via a
prototypeR. Correspondindeaturesn the two objectsare
connectedy lineswith thesamdine pattern.

2 Recognitionby Prototypes

This section rst describeshow to represenbbjectsus-
ing their exact alignmentto a set of prototypes,and de-
nes the inducedapproximatealignment(via prototypes)
betweerary pair of objectsandthecorrespondingpproxi-
matedistance Thefollowing subsectiothendescribefiow
to selectthe setof prototypesn anoptimalway.

2.1 Appro ximate Alignmen t

We will assumehat objectsare representedy setsof
obsenations.Let X beaspaceof suchobjectsandA; B 2
X betwo objectsof sizena andng respectiely, suchthat

anobsenationbelongingo afeaturespaces, with distance
measurd g .

We assumehat we have an alignmentalgorithm (e.g.,
DTW and the Hungarianmethod)that establishesorre-
spondencedetweenelementsof A and elementsof B.
Given A and B, this algorithm producesan alignment
W (A; B), wherethek™ elementof W (A; B), denotedas
Wy = (&;b), indicatesthat obsenation a; of A corre-
spondgo obsenationly of B. We furtherassumehateach
a andb occurin atleastonewy in W(A; B). Theexact
distanceD x (A; B) betweerobjectsA andB canoftenbe
de ned usingtheunderlyingalignmentasfollows:

X
Dx(A;B)=  Dg( a;b ) 1)
K i twic=( aiby)

Thatis, the distancebetweenA andB is the sum of dis-
tancesbetweeneacha; andly of correspondingpbsena-
tionsthatappeaiin thealignmentw (A; B).

Supposenow thatR 2 X is a prototype. Using align-
mentW (A; R), we cande ne anembeddingFR : X !
G"r , whereng, is the sizeof prototypeR. In otherwords,
F R mapsary objectA into anorderedsetof ng features

FR(A) = (a%;a9;:::;a%_ );where )
a’=f(faj(ai;rj) 2 W(A; R)g); (3

Theaggreatefunctionf ( ) takesasinputall featuresg; in
A thatarealignedwith the singlefeaturer; of the proto-
typeR. Theaggreatefunctionf () is adesignchoicethat
dependsn the alignmentmethodunderconsiderationFor
example,in DTW theaggreyatefunctionfor the2D position
featureds the arithmeticmean,andthe aggreyatefunction
for the directionfeatureis the tangentangleof the vector
connectinghe rst andlast positionfeatures.ShapeCon-
text givesa 1-1 correspondencsotheaggrejatefunctionis
theidentityfunction,i.e.,aJQ = a.

The embeddings FR(A) = (a?;:::;a3,) and
FR(B) = (B;:::;80 ) of objectsA andB inducean
approximatealignmentW R (A; B), whosek™ elementis
denotedasw} = (a2; ). Naturally, if we choosed pro-
totypesR;, we cande ne anembeddind= by simply con-
catenatinggmbedding$ R :

F(A) = (FR1(A);:::;FRI(A)): 4)

F mapsobjectsinto G"’, wheren® = id=1 Nng, isthesum

betweerthemas:

0y . — X
DYF (A);F(B)) =
=1

Do (s H) : (5)

Intuitively, the computationallyexpensve way to com-
pare A and B is to rst nd their alignmentW (A; B)
(which is assumedo be time consuming)and thenevalu-
ateDx (A; B) basedon this alignment. The embeddind~
mapsobjectsinto orderedsetsof featureswhich are nat-
urally alignedto eachother: eacha? of F (A) mapsto b
of F(B). Theinducedalignmentis only anapproximation
of theexactalignmentW (A; B), andit is basednthefact
thatsomefeaturesn A andsomefeaturesn B werealigned
to the samefeatureof someprototypeR; .

Now, assumehatall databasebjectsareembeddedis-
ing F in the of ine step. Then,in the online recognition
step,insteadof aligning the testobjectto all databaseb-
jects, it is alignedto a few prototypeobjects,andis also
embeddedisingF . Sincethetestobjectandeachdatabase
objectare automaticallyalignedto eachotherthroughthe



embeddingscomputingthe approximatedistancesD °© be-
tweenthemis straightforvardandtakestime linearin n®, as
opposedo the moreexpensve exactdistancemeasure x
thatis superlineain n. Therefore D °is a computationally
ef cient distancemeasuraghatcanbeusedin the Iter step
of Iter -and-re neretrievalto Iter outdatabasebjectsthat
aretoo far from the testobject,andto retrieve only the P
mostpromisingcandidatesThen,in there ne stepthe ex-
actdistanceDyx canbe usedto rerankonly the P objects
retrievedin the Iter step.Finally, thebestmatchesfterthe
re ne stepvotefor the classof thetestobject.

2.2 Protot yp e Selection

The previoussectiondescribechow to embedunaligned
objectsusingtheir correspondences multiple prototypes.
This sectiondescribeshow to selectthe prototypesin an
optimal way. Finding the optimal setof d prototypesout
of N training objectsrequiresO(N %) time. The Sequen-
tial Forward SearcH11], which is widely usedin machine
learningfor featureselection,canbe usedto nd an ap-
proximatesolutionin O(N d) time: we pick the rst pro-
totypeto be the onethatgivesthe bestperformanceon the
training setwhen usedby itself, andwe pick thei" pro-
totypeto be the onethat givesthe bestperformancevhen

usedto evaluateeachof the prototypess the nearesheigh-
bor classi cationaccurag. This processs repeatedintil a
prespeci ednumberof prototypesareselectedpr until the
classi cationaccurag obtainedon a separatevalidationset
startsdecreasingwhichis a signof over tting.

3 Experiments

In orderto evaluateour classi cation methodwe con-
ductedexperimentswith two OCR databaseghe UNIPEN
online handwritingdatabasé¢5], andthe MNIST database
[10Q], usingrespectiely DTW andthe Hungarianmethod
for alignment.Thetradeof betweerrecognitionspeedand
recognitionerroris usedto evaluatethe performancef the
proposednethod.

3.1 Experiment 1: UNIPEN Database

In this experimentwe usedtheisolateddigits benchmark
(category 1a) of the UNIPEN Train-R01/V07online hand-
writing databasé¢5], which consistsof 15; 953digit exam-
ples. Datapreprocessingnd featureextractionis carried
out exactly asdescribedn [2] Section2. Eachobsenation
ai = (¥, i) is representedby threefeatures:2D nor-
malizedlocation(x;; ;) andthetangentanglebetweertwo
consecutre obsenations ;. Figure2 shavs an example
digit “seven” beforeandafterpreprocessing.

For this experimentthe digits were randomly and dis-
jointly dividedinto trainingandtestsetswith a2:1 ratio (or
10,630: 5,323 examples). The distancemeasureD p
usedfor classi cationis DynamicTime Warping[8].

In the Iter step,weprecomputedhealignmentbetween
all databasétraining)digits and 10 prototypeswhich were
selectedasdescribedn Section2.2. Thus,eachdatabase
digit wasembeddednto a 1,101 dimensionalspace. The
total sequencéengthof the 10 referencedigits is 367, and
eachsampleconsistof 3 featureqx; y; ). Duringtheon-
line step,a testdigit wasembeddednto the 1,101dimen-
sionalspacéan asimilarway. ThelL ; distancén thisvector
spacewasusedfor approximatingthe true DTW distance,
andfor ltering out databasaligits thatweretoo far from
thetestdigit. Thel ; distancevasusedbecausén prelimi-
naryexperimentdt outperformedhel , distance.

Givenatestdigit andusingtheapproximateneasurave
retrievedthe P nearestlatabaseigits. In there ne stepwe
computedthe exact DTW measurebetweenthe test digit
andthe P retrieved digits to obtainthe nal results. The
numberof exactDTW computationsn Tablel for the pro-
posedmethodis 10+ P, wherel0 is the numberof exact
DTW computationsn the Iter stepandP is the number
of exact DTW computationsn there ne step.P = 0in-
dicatesthatthetestdigit is recognizedusingonly the Iter
step.

Table 1 shawvs the testerror asa function of exact dis-
tance computations. Not shovn in the table is the ex-
act DTW experiment. In that experimentwe usedbrute-
force searchj.e. we aligneda testdigit with all the train-
ing digits, andclassi ed it usingthe nearesneighborrule.
10,630DTW distancecomputationswere neededfor the
exact DTW experiment,andthe testerror was 1:90%. In
summarytheresultsin Tablel indicatethatasexpectedhe
testerrordecreaseasthe numberof exact DTW computa-
tion increasesIn addition,givenatesterror of 2:80%the
methodrequiresabouthalf the numberof exact DTW com-
putationsrequiredby BoostMap[1], andabout10% of the
numberof exact DTW computationgequiredby CSDTW
[2]. Thebesterrorrateof CSDTWis 2:90%using150exact
Dptw computations.

Figure3 shavsthetesterrorasafunctionof thenumber
of prototypes. As expectedthe testerror decreaseasthe
numberof prototypesincreases.More surprisingly using
only a singleprototypeoverall (a single8 example)we ob-
tain arelatively low testerrorof 3:76% This indicatesthat
a prototypeof oneclasscansupply usefulinformationfor
recognizinganobjectof a differentclass.

3.2 Experiment 2: MNIST Database

In this experiment we evaluate our method on the
MNIST databasg10], using 20,000 databasedigits and
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Figure 2. Left: Exampleof a “seven”. Circles de-
note“pen-davn” locations,x's denote“pen-up” locations.
Right: The sameexample,afterpreprocessing.

NN testerrorasa functionof exactdistance
computationgor the UNIPEN digits database

#DpTw P Proposedethod | [1]

30 20 | 2.14% 2.34%
20 10 | 2.25% 3.00%
10 0 2.80% 6.23%

Table 1. Comparisorof proposednethodwith [1] onthe
UNIPEN digit databasein termsof testerror as a func-
tion of exactdistancecomputationsThetesterrorobtained
with the CSDTW method[2] is 2:90% using150 Dp tw
distances.

10,000testdigits. In this databaseachdigit is represented
by an28 28 grayscalemage. Exampleimagescanbe
seenin Figure4.

Thedistancemeasurd) s¢c usedfor classi cationis the
ShapeContext (SC) distance[3]. As in [3] we resample
eachimageso that its sizebecomes’0  70. The origi-
nal shapecontext matchingfunction consistsof a weighted
combinationof threeterms:a shapecontet featurematch-
ing term, an image matchingterm, and a bendingenregy
term. In particular local featurescalled “shape context
features”are extractedat eachof 100 featurelocationsin
eachimage. Given two images,using the Hungarianal-
gorithm[9] a 1-1 correspondencketweerthe SC features
of thoseimagesis established.Using the 1-1 correspon-
dences,one imageis warpedinto the otherimage. The
image matchingterm is then obtainedby measuringthe
sum-of-squared-diérenceserrorbetweersubwindavs cor-
respondingo matchingfeaturelocations,andthe bending
enegy termis the costof thewarping.

Givena1-1 correspondencketweernthe SC featuresof
animageandthe SC featuresof the prototypeimage,we
record, for eachprototypefeaturelocation, the following
informationaboutthe correspondingmagefeaturelocation
(after warping the imageto the prototype): the 2D image
location, the local contourorientationat that location, the
shapecontet feature(which is a 60-dimensionaVector, as

0.04

0.035f

0.03r

0.025f

0.02

Figure 3. Testerrorasafunctionof thenumberof proto-
types,usingonly the Iter step(P = 0).

in [3]) obtainedat thatlocation,andthe intensityvaluesof
alocal 9x9 subwindav centerechroundthatlocation.

We chooseten prototypesrandomly from the training
set. We computethe embeddingof eachtestandtraining
objectaccordingto alignmentto thoseten prototypes.Be-
causeof the size of the shapecontext andsubwindav fea-
tures, it is impossibleto storethe embedding®f all train-
ing objectsin physicalmemory: it would require storing
10 100 (2+ 1+ 60+ 81)numbersgerobject;thesenum-
bersare,respectiely, thenumberof prototypesthenumber
of featurelocationsper prototype,andthe numberseeded
to represenpointlocationsorientationsshapecontext fea-
turesandsubwindav featuresi.e., 144,00(numbergperob-
ject. In orderto keepthe storagerequirementsnanageable,
andto improve the ef ciency of the Iter step,we perform
featureselectionusingthe AdaBoostalgorithm[14].

We applythis featureselectionalgorithmto rst choose
pointlocationfeaturesandorientationfeaturessincethose
are very compactand cheapto store. Thenwe allow the
training algorithmto choosea smallnumber(in our exper
iments,30 out of the possible2,000)of shapecontext and
subwindav featuresThedistancen thislowerdimensional
featurespacewas usedfor approximatingthe true SC dis-
tance.The Iter andre ne retrieval-basedecognitionwas
implementedn the sameway as for the online character
recognitionexperiment.

In Table2 we shav thetesterrorasa function of exact
distancecomputations.Not shavn in the tableis the ex-
act ShapeContet experiment.In thatexperimentwe used
brute-forcesearchj.e. we aligneda testdigit with all the
training digits, andclassi ed it usingthe nearesheighbor
rule. 20,000SC distancecomputationsvereneededor the
exact SC experiment,andthe testerrorwas0:84% Using
only 50 SC distanceghe testerror obtainedusingthe pro-
posedmethodwas1:58%, whichis signi cantly betterthan
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Figure 4. Someexamplesfrom the MNIST databasef
handwrittendigit images.
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NN testerrorasa functionof exactdistance
computationdor MNIST digits database

#Dsc Proposedviethod | [1]
50 40 | 1.58% 1.89%
40 30 | 1.64% 2.15%
30 20 | 1.79% 2.68%
20 10 | 2.20% 4.38%
10 0 7.35% 12.66%

Table 2. Comparisorof proposednethodwith two other
methodson the MNIST databasein termsof testerror as
a function of exact distancecomputations. The testerror
obtainedwith the methodusedin [15] is 2:55% using 50
Dsc distances.

the 2:55% test error obtainedby the methodproposedn
[15], whichwasspeci cally designedor the SCdistance.

4 Conclusion

This paperpresentech generalmethodfor computing
an approximatesimilarity measurebetweena pair of ob-
jects basedon their alignmentto prototypeobjects. The
proposedmethodis simple and can be usedto designef-
cient approximatenearesneighborrecognitionmethods.
The proposedmethod,althoughgeneral,outperformstwo
state-of-the-artharacterecognitionmethods[2, 15 that
werespeci cally designedo exploit their underlyingsimi-
larity measuresOur methodbuilds uponthe Lipschitzem-
beddingmethod,which represent®bjectsusing their dis-
tancedo prototypeobjects but in contrasto Lipschitzem-
beddingghe proposedepresentatiors richerandencodes
the completealignmentinformationbetweeran objectand
aprototyperatherthanonly thedistancebetweerthem.The
superiority of the richer representatiorhas beendemon-
stratedin the experimentsthat have also shavn that suf-
ciently accurateresultsmay be obtainedwith aslittle asa
singleprototype.
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