
1

BoostMap:An EmbeddingMethod for Ef�cient
NearestNeighborRetrieval
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Abstract— This paper describesBoostMap, a method for ef�-
cient nearestneighbor retrieval under computationally expensive
distance measures. Database and query objects are embedded
into a vector space,in which distancescanbemeasuredef�ciently .
Each embedding is tr eated as a classi�er that predicts for any
thr ee objects X, A, B whether X is closer to A or to B. It
is shown that a linear combination of such embedding-based
classi�ers naturally correspondsto an embeddingand a distance
measure. Basedon this property, the BoostMap method reduces
the problem of embeddingconstruction to the classicalboosting
problem of combining many weak classi�ers into an optimized
strongclassi�er. The classi�cation accuracyof the resultingstrong
classi�er is a dir ect measure of the amount of nearest neighbor
structur e preserved by the embedding. An important property
of BoostMap is that the embedding optimization criterion is
equally valid in both metric and non-metric spaces.Performance
is evaluated in databasesof hand images,handwritten digits, and
time series.In all cases,BoostMap signi�cantly impr ovesretrieval
ef�ciency with small lossesin accuracy compared to brute-force
search. Mor eover, BoostMap signi�cantly outperforms existing
nearest neighbor retrieval methods, such as Lipschitz embed-
dings, FastMap, and VP-tr ees.

Index Terms— Indexing methods,embeddingmethods,similar-
ity matching, multimedia databases,nearest neighbor retrieval,
nearest neighbor classi�cation, non-Euclidean spaces.

I . INTRODUCTION

Nearestneighbor retrieval is the task of identifying the
databaseobjects that are the most similar to a given query
object.The moststraightforward algorithmfor nearestneigh-
bor retrieval is brute-force search:we simply measureall
distancesbetweenthequeryandthedatabaseobjects.Clearly,
as databasesize increases,brute-force searchcan become
computationallydemanding,or evenimpractical.Thisproblem
is exacerbatedin domains with computationallyexpensive
distancemeasures.Suchmeasuresoccurfrequentlyin pattern
recognition.Examplesinclude the Kullback-Leiblerdistance
for matchingprobabilitydistributions[1], dynamictime warp-
ing for matchingtime series[2], [3], or the edit distance[4]
for matchingstringsand biological sequences.We introduce
an embeddingmethod,calledBoostMap,for ef�cient nearest
neighborretrieval in suchdomains.BoostMapmapsdatabase
andqueryobjectsinto a realvectorspace,wheredistancescan
be computedorders-of-magnitudefasterthan in the original
space.Thesefast embedding-baseddistancescan be usedto
speedup nearestneighborretrieval.

Ourmethodmakestwo key contributionsto thecurrentstate
of the art. The �rst contribution is de�ning a new quantitative
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criterion of embeddingquality, that directly measureshow
well the embeddingpreserves the nearestneighborstructure
of the original space.The key idea is that any embeddingF
naturally de�nes a binary classi�er ~F that predicts,for any
threeobjectsX ; A; B whetherX is closerto A or to B , by
simply checkingif F (X ) is closerto F (A) or to F (B ). If F
never makesany mistakes,thenF perfectlypreservesnearest
neighborstructure.We show that the error rate of F on a
speci�c set of triples (X ; A; B ) is a direct measureof the
amountof nearestneighborstructurepreserved by F . This
is in contrastto the global measuresof stressand distortion
typically used for evaluating embeddingquality [5], which
take into accountall pairwisedistancesbetweenobjects,and
thus mainly dependon pairs of objectsthat are not nearest
neighborsof eachother.

Thesecondcontributionis analgorithmfor constructingand
optimizing embeddingsaccordingto the proposedmeasureof
embeddingquality. We show that any linear combinationof
embedding-basedbinaryclassi�ers ~F naturallycorrespondsto
anembeddinganda distancemeasure.Consequently, theprob-
lem of constructinga multidimensionalembeddingis reduced
to the classicalboostingproblem of combining many weak
classi�ers into an optimizedstrongclassi�er. The BoostMap
methodis basedon this reductionand performsembedding
optimization using AdaBoost [6]. An important property of
BoostMap is that the embeddingoptimization criterion is
equallyvalid in both metric andnon-metricspaces.

The experimentsevaluatethe usefulnessof BoostMapfor
ef�cient nearestneighborretrieval and classi�cation in rela-
tively large databaseswith non-metricdistancemeasureslike
the chamfer distance[7], shapecontext matching [8] and
dynamic time warping [2], [3]. Using BoostMap leads to
signi�cant improvementsin retrieval ef�ciency, with small
lossesin accuracy comparedto brute-forcesearch.Further-
more, BoostMapsigni�cantly outperformsexisting methods
for ef�cient nearestneighbor retrieval and classi�cation in
non-Euclideanspaces,such as Lipschitz embeddings[5],
FastMap[9], andVP-trees[10].

I I . RELATED WORK

Various methods have been employed for speedingup
nearestneighborretrieval. The readercan refer to [5], [11]–
[13] for comprehensive reviews of existing nearestneighbor
methods.A large amountof work focuseson ef�cient nearest
neighbor retrieval in multidimensionalvector spaces[14]–
[22]. Particularmentionshouldbe madeto Locality Sensitive
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Hashing(LSH) [23], anapproximatenearestneighbormethod
thathasbeenshown theoreticallyto scalewell with thenumber
of dimensionsandhasproducedgoodresultsin practice[24]–
[26]. However, thosemethodscan only be applied in vector
spaces.Thefocusof this paperis on nearestneighborretrieval
in non-vector spacesinduced by computationallyexpensive
distancemeasures.

A moregeneralclassof spacesis theclassof metricspaces,
i.e.,spaceswith ametricdistancemeasure.Examplesof metric
distancemeasuresare the edit distancefor strings [4], the
Hausdorff distancefor edgeimages[27], or bipartitematching
for sets [28]. A number of nearestneighbor methodshave
beendesignedthat are applicableto arbitrary metric spaces;
the reader is referred to [12] for a comprehensive survey
of such methods.VP-trees [10] hierarchically partition the
databaseinto a tree structureby partitioning, at eachnode,
the set of objects basedon whether they are closer than a
thresholdto a speci�c object,calleda pivot object.A similar
structure,calledmetrictrees,hasbeenproposedindependently
in [29]. MVP-trees[30] are an extensionof VP-trees,where
multiple pivot points are used at each node. M-trees [31]
are a variant of metric treesexplicitly designedfor dynamic
databases.Slim-trees[32] improve on M-treesby minimizing
the overlap betweennodes.An approximatevariant of M-
treesis proposedin [33], andachievesadditionalspeed-upsby
sacri�cing the guaranteeof always retrieving the true nearest
neighbors.A generalproblemwith the above-mentionedtree-
basedindexing methodsis that their performancetends to
approachbrute-force searchas the intrinsic dimensionality
of the spaceincreases.The reasonis that, as dimensionality
increases,distancesto pivot objectsare lesslikely to warrant
pruningof large portionsof the database.

Two alternative indexing methodsfor generalmetricspaces
areAESA [34] andLAESA [35]. Thosemethodscomputethe
exact distancebetweenthe queryanda small setof database
objectsand thenusethe triangle inequality to establishlower
boundson the distancebetweenthe query and the database
objects.However, by relying on the triangle inequality, those
methodscannothandlenon-metricdistancemeasuressuchas
the onesusedin our experiments.

In domainswith a computationallyexpensive distancemea-
sure,signi�cant speed-upscanbe obtainedby embeddingob-
jectsinto anotherspacewith amoreef�cient distancemeasure.
Several methodshave beenproposedfor embeddingarbitrary
spacesinto a Euclideanor pseudo-Euclideanspace[9], [36]–
[41]. Someof thesemethods,in particularMultidimensional
Scaling (MDS) [41], Bourgain embeddings[5], [36], [42],
Locally Linear Embedding(LLE) [38] andIsomap[39], need
to evaluate exact distancesbetweenthe query and most or
all databaseobjects,and thus are not designedfor ef�cient
nearestneighbor retrieval. Methods that can be used for
ef�cient retrieval include Lipschitz embeddings[5], FastMap
[9], MetricMap [40], andSparseMap[37].

BoostMap,the methoddescribedin this paper, was intro-
ducedin [43] andis anembeddingmethodfor ef�cient nearest
neighborretrieval. A key differencebetweenBoostMapand
existing embeddingmethodsis that BoostMap optimizes a
direct measureof the amountof nearestneighborstructure

preserved by the embedding.Another distinguishingfeature
of BoostMapis that it addressesthe problem of embedding
optimizationfrom a machinelearningperspective, in contrast
to thegeometricperspectivetakenby existingmethods[5], [9],
[37], [40]. As a result, the embeddingoptimizationcriterion
in BoostMapdoesnot rely on any geometricproperties,and
is equally valid in Euclidean,metric, and non-metricspaces.
In contrast,FastMap[9] and MetricMap [40] are basedon
Euclideanproperties,andthe designof Bourgain embeddings
[36], [37] andSparseMap[37] (which is an approximationof
Bourgain embeddings)is basedon metric properties.

Non-metricdistancemeasuresarefrequentlyusedin pattern
recognition.Examplesof non-metricdistancemeasuresarethe
chamfer distance[7], shapecontext matching [8], dynamic
time warping [3], or the Kullback-Leibler(KL) distance[1].
Methods that are designedfor general metric spacescan
still be applied when the distancemeasureis non-metric.
However, methodsthat are exact for metric spacesbecome
inexact in non-metricspaces,andno theoreticalguaranteesof
performancecan be made.BoostMapcan guaranteecorrect
retrieval resultsin metric spaces,asdo Lipschitz embeddings
andSparseMap[5], [37].

In severaldomainswhereBoostMapis applicable,methods
have beenproposedfor speedingup similarity queriesunder
thespeci�c distancemeasuresusedin thosedomains.Various
techniqueshave beenproposedfor time seriesdatabasesusing
non-metricdistancefunctions[3], [44], [45]. Thesetechniques
usethe�lter -and-re�neapproach[5], anduseef�cient distance
approximationsin the �lter step.

One of the distancemeasurestestedin the experimentsis
shapecontext matching[8]. Shapecontext matchingis based
on the shapecontext feature,which describesthe distribution
of pointsarounda given location.Several methodshave been
proposedfor speedingup similarity matchingand classi�ca-
tion usingshapecontext. In [46], ef�cient retrieval is attained
by pruning basedon comparisonsof a small subsetof shape
context features,and also using vector quantization.In [25]
the Earth Mover's Distancebetweenshapecontext features
is ef�ciently approximatedusing an embedding,and then
Locality Sensitive Hashingis applied.In [47] a discriminative
classi�er is learnedbasedoncorrespondencesof shapecontext
featuresbetweenthetestobjectanda smallnumberof training
objects.

It is natural that a methoddesignedfor a speci�c distance
measure,like the above-mentionedmethodsfor time series
matching and shapecontext matching, can sometimeslead
to better performancethan a generalmethod applicableto
arbitrary distancemeasures.At the sametime, our method,
which is general,doesoutperformsomemethodsdesignedfor
speci�c distances[47], [48] in our experiments,andthusmay
be a viable alternative in applicationswhere such methods
are being usedto improve ef�ciency. Furthermore,a method
applicableto arbitrary measureshas the advantageof being
readily applicablein arbitrarysettingsandnovel applications.

For nearestneighborclassi�cation applications,there are
also methodsthat explicitly speedup classi�cation, and are
not concernedwith retrieving the truenearestneighbors.Con-
densingmethods[49]–[51] speedup classi�cationby trying to
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identify trainingobjectswhoseremoval from thedatabasedoes
not hurt classi�cation accuracy. By removing those objects
from the database,the query needsto be comparedto fewer
objects in order to be classi�ed. Approachesthat speedup
classi�cationwithout reducingthedatabasesizearedescribed
in [52], [53]. In thoseapproaches,tree-basedindex structures
are constructedseparatelyfor eachclass.When it becomes
clear, during search, that a speci�c class cannot achieve
a majority of k-nearestneighbor votes, then that class is
droppedfrom consideration.This way, the winning classcan
be identi�ed without having to retrieve the actual k-nearest
neighbors.

I I I . BACKGROUND

Let X be a spaceof objects,andD be a distancemeasure
in X. If D is computationallyexpensive, a way to speed
up retrieval is to embedobjects into anotherspacewith a
more ef�cient distancemeasure.Typically we constructan
embeddingF : X ! Rd, wheredistancesin Rd aremeasured
using a weightedMinkowski (L p) metric, like the Euclidean
(L 2) distanceor the Manhattan(L 1) distance.We use � to
denotethe distancemeasureusedin Rd. We usethe notation
� F (X 1; X 2) asshorthandfor �( F (X 1); F (X 2)) .

EvaluatingL p distancesin Rd takestime linearto thelength
d of thevectors.Therearemany spaceswherewe needto use
distancemeasuresthat take time superlinearto the length of
the objects.Such distancemeasuresare common in spaces
whereobjectsarerepresentedassetsor sequencesof features
or tokens, and where measuringthe distancebetweentwo
objectsinvolvesestablishingoptimalcorrespondencesbetween
thefeatures/tokensof the two objects.Someexamplesof such
spacesare:

� thespaceof binaryedgeimageswith thechamferdistance
[7]. Eachedgeimagein this spaceis representedasa set
of edgepixels.Computingthe chamferdistanceinvolves
computingthedistancefrom eachedgepixel in oneimage
to its nearestedgepixel in the other image,and takes
O(d logd) time for imageswith d edgepixels.

� the spaceof strings with the edit distance [4]. This
distanceis computedusing dynamicprogramming,and
takes time O(d1d2), whered1 andd2 are the lengthsof
the two strings.A relateddistancemeasureis dynamic
time warping[2], [3], for comparingtime series.Variants
of the edit distanceare also usedfor matchingproteins
andDNA sequences.

A. SomeSimpleEmbeddings

Given any spaceX with a distancemeasureD, we can
extend D to de�ne the distancebetweenelementsof X and
subsetsof X. Let X 2 X andP � X. Then,

D(X ; P) = min
P 2 P

D(X ; P) : (1)

Givena subsetP � X, a simple1D embeddingF P : X ! R
canbe de�ned as follows:

F P(X ) = D(X ; P) : (2)

The set P that is usedto de�ne F P is called a referenceset.
In many casesP can consistof a single object P, which is
typically calleda referenceobjector a vantage object [5]. In
that case,we denotethe embeddingasF P :

F P (X ) = D(X ; P) : (3)

We call F P a referenceobjectembedding.
Another family of simple, 1D embeddingsis proposedin

[9]. The idea there is to choosetwo objects X 1; X 2 2 X,
called pivot objects,and then, given an arbitrary X 2 X, to
de�ne theembeddingF X 1 ;X 2 of X to be theprojectionof X
onto the “line” X 1X 2:

F X 1 ;X 2 (X ) =
D(X ; X 1)2 + D(X 1; X 2)2 � D (X ; X 2)2

2D(X 1; X 2)
:

(4)
Thereadercan�nd in [9] an intuitive geometricinterpretation
of this equation,basedon the Pythagoreantheorem.We call
F X 1 ;X 2 a line projectionembedding.

A multidimensionalembeddingcanbe constructedby con-
catenatingsuch 1D embeddings:if F1; : : : ; Fd are 1D em-
beddings,we can de�ne a d-dimensionalembeddingF as
F (X ) = (F1(X ); : : : ; Fd(X )) . In existing work, 1D embed-
dings de�ned using referencesets(Eq. 2) are usedto form
Lipschitz embeddings[5], andline projectionembeddings(Eq.
4) areusedto constructFastMapembeddings[9].

B. EmbeddingApplication: Filter-and-re�ne Retrieval

Let F be an embeddingfrom a spaceX with distance
measureD to Rd with distancemeasure� , and let U � X
be a databaseof objects.We canuseF to speedup k-nearest
neighborretrieval by applyingthe �lter -and-re�ne framework
[5], in which retrieval is doneas follows:

� Of�ine preprocessingstep: compute and store vector
F (U) for every databaseobjectU 2 U.

� Embeddingstep:givena queryobjectQ, computeF (Q).
� Filter step: rank all databaseobjects in order of the

distanceof their embeddingsfrom F (Q).
� Re�ne step:for someinteger p that is a parameterof the

algorithm, rerank the p highest-ranked databaseobjects
by evaluatingtheir exact distancesD to Q.

� Output: return the k highest-ranked databaseobjects.
The �lter stepprovides a preliminary ranking of database

objectsby comparingd-dimensionalvectorsusingthedistance
measure� . The re�ne step applies D only to the top p
candidates.Assuming that � is signi�cantly more ef�cient
thanD, �lter -and-re�ne retrieval is much more ef�cient than
brute-forceretrieval.

IV. OVERVIEW OF THE BOOSTMAP METHOD

An embeddingF is proximity-preservingwhen it perfectly
preserves proximity relationsbetweentriples of objects,i.e.,
when it holds for all X ; A; B 2 X that

D(X ; A) � D (X ; B ) , � F (X ; A) � � F (X ; B ) : (5)

If Eq. 5 does not hold for some triple (X ; A; B ), we say
that F fails on that triple. In BoostMap, the goal is to



4

constructan embeddingthat is as close to being proximity-
preservingaspossible.For thepurposeof speedingup nearest
neighborretrieval it is suf�cient to limit our attentionto triples
(X ; A; B ) of a speci�c type, asdiscussedin SectionV-C.

Deciding for a triple (X ; A; B ) whetherX is closer to A
or to B is a binary classi�cation problem (we ignore the
typically rare casewhere X is equally far from A and B ).
Any embeddingF de�nes a binary classi�er ~F that decides
whetherX is closerto A or to B by simply checkingif F (X )
is closer to F (A) or to F (B ). Our goal is to constructan
embeddingF whoseassociatedclassi�er ~F is as accurateas
possible.In SectionV we show that the task of optimizing
a multidimensionalembeddingthat is a concatenationof 1D
embeddingsis equivalentto thetaskof designinga goodlinear
combinationof classi�ers. The latter task is a natural �t for
boostingmethodsproposedin themachinelearningliterature.
In theBoostMapmethodweoptimizeembeddingqualityusing
AdaBoost[6], asdescribedin SectionVI.

V. ASSOCIATING EMBEDDINGS WITH CLASSIFIERS

A. Using Embeddingsto De�ne Classi�ers

As in previous sections,X is a spaceof objectsand D is
a distancemeasurede�ned on X. If (X ; A; B ) is a triple of
objectsin X, oneof the following threecasesmustbe true:

� X is closerto A than to B .
� X is equally far from A andB .
� X is closerto B than to A.

In order to denote,for eachtriple (X ; A; B ), which of those
threepossibilitiesis true, we de�ne the proximity order P of
triple (X ; A; B ) as follows:

P(X ; A; B ) =

8
<

:

1 if D (X ; A) < D(X ; B ) :
0 if D (X ; A) = D(X ; B ) :

� 1 if D (X ; A) > D(X ; B ) :
(6)

In spaceswhere distancescan take any value within some
rangeof real numbers,it is typically unusualfor an object
to have the exact same distanceto two databaseobjects.
Consequently, we considerthe taskof estimatingP(X ; A; B )
to be a binary classi�cation task.

Let F be an embeddingthat maps(X ; D) to (Rd; �) . We
can guesswhetherX is closer to A or to B by checkingif
F (X ) is closerto F (A) or to F (B ). More formally, for every
embeddingF we de�ne a classi�er ~F as follows:

~F (X ; A; B ) = � F (X ; B ) � � F (X ; A) : (7)

If we de�ne sign(x) to be1 for x > 0, 0 for x = 0, and� 1 for
x < 0, thensign( ~F (X ; A; B )) is an estimateof P(X ; A; B ).

B. Using Classi�ers to De�ne Embeddings

At this point we have establishedthatevery embeddingF :
(X; D) ! (Rd; �) correspondsto a binary classi�er ~F of
triples of objects.It is shown in [54] that the conversedoes
not hold: thereexist classi�ers H of triples suchthat H 6= ~F
for all embeddingsF . At the sametime, there is always an
embeddingF suchthatH = ~F , if H is of thefollowing form:

H (X ; A; B ) =
JX

j =1

� j ~Fj (X ; A; B ) ; (8)

whereJ is any positive integer andeachFj is an embedding
mappingX and D to somereal vector spaceRdj and some
distancemeasure� j .

Proposition1: If classi�er H is of the form of Eq. 8, then
we cande�ne an embeddingF anddistancemeasure� such
that F : (X; D) ! (Rd; �) andH = ~F , for someinteger d.

Proof: Given that H (X ; A; B ) =
P J

j =1 (� j ~Fj (X ; A; B )) , we
de�ne F and � as follows:

F (X ) = (F1(X ); : : : ; FJ (X )) :

�( F (X 1); F (X 2)) =
JX

j =1

(� j � j (Fj (X 1); Fj (X 2))) :

EmbeddingF maps X into a d-dimensionalvector space,
whered =

P J
j =1 dj , and� is thesumof individual distances

� j that correspondto embeddingsFj .
Given these de�nitions, the proof that H = ~F can be

obtainedin a few simplesteps,by startingfrom the de�nition
of ~F in Equation7:

~F (X ; A; B ) = � F (X ; B ) � � F (X ; A)

=
JX

j =1

(� j � j
F j

(X ; B )) �
JX

j =1

(� j � j
F j

(X ; A))

=
JX

j =1

(� j (� j
F j

(X ; B ) � � j
F j

(X ; A)))

=
JX

j =1

(� j ~Fj (X ; A; B )) = H (X ; A; B ) :

�

We have shown that if classi�er H is a weighted linear
combinationof classi�ers correspondingto embeddings,then
H itself is equivalent to a speci�c embeddingF and a
speci�c distancemeasure� . By the word “equivalent” we
meanthat, for any (X ; A; B ), H misclassi�es (X ; A; B ) if
and only if F fails on that triple. This equivalenceallows
us to map the problem of embeddingoptimization to the
problemof optimizingaweightedlinearcombinationof binary
classi�ers,which is exactly theproblemthatboostingmethods
aredesignedto solve.

C. Classi�cation Error As a Measure of EmbeddingQuality

Supposethat we have a databaseU � X, and in our
applicationwe are only interestedin retrieving up to kmax

nearestneighborsfor eachqueryobjectX 2 X. An exampleof
suchan applicationis k-nearestneighborclassi�cation,where
for every test object we want to retrieve k databaseobjects,
so kmax = k in that case.We denotethe set of the kmax

nearestneighborsof X in U as NN (X ; U; kmax ). In order
to achieve perfect retrieval accuracy of up to kmax nearest
neighborsusingan embeddingF , it suf�ces that classi�er ~F
be perfecton a setof triples Tkmax de�ned as follows:

Tkmax = f (X ; A; B )jX 2 X; A 2 NN (X ; U; kmax ); B 2 Ug :
(9)

In the above equation,B canbe any databaseobject.
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In the ideal casewhere ~F makesno mistakeson triples in
Tkmax , the following holds: 8X ; A 2 X; 8k 2 f 1; : : : ; kmax g,
A is the k-nearestneighborof X in U iff F (A) is the k-
nearestneighborof F (X ) in F (U). Therefore,using F we
canretrieve the correctkmax nearestneighborsfor any query
object,without needingto measureany exact distancesD. If
~F misclassi�estriples thatarenot in Tkmax , retrieval accuracy
is not affected.In the typical casewhere ~F is not perfectly
accurateon Tkmax , the error rate of ~F on Tkmax providesus
with a quantitativemeasureof how well F preservesthekmax -
nearestneighborstructureof X. Higher error rates indicate
that theproximity rankingsobtainedusingF arelessreliable.
Therefore,if we wish to optimizeclassi�er ~F , it is important
to optimize it for accuracy on the set Tkmax , as opposedto,
for example,accuracy on the setof all possibletriples (which
wasdonein [43]).

It is interesting to compare the measureof embedding
quality we have proposed,i.e., the classi�cation error on the
setTkmax , with the measuresof stressanddistortion that are
often used to evaluateembeddingquality [5]. The measure
proposedhere is fundamentallya local measure.Assuming
that kmax � jUj, the vast majority of triples of objects
(X ; A; B ) aresuchthat neitherA nor B is oneof the kmax -
nearestneighborsof X , and thereforewe are not concerned
aboutclassifyingsuchtriples correctly. In contrast,stressand
distortionareglobalmeasuresthatareaffectedby everypairof
objects,althoughthe vastmajority of pairsof objects(X ; A)
aresuchthatX andA arenot kmax -nearestneighborsof each
other. Arguably a methodthat minimizesstressor distortion
spendsmost of its effort on pairs of objects that have no
bearingonhow well theembeddingpreservesnearestneighbor
structure.

VI . BOOSTMAP: OPTIMIZING EMBEDDING

CONSTRUCTION USING BOOSTING

As statedin SectionV-C, our goal is to constructan em-
beddingFout : (X; D ) ! (Rd; �) in a way thatminimizesthe
classi�cationerrorof classi�er ~Fout ona speci�c setof triples.
The building blocks we will usefor embeddingconstruction
are simple, 1D embeddingsde�ned using databaseobjects,
accordingto Eqs.3 and4. By applyingEq. 7 to eachsuch1D
embeddingweobtaina largepoolof binaryclassi�ers.As long
as suchembeddingspreserve at leasta small amountof the
structureof the original space,we expect the corresponding
binary classi�ers to be more accuratethan a randomguess.
In other words, we expect the classi�ers associatedwith 1D
embeddingsto behave asweakclassi�ers [6].

Based on the above considerations,and using the cor-
respondencewe have establishedbetweenembeddingsand
classi�ers,we reducethe problemof embeddingoptimization
to theproblemof optimizinga weightedlinearcombinationof
binary weakclassi�ers.Naturally, this is exactly the problem
that boostingmethods[6], [55] have beendesignedto solve.
In our embeddingconstructionalgorithm we have chosento
usethe AdaBoostmethod[6].

The AdaBoost algorithm is shown in Algorithm 1. The
inputsto AdaBoostarea setof objectsoi , togetherwith their

Algorithm 1: The AdaBoostalgorithm. This description
is largely copiedfrom [6].

input : (o1; y1); : : : ; (o� ; y� ); oi 2 G; yi 2 f� 1; 1g.
output: Strongclassi�er H : G ! R.
Initialize wi; 1 = 1

� , for i = 1; : : : ; � .
for training round j = 1; : : : ; J : do

1. Train weak learnerusing training weightswi;j ,
andobtainweakclassi�er hj : G ! R, anda
correspondingweight � j 2 R.

2. Set training weightswi;j +1 for the next roundas
follows:

wi;j +1 =
wi;j exp(� � j yi hj (oi ))

zj
: (10)

wherezj is a normalizationfactor (chosenso thatP �
i =1 wi;j +1 = 1).

end
Output the �nal classi�er:

H (x) =
JX

j =1

� j hj (x): (11)

correspondingclasslabelsyi , which areequaleitherto � 1 or
to 1. In our problem,eachoi correspondsto a triple of objects
of X. The goal in AdaBoostis to constructa strongclassi�er
that achievesmuch higheraccuracy than the individual weak
classi�ers.

The BoostMapalgorithm is an adaptationof AdaBoostto
the problem of embeddingconstruction.In order to apply
AdaBoostto our problemwe needto perform someprepro-
cessingbefore invoking AdaBoost,we needto specify how
to implementthe �rst stepof the AdaBoostmain loop, and
�nally we needto convert the output classi�er of AdaBoost
into anembedding.We now describein detailhow to perform
eachof thesesteps.

A. Inputsand Preprocessing

The inputs to the BoostMapalgorithmare the following:
� A databaseU of objectsin somespaceX with distance

measureD.
� A positive integerkmax specifyingthemaximumnumber

of nearestneighborswe will be interestedin retrieving
using the resultingembedding.

� A set C � U of candidatereferenceand pivot objects.
Elementsof C will be usedto de�ne 1D embeddings.

� A set L � U of training objects.Elementsof L will
be used to form training triples, i.e., the oi 's used by
AdaBoost.

� Matricesof distances:from eachX 1 2 C to eachX 2 2
C, from eachX 1 2 C to eachX 2 2 L, and from each
X 1 2 L to eachX 2 2 L.

In addition,we needto specifyparametersthat control the
runtimeof the training algorithm:
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� The size � of the setG of training triples.
� The number 
 of weak classi�ers to considerat each

training round.
� The number� of classi�ersselectedafter a quick scanat

eachtraining roundj . Theseselectedclassi�ers arethen
evaluatedmorethoroughlyin orderto choosehj and� j .

� A parameterZmax that will be usedfor decidingwhen
to stop the training algorithm.

The role of theseparameterswill be fully explained in the
descriptionof the training algorithm.

Thegoalof thetrainingalgorithmis to constructanembed-
ding Fout in a way that minimizesthe classi�cation error of
the correspondingclassi�er ~Fout on Tkmax , the set of triples
de�ned in Eq. 9. During the courseof the algorithmwe need
to keepin memorya matrix of distancesfrom every object in
C to every object includedin any of the training triples. To
reducethe memory requirementswe choosetraining triples
not from the entiredatabase,but from a smallersetL � U.

Given L, we de�ne k0 � dkmax j L j
jUj e. Then, we choose�

training triples oi = (X i ; A i ; B i ) randomly, subject to the
constraintsthat: 1). A i is a k0-nearestneighbor of X i in
L � f X i g, and2). A i andB i arenot equallyfar from X i . We
set classlabel yi of oi � 1 or 1, accordingto the proximity
order P(X i ; A i ; B i ), as de�ned in Eq. 6. The formula we
usefor settingk0 makes the training triple selectionprocess
approximatesamplingfrom Tkmax , under the constraintthat
eachX i ; A i andB i mustbe an elementof L. If A i is oneof
the k0-nearestneighborsof X i in L, A i is likely to be oneof
thethekmax -nearestneighborsof X i in U (unlessjL j < jUj

kmax
,

in which caseA i is just likely to be one of the jUj
jL j nearest

neighborsof X i ).
Now we proceedto specifyhow to implementthe training

algorithm,i.e., how to implementStep1 of the main loop of
AdaBoost,asshown in Algorithm 1. We shouldnote that, in
Algorithm 1, Step2 of the main loop is fully speci�ed.

B. Choosingthe Next WeakClassi�er and Weight

At training round j , given training weightswi;j , the weak
learneris calledto provide us with a weakclassi�er hj anda
weight � j . In BoostMapthe weak learnersimply evaluatesa
large numberof weakclassi�ers, and �nds the bestclassi�er
and best weight for that classi�er. Each weak classi�er is a
classi�er ~Fi where Fi is a 1D embedding.In [56]–[58] we
have describedalternative familiesof weakclassi�ersthatcan
be usedwithin the context of this algorithm.

As describedin [6], the function Z j (h; � ) givesa measure
of how useful it would be to choosehj = h and � j = � at
training round j :

Z j (h; � ) =
�X

i =1

(wi;j exp(� �y i h(X i ; A i ; B i ))) : (12)

The full detailsof the signi�canceof Z j canbe found in [6].
Here it suf�ces to say that if Z j ( ~F ; � ) < 1 then choosing
hj = h and � j = � is overall bene�cial, and is expectedto
reducethe training error. Overall, lower valuesof Z j ( ~F ; � )
arepreferableto highervalues.

Findingtheoptimal� for a givenclassi�er h andcomputing
the Z j valueattainedusing that optimal � are very common
operationsin our algorithm,so we de�ne speci�c notation:

Amin (h; j; l ) = argmin� 2 [l; 1 ) Z j (h; � ) : (13)

Zmin (h; j; l ) = min
� 2 [l; 1 )

Z j (h; � ) : (14)

In the above equationsj speci�es the training round, and
l speci�es the smallest value we allow for � . Function
Amin (h; j; l ) returnsthe � that minimizes Z j (h; � ), subject
to the constraintthat � � l . We computeAmin following the
optimizationmethoddescribedin [6]. Argumentl will beused
to ensurethat no classi�er hasa negative weight. In Section
VI-C we will useclassi�er weights to de�ne a weightedL 1

distancemeasure� in Rd, and non-negative weightsensure
that � is a metric.

The numberof classi�ers to evaluate is speci�ed by pa-
rameter 
 of the algorithm. As an implementationchoice,
half of these
 classi�ersarereference-objectembeddingsand
half are line-projection embeddings.A very simple way of
implementingStep 1 from Algorithm 1 is to: 1). de�ne 

weak classi�ers by picking randomly 
 =2 referenceobjects
and
 =2 pairsof pivot objectsfrom C, and2). seth j and � j

to be the classi�er h (amongthose
 weak classi�ers) and
weight � that minimize Z j (h; � ).

Theimplementationthatwe actuallyusein our experiments
differs from the above description in two ways. The �rst
differenceis that, beforeselectinga new weak classi�er, we
checkwhetherremoving or modifying theweightof analready
selectedweak classi�er would improve the strong classi�er.
Removals and weight modi�cations that improve the strong
classi�er are given preferencebecausethey do not increase
the complexity of the strongclassi�er.

The seconddifferenceis that, insteadof evaluating every
weak classi�er h using function Zmin , we �rst evaluateall
weakclassi�ersusinganalternativemeasure,thetrainingerror
� j (h):

� j (h) =
�X

i =1

wi;j
yi � sign(h(X i ; A i ; B i ))

2
: (15)

Using function � j we select the best � classi�ers (given
parameter� ), andthenamongthose� classi�erswe choosethe
bestone using function Zmin . FunctionZmin takes an order
of magnitudemore time to computethan the training error,
becausecomputingZmin involves searchingfor the optimal
weight Amin , whereascomputingthe training error doesnot
involve sucha search.The stepof selectinga smallerset of
classi�ersbasedon trainingerrorcanbeskippedif therunning
time of the training algorithmis not a concern.

Our implementationof Step1 of theAdaBoostalgorithmis
shown in Algorithm 2. In that algorithm,we denotewith H j

the classi�er assembledby AdaBoostafter j training rounds,
so thatH j =

P j
i =1 � i hi . It is possiblethat someweakclassi-

�er occursmultiple times in H j , i.e., that thereexist i; g < j
such that hi = hg. Without loss of generality we assume
that we also have an alternative representationof H j � 1 as
a weightedlinear combinationof uniqueweakclassi�ers.We
denotethat representationasH j � 1 =

P K j � 1

i =1 � 0
i;j � 1h0

i;j � 1.
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Note that, as speci�ed in Step 26 of Algorithm 2, the
algorithmterminateswhenwe selecta new weakclassi�er h j

for which Z j (hj ; � j ) � Zmax , meaningthat we have failed
to �nd a weak classi�er that would be more than marginally
bene�cial to add to the strongclassi�er.

Algorithm 2: The steps of the BoostMap training al-
gorithm. Steps3-23 implementStep 1 of the AdaBoost
algorithm,asshown in Algorithm 1.

Initialize training weightswi; 1  1
� , for i = 1; : : : ; � ,1

Initialize H 0  0, j  1.2

z  min c=1 ;:::;K j � 1 Z j (h0
c;j � 1 ; � � 0

c;j � 1).3
if z < 1 then4

/* Remove an already selected weak
classifier, by adding its negation. */
g  argminc=1 ;:::;K j � 1

Z j (h0
c;j � 1 ; � � 0

c;j � 1).5

hj  h0
g;j � 1 .6

� j = � � 0
g;j � 1 :7

Goto Step27.8
end9

z  min c=1 ;:::;K j � 1 Zmin (h0
c;j � 1 ; j; � � 0

c;j � 1).10
if z < Zmax then11

/* Modify the weight of an already selected
weak classifier. The third argument of Zmin

ensures that the new weight � 0
g;j of h0

g is
non-negative. */
g  argminc=1 ;:::;K j � 1

Zmin (h0
c;j � 1 ; j; � � 0

c;j � 1).12

hj  h0
g;j � 1 .13

� j  Amin (h0
g ; j; � � 0

g;j � 1).14
Goto Step27.15

end16

Fj 1  f F X 1 ; : : : ; F X 
 = 2 g, whereX 1 ; : : : ; X 
 =2 are random17
elementsof the setC of candidateobjects.
Fj 2  f F X i; 1 ;X i; 2 ji = 1; : : : ; 
 =2g, where18
X 1;1 ; X 1;2 ; :::; X 
 =2;1 ; X 
 =2;2 are randomobjectsof C.
Fj  Fj 1 [ Fj 2 .19
~FJ  f ~F j F 2 Fj g.20

H j  setof the � classi�ers h in ~FJ with the smallest� j (h).21
hj  argminh 2 H j

Zmin (h; j; 0).22
� j  Amin (hj ; j; 0).23
if Z j (hj ; � j ) � Zmax then24

return H j � 125
end26
zj  Z j (hj ; � j ).27
Setweightswi;j +1 for training round j + 1 usingEq. 10.28
j  j + 1.29
Goto Step3.30

C. De�ning an Embeddingand a DistanceMeasure

The output of AdaBoostis a strongclassi�er H . Without
loss of generality, we can write H as H =

P d
c=1 � 0

c
~Fc,

where each ~Fc is associatedwith a unique 1D embedding
Fc. Classi�er H has beentrained to estimate,for triples of
objects(X ; A; B ), if X is closerto A or to B . However, our
�nal goal is to constructnot a classi�er, but an embedding.
To achieve that we use Proposition1, to convert H into an
embeddingFout : X ! Rd anda distancemeasure� :

Fout (x) = (F1(x); :::; Fd(x)) : (16)

�(( u1; :::; ud); (v1; :::; vd)) =
dX

c=1

(� 0
c juc � vcj) : (17)

� is a weightedManhattan(L 1) distancemeasure.� is a
metric, becausethe training algorithm ensuredthat all � c 's
arenon-negative, and thuswe canapply to the resultingem-
beddingany additional indexing, clusteringand visualization
tools that areavailable for L 1 metric spaces.

VI I . PROPERTIES OF BOOSTMAP EMBEDDINGS

In this sectionwe take a closerlook at somepropertiesof
the proposedalgorithm for constructingembeddings,and of
the resultingembeddings.

A. Contractiveness

An embeddingF : (X; D) ! (Rd; �) is contractive if for
any X 1; X 2 2 X it holdsthat � F (X 1; X 2) � D (X 1; X 2). As
explainedin [5], whenanembeddingis contractive,then�lter -
and-re�ne retrieval canguaranteeretrieval of the true nearest
neighbors.

The output embeddingFout : (X; D ) ! (Rd; �) , con-
structedasdescribedin Eqs.16-17,canbemadecontractiveby
dividing �( Fout (X 1); Fout (X 2)) with a normalizationterm,
provided that D is metric. First, we addressthe casewhere
Fout containsno line projectionembeddings:

Proposition2: Let X 1; X 2 2 X. Supposethat, in Eq. 17,
� 0

i > 0 for all i , andsupposethatD is metric.If all dimensions
of Fout are reference-objectembeddings,then it holds that:

1
P d

i =1 � 0
i

�( Fout (X 1); Fout (X 2)) � D (X 1; X 2) : (18)

Proof: If eachdimensionof Fout is a reference-objectembed-
ding, thenFout canberepresentedasFout = (F P1 ; : : : ; F Pd ),
where d is the dimensionalityof Fout and Pi are reference
objects. We will denote Fout (X 1) as (x1;1; : : : ; x1;d ) and
Fout (X 2) as (x2;1; : : : ; x2;d ). First, based on the triangle
inequality, we caneasilyseethat:

jx1;i � x2;i j = jD (X 1; Pi ) � D (X 2; Pi )j � D (X 1; X 2) : (19)

Using this observation,we cancompletethe proof:

1
P d

i =1 � 0
i

� F (X 1; X 2) =
1

P d
i =1 � 0

i

dX

i =1

(� 0
i jx1;i � x2;i j)

�
1

P d
i =1 � 0

i

dX

i =1

(� 0
i D(X 1; X 2))

=
1

P d
i =1 � 0

i

D(X 1; X 2)
dX

i =1

� 0
i

= D(X 1; X 2) :

�

If Fi , the i -th dimension of Fout , is a line-projection
embedding, then it is shown in [5] that jFi (X 1) �
Fi (X 2)j � 3D(X 1; X 2). Therefore,if we divide �( X 1; X 2)
by 3

P d
i =1 � 0

i , thenFout is contractive even in the casewhere
someof its dimensionsare line-projectionembeddings.
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We shouldpoint out that the distancemeasuresD usedin
the experimentsare non-metric,and thus the resulting em-
beddingsarenot contractive. No existing domain-independent
embeddingmethod [9], [37], [40] is contractive in non-
metricspaces.Consequently, noneof thesemethods,including
BoostMap,can guaranteeperfect retrieval accuracy in non-
metric spaces.

B. Complexity

Beforewe startthe training algorithm,we needto compute
threedistancematrices:distancesbetweenobjectsin C, dis-
tancesbetweenobjectsin L, anddistancesfrom objectsin C
to objectsin L. If (as in our experiments)jCj = jL j, thenthe
numberof distancesthat we needto precomputeis quadratic
to jCj. During training, at eachtraining roundwe evaluate

weakclassi�ersby measuringtheir performanceon � training
triples, which takes O(� 
 ) time. In contrast,FastMap [9],
SparseMap[37], andMetricMap[40] donot requiretrainingat
all. However, we shouldemphasizethat thecostof training is
a one-timepreprocessingcost. In many applicationsthis cost
is acceptable,aslong asit resultsin bettertrade-offs between
retrieval accuracy andef�ciency.

Computingthe d-dimensionalembeddingFout of an object
takes O(d) time and requiresmeasuringbetweend and 2d
exact distancesD: one distancefor each referenceobject
embeddingin Fout , andtwo distancesfor eachline projection
embeddingin Fout . For comparison,the numberof distance
evaluationsrequiredby othermethodsto embedan object is:
2d for FastMap,d for SparseMap,andd + 1 for MetricMap.
It follows that, for BoostMapand theseother methods,com-
puting the embeddingsof all databaseobjectstakes O(djUj)
time, insertinga new objectto thedatabaserequiresO(d) time
to computeits embedding,and computingthe d-dimensional
embeddingof a queryobjectalso takesO(d) time.

Comparing,during the �lter step, the embeddingof the
query to the embeddingsof n databaseobjects takes time
O(dn). As d increases,this becomesmore expensive. How-
ever, in our experiments,the �lter stepalwaystakesnegligible
time; retrieval time is dominatedby the few exact distance
computationswe needto perform at the embeddingstepand
the re�ne step.

VI I I . EXPERIMENTS

In this section we experimentally evaluate BoostMap by
comparingit to several alternative existing methodsfor ef-
�cient nearestneighborretrieval. Experimentsare performed
in four different domains:hand shapeclassi�cation using a
databaseof handimages,of�ine handwrittendigit recognition
using the MNIST database[59], online handwritten digit
recognitionusing the isolateddigits benchmark(category 1a)
of the UNIPEN Train-R01/V07database[60], andsimilarity-
basedretrieval of time seriesusing a benchmarktime series
dataset[44].

A. Datasets

Herewe provide detailsabouteachof the four datasetswe
use in the experiments.More detailed descriptionsof each
datasetcanbe found at the experimentssectionof [54].

Fig. 1. The 20 handshapesusedin the ASL handshapedataset.

1) ASL HandshapeDataset: The ASL handshapedataset
consistsof a databaseof 80; 640 syntheticimagesof hands,
generatedusingthe Poser5 software[61], anda querysetof
710 real imagesof hands.All imagesdisplaythe handin one
of 20 different 3D handshapecon�gurations (Fig. 1), which
are all commonly used in American Sign Language(ASL).
For eachof the 20 handshapeswe syntheticallygeneratea
total of 4; 032 databaseimagesthat correspondto different
3D orientationsof the hand.

The query imagesare obtainedfrom video sequencesof a
native ASL signereitherperformingindividual handshapesin
isolationor signingin ASL. Thehandlocationswereextracted
from those sequencesusing the method describedin [62].
Accuratelocalizationof thehandin suchsequencesremainsa
very challengingtask,andhandlocalizationfails in morethan
50% of the frames.In theseexperimentswe only useframes
where the hand is localizedcorrectly. The query imagesare
obtainedfrom theoriginal framesby extractingthesubwindow
correspondingto thehandregion. Databaseandqueryimages
are normalizedso that the minimum enclosingcircle of the
handregion hasradius120.

Thedistancemeasureusedto compareimagesis thecham-
fer distance[7], [63], which operateson edge images.The
syntheticimagesgeneratedby Posercanbe rendereddirectly
as edgeimages.For the query imageswe simply apply the
Canny edgedetector[64]. On a AMD Athlon 2GHzprocessor,
we cancomputeon average715chamferdistancespersecond.
Nearest-neighborclassi�cation via brute-force searchtakes
about112 secondsper query, andyields an error rateof 67%.

2) Of�ine Handwritten Digit Dataset (MNIST): The
MNIST datasetof handwrittendigits [59] contains60; 000
databaseimages,and 10; 000 query images.Each image is
a 28x28 image displaying an isolated digit between0 and
9 (Fig. 2). The distance measureused is shape context
matching [8], which achieves a nearest-neighborclassi�ca-
tion error of 0:54%. As can be seenon the MNIST web
site (http://yann.lecun.com/exdb/mnist/ ), shape
context matching outperformsin accuracy a large number
of other methodson the MNIST dataset.Using our own
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Fig. 2. Exampleimagesfrom the MNIST datasetof handwrittendigits.

optimized C++ implementation,and running on an AMD
Opteron2.2GHz processor, we can computeon average15
shapecontext distancesper second.Using brute-forcesearch
for nearestneighborclassi�cation averagesapproximately60
minutesper query.

3) Online Handwritten Digit Dataset(UNIPEN): We use
the isolateddigits benchmark(category 1a) of the UNIPEN
Train-R01/V07database[60], which consistsof 15; 953 digit
examples.Thedigits have beenrandomlydividedinto 10; 630
databaseobjects and 5; 323 query objects. Each digit is
preprocessedexactly as describedin [48]. Each extracted
point is representedby threefeatures:2D normalizedlocation
(~x i ; ~yi ) andthe tangentangle� i of the line segmentbetween
(~x i ; ~yi ) and (~x i � 1; ~yi � 1). The distancemeasureD usedfor
classi�cationis dynamictimewarping[2]. OnanAMD Athlon
2.0GHz processor, we can computeon average890 DTW
distancespersecond.Therefore,nearestneighborclassi�cation
usingbrute-forcesearchtakesabout12 secondsperquery, and
yields an error rateof 1:90%.

4) Time-seriesdataset: We usethe time seriesbenchmark
datasetdescribedin [44]. To generatethatdataset,variousreal
datasetswereusedasseeds,andmultiple copiesof every real
sequencewere constructedby incorporatingsmall variations
in the original patternsas well as additionsof randomcom-
pressionand decompressionin time. As describedin [54],
we randomly split the data into 1; 000 queriesand 31; 818
databaseobjects.Distancesin this datasetaremeasuredusing
constraineddynamic time warping, with a warping length
� = 10% of the total length of the shortestsequence[44].
On average,on an AMD Opteron2.2GHzprocessor, we can
compute60 distancesper second.Consequently, brute-force
retrieval of the nearestneighborsof a querytakeson average
530 seconds.

B. EvaluationMethodology and ParameterChoices

In our experiments, retrieval time is dominatedby the
numberof exactdistancecomputationsthatwe perform.Other
operations,suchas the �lter stepof �lter -and-re�ne retrieval,
take negligible time (less than 0:1 seconds/queryfor all
computationsthatarenotpartof measuringanexactdistance).
Consequently, we mainly report processingtime using the
numberof exact distanceswe needto measureper query.

In evaluating k-nearestneighbor retrieval accuracy, we
consider the retrieval result for a query to be correct if

and only if all k-nearestneighborsof the query have been
correctly identi�ed. For example,if we measureaccuracy on
50-nearestneighborretrieval for a particularmethodand set
of parameters,95% retrieval accuracy meansthat for 95% of
the querieswe successfullyidentify all 50 nearestneighbors.

For �lter -and-re�ne retrieval we must specify two param-
eters:d, which is the dimensionalityof the embedding,and
p, which speci�es the numberof exact distancesto measure
during the re�ne step. In all experiments,we use the d and
p valuesthat maximizeef�ciency given a speci�c settingfor
retrieval accuracy. As an example,if we want to measurethe
ef�ciency of FastMapfor 50-nearestneighborretrieval with
95% accuracy, we �rst �nd, for eachd, the smallestvalue
of p (denotedas pd) that is neededto obtain the desired
accuracy when a d-dimensionalFastMapembeddingis used
during the �lter step. If valuesd and pd are speci�ed, then
the numberof exact distancecomputationsper query is also
speci�ed. This way, for eachd, we computethe numberof
exactdistancecomputationsperqueryneededin orderto attain
the desired95% accuracy. After computingthat numberfor
eachd, we simply selectthe d that minimizesthe numberof
exact distancecomputations,and we report resultsfor that d
(and its associatedpd).

With respect to the additional free parametersthat are
neededby the BoostMapalgorithm(seeSec.VI-A), herewe
providethedefaultvalues,usedin all experimentsunlessnoted
otherwise:

� kmax = 50:
� jCj = jL j = 5000, exceptfor theUNIPEN dataset,which

is the smallestamong our four datasets.For UNIPEN
experiments,jCj = jL j = 3500, due to the relatively
small sizeof the database.

� � = 300; 000.
� 
 = 2000.
� � = 200.
� Zmax = :9999.

C. MethodsUsedfor ComparisonPurposes

We compareBoostMapto several alternative methodsfor
nearestneighborretrieval:

� FastMap [9]. We constructFastMapembeddingsby run-
ning the FastMapalgorithmon a subsetof the database,
containing5000 objects(3500 objectsfor the UNIPEN
dataset).The subsetusedfor eachdatasetis the set C
usedfor BoostMap.

� Random reference objects (RRO). We construct a
multi-dimensionalLipschitz embeddingas a concatena-
tion of multiple 1D embeddings,whereeach1D embed-
ding is obtainedby choosinga randomreferenceobject
P from the database.

� Random line projections (RLP). We constructa multi-
dimensionalembeddingas a concatenationof multiple
1D embeddings,eachof which is de�ned by choosing
two randomdatabaseobjectsX 1; X 2 aspivot objects.

� VP-tr ees[10]. VP-treesrely on the triangleinequalityto
achieve ef�cient retrieval while always �nding the true
nearestneighbors.Since the distancemeasuresin our
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experimentsare non-metric,using a methodsimilar to
[65] we modify the searchalgorithm so that it guar-
anteescorrect retrieval results if the triangle inequality
is satis�ed up to a constant� . Larger valuesof � lead
to more accurateresultsand slower retrieval time. We
shouldnotethat in someexperimentswe usevaluesof �
that are smaller than 1, in order to compareVP-trees
with other methodsat ultra-ef�cient settings.VP-trees
were not designedto be usedwith suchsmall � values
(which leadto unreasonablyaggressivepruning),andthis
is re�ected in the correspondingresults,whereVP-trees
are much less accuratethan the other methodswhen
� < 1.

� Brute-Force Search. For nearestneighborclassi�cation
only, we provide resultsobtainedusingbrute-forcesearch
on randomsubsetsof the database,vs. the numberof
objectsin thosesubsets.

D. Evaluationon NearestNeighborRetrieval

To measureretrieval accuracy, we �rst �nd the true k-
nearestneighborsof eachquery in eachdataset,usingbrute-
force search.Then,we comparethe resultsobtainedby each
method with the correct results obtained from brute-force
search.In Figs.3, 4, 5, and6 wecompareBoostMapto alterna-
tive methodson the taskof k-nearestneighborretrieval, on all
four datasets.BoostMapclearlyoutperformsall othermethods
in three of the four datasets,namely the ASL handshape,
MNIST and UNIPEN datasets.The performancedifference
betweenBoostMapandtheothermethodsvariesdependingon
thesetting,i.e., thedesiredaccuracy andthenumberof nearest
neighborsto retrieve. In many settingsBoostMap achieves
retrieval timesthatarefrom 50%to over 300%fasterthanthe
timesattainedby the bestalternative method.The time series
datasetis the only datasetwhere BoostMapis not the best-
performing method.In that dataset,using randomreference
objectsprovides resultsthat are roughly as good as thoseof
BoostMapfor 90%and95%retrieval accuracy, andresultsthat
arebetterthanthoseof BoostMapfor 99% retrieval accuracy.

Theresultson thetimeseriesdatasetillustrateonelimitation
of thetrainingalgorithm:sincewe useAdaBoostastheunder-
lying training method,the classi�er that is constructedis not
a globally optimal classi�er. AdaBoostis essentiallya greedy
optimization method that �nds locally optimal solutions. It
is possiblein somecasesto obtain a better classi�er using
randomchoices.In [57] we describeimprovementsthat allow
theBoostMapmethodto outperformrandomreferenceobjects
on the time seriesdataset.

We have alsoperformedexperimentsto evaluatethe sensi-
tivity of performanceto the settingsof the variousparameters
(namely� ; jCj; kmax ; 
 ; � ) usedin the trainingalgorithm.The
resultsare shown on Figs. 7 and 8. Theseexperimentswere
performedon the ASL handshapedatasetand the UNIPEN
dataset.In each experiment we varied only one parameter,
while the other parameterswere set as speci�ed in Section
VIII-B, with the following exceptions:

� In the experimentswhere � doesnot vary, we set � =
100; 000, to speedup the training algorithm.

� In all cases,
 is not allowedto besmallerthan2jCj, and
� is not allowed to be smaller than 
 . Consequently, 

and� aresetto 2000and200respectively whenpossible,
andotherwisethey aresetto thehighestlegalvalue,given
the settingsof the otherparameters.

As onewould expect,decreasingthe number� of training
triples,while speedingup the of�ine training algorithm,leads
to worse online performance.Similarly, online performance
deterioratesby decreasingthe sizeof C, the set of candidate
referenceobjects and pivot subjects.As a reminder, in all
experiments,the size of L (the set of objects from which
we form training triples) is set equal to jCj. Decreasing

leadsto worseperformanceon the handshapedataset,but has
very small impact on the UNIPEN dataset,at least within
the rangestested(50 to 2000). A similar result is obtained
for parameter� : decreasingthe valueof � leadsto somewhat
worseperformanceon the handshapedataset,but makesvery
little differenceon the UNIPEN dataset.

Fig. 8 displays the effects of varying parameterkmax ,
which is used in choosingtraining triples. Parameterkmax

representsthe maximum number of nearestneighborsthat
we are interestedin retrieving. As we see in Fig. 8, actual
performancedoesnot vary signi�cantly aswe shift the value
of kmax within a fairly large range: between50 and 600
for the handshapedatasetand between3 and 600 for the
UNIPEN dataset.We also display resultsobtainedby setting
kmax = jUj, wherejUj is the size of the database.With that
setting,training triples arechosenentirely randomlyfrom the
set of all possible triples formed by objects of L, as was
done in the �rst implementationof the BoostMapalgorithm
[43]. The resultsshow that, in general,using kmax � jUj
leadsto betterperformance.The only exceptionis the result
for kmax = 16 for the handshapedataset,which produces
performanceworsethan thanusingkmax = jUj.

E. Evaluationon NearestNeighborClassi�cation

Herewe evaluatetheperformanceof theproposedmethods
on the task of ef�cient nearestneighborclassi�cation. Eval-
uation is performedon all datasetsexcept for the time series
dataset,whichdoesnotcontainclasslabelinformation.In each
datasetwe compareBoostMapwith the following methods:
RRO, RLP, FastMap,and VP-trees.We should note that, in
order for VP-treesto attain the ef�ciency of other methods
(i.e., fewer than1000exact distancecomputationsper query),
wehadto setparameter� to valuessmallerthan1, asdiscussed
in SectionVIII-C. Consequently, the resultsobtainedusing
VP-treesin theseexperimentsweremuchworsethanthoseof
the othermethods.

1) Classi�cation Experiments on the ASL Handshape
Dataset: Classi�cation on the ASL handshapedataset is
challenging.Unlike typical handshaperecognition settings,
which assumea �x ed 3D orientationfor eachhandshape,in
this datasetthe orientationis arbitrary. Our goal is to identify
for eachquery imagewhich of the 20 handshapesit displays.
Given the vastdifferencein appearancebetweendifferent3D
orientationsof the sameshape,it is not surprising that k-
nearestneighborclassi�cation using brute-forcesearchhasa
very high errorrateof 67%. Thatrateis achievedusingk = 1.
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Fig. 3. Comparingperformanceon the ASL handshapedataset,usingthe chamferdistanceasthe exact distancemeasure.Eachgraphshows the numberof
exact distancecomputationsneededby eachmethodto achieve correctretrieval of all k nearestneighbors(k rangingfrom 1 to 50) for 90%, 95%, and99%
of the 710 queryobjects.
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Fig. 4. Comparingperformanceon the MNIST dataset,usingshapecontext matchingasthe exact distancemeasure.Eachgraphshows the numberof exact
distancecomputationsneededby eachmethodto achieve correctretrieval of all k nearestneighbors(k rangingfrom 1 to 50) for 90%,95%, and99% of the
10,000queryobjects.
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Fig. 5. Comparingperformanceon the UNIPEN dataset,using DTW as the exact distancemeasure.Each graph shows the numberof exact distance
computationsneededby eachmethodto achieve correctretrieval of all k nearestneighbors(k rangingfrom 1 to 50) for 90%, 95%, and 99% of the 5,323
queryobjects.
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Fig. 6. Comparingperformanceon the time seriesdatabase,usingconstrainedDTW asthe exact distancemeasure.Eachgraphshows the numberof exact
distancecomputationsneededby eachmethodto achieve correctretrieval of all k nearestneighbors(k rangingfrom 1 to 50) for 90%,95%, and99% of the
1,000queryobjects.
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Fig. 7. Comparingperformanceof BoostMapembeddingson the ASL handshapedatasetandthe UNIPEN dataset,whenvarying parametersof the training
algorithm.Eachgraphshows, for differentparametersettings,the numberof exact distancecomputationsneededto achieve correctretrieval of all k nearest
neighbors(k rangingfrom 1 to 50) for 90%of thequeryobjects.Theparametersthatvary are:� (thenumberof trainingtriples), jCj (thenumberof candidate
referenceandpivot objects),
 (the numberof weakclassi�ersconsideredat eachtraining round),and� (the numberof weakclassi�ers for which Equations
13 and14 areevaluatedat eachtraining round).In eachgraph,the parametersthat do not vary aresetasdescribedin the text.
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Fig. 9. Comparingclassi�cation accuracy vs. ef�ciency trade-offs achieved by the BoostMap,RRO, RLP, and FastMapmethodson the ASL handshape
dataset(left), theMNIST dataset(center),andtheUNIPEN dataset(right). For thehandshapedatasetwe alsoshow resultsusingVP-treesandusingbrute-force
searchon randomsubsetsof the database,of different size.Resultsfor VP-treesandbrute-forcesearcharediscussedin the text for the other two datasets.

Fig. 9 displaystheerror rateattainedusingseveraldifferent
methods.Overall, BoostMapproducesbetterresultsthan the
othermethods.At thecostof 100exactdistancecomputations,
BoostMap attains an error rate of 67%, which essentially
equalsthe error rate of brute-forcesearch.Therefore,using
BoostMapwe obtaina speedup factorof 800over brute-force
search,with no lossesin classi�cation accuracy. In termsof
actualrunningtime,usingBoostMapwe canclassifyabout3.5
queriesper second,whereasit takes 112 secondson average
to classifya queryusingbrute-forcesearch.

For a cost of 100 exact distance computations,RRO
achieves an error rate of 69%, whereasRLP and FastMap
achieve error ratesof 70%. RRO and RLP achieve an error
rate of 67% at 400 distancesand 500 distancesrespectively,
whereasfor FastMapthe error rate is 69% at 500 distances.
We also note that VP-treesand brute-forcesearchperform
signi�cantly worsethan the other methodswhenallowing no
morethan500 distantcomputationsper queryon average.

Overall, it is fair to say that the accuracy we obtain on
the ASL handshapedataset is not at the level where it
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Method Distancesper Speed-up Secondsper Error
queryobject factor queryobject rate

brute force 60,000 1 3,696 0.54%
VP-trees[10] 21,152 2.84 1303 0.63%

CNN [51] 1,060 56.6 65.3 2.40%
VP-trees 800 75 49.3 24.8%

brute force 800 75 49.3 2.15%
BoostMap 800 75 49.3 0.58%
brute force 50 1200 3.1 14.6%
Zhang[47] 50 1200 3.1 2.55%
BoostMap 50 1200 3.1 1.50%

Cascade[66] 50 1200 3.1 0.83%

TABLE I

SPEEDS AND ERROR RATES ACHIEVED BY DIFFERENT METHODS ON THE

MNIST DATASET. RESULTS USING BRUTE-FORCE SEARCH WERE

OBTAINED BY CHOOSING A RANDOM SUBSET OF THE DATABASE,

INCLUDING AS MANY OBJECTS AS THE NUMBER SHOWN IN THE

“ DISTANCES PER QUERY OBJECT” COLUMN.

can be useful for actual applications.We should emphasize
that this low accuracy is not causedby BoostMap or the
other embeddingmethods,it is inherentin the choiceof the
underlyingdistancemeasure,i.e., thechamferdistance,which
producesa high error rateevenwhenusingbrute-forcesearch.
Reliable handshapeclassi�cation of hand imagesdisplaying
arbitrary3D orientationsis still an openproblem.

2) Classi�cation Experimentson the MNIST Dataset:
As a reminder, exact k-nearestneighborclassi�cation using
shapecontext matchingachievesan error rateof 0:54%, with
classi�cation time per objectequalto about60 minutes.That
rate is achieved using k = 8. Fig. 9 displaysthe error rate
attainedusing �lter -and-re�ne retrieval with the BoostMap,
RRO, RLP, andFastMapmethods.BoostMapachievesanerror
rateof 0:58%at a costof 800exactdistancecomputations.At
the samecost of 800 exact distancecomputations,the RRO,
RLPandFastMapmethodsobtainerrorratesof 0:66%, 0:75%,
and1:17% respectively.

In [47] a discriminative classi�er is trained using shape
context features,and achieves an error rate of 2:55% on
the MNIST dataset.Overall, the cost of classifying a test
object using the methodin [47] is the cost of evaluating50
exact distances.At the samecost of 50 exact distancesper
query, BoostMapachievesa classi�cationerror of 1:50%. We
shouldpoint out that in [66] we describea methodfor further
improving the performanceof BoostMap(0:83% error rateat
the cost of 50 distancesper query), by combining multiple
BoostMapembeddingsin a cascadestructure.

Two additionalmethodsthat can be usedfor speedingup
nearestneighborclassi�cation are the well-known condensed
nearestneighbor(CNN) method[51] andVP-trees[10]. Both
methodsachieve signi�cantly worse tradeoffs betweenaccu-
racy and ef�ciency comparedto our method.CNN requires
1060exact distances,andyields an error rateof 2:40%. With
VP-treesthe error rate is 0:63%, but an averageof 21; 152
exact distancesneedto be measuredper query. At 800 exact
distancesper query, the error rate is a very high 24:8%.

TableI summarizesthe resultsof all the differentmethods.
3) Classi�cation Experimentson the UNIPEN Dataset:

Method Distancesper Speed-up Secondsper Error
queryobject factor queryobject rate

brute force 10,630 1.0 11.94 1.90%
VP-trees[10] 1,899 5.6 2.13 1.90%
brute force 150 70.9 0.17 10.7%
CSDTW 150 70.9 0.17 2.90%

RRO 150 70.9 0.17 1.97%
RLP 150 70.9 0.17 2.08%

BoostMap 150 70.9 0.17 1.97%
brute force 32 332 0.036 38.4%

RRO 32 332 0.036 2.38%
RLP 32 332 0.036 3.92%

BoostMap 32 332 0.036 2.29%

TABLE II

SPEEDS AND ERROR RATES ACHIEVED BY DIFFERENT METHODS ON THE

UNIPEN DATASET. TO MAKE IT EASIER TO COMPARE DIFFERENT

METHODS, FOR SOME METHODS WE SHOW MULTIPLE RESULTS, WHICH

CORRESPOND TO DIFFERENT NUMBERS OF EXACT DISTANCE

EVALUATIONS PER QUERY.

Fig. 9 displays the error rate attainedusing �lter -and-re�ne
retrieval with theBoostMap,RRO, RLP, andFastMapmethods
on the UNIPEN dataset.Exact k-nearestneighbor classi-
�cation using brute-force searchachieves an error rate of
1:90% on this dataset.That rate is achieved using k = 1.
BoostMapachieves an error rate of 1:95% at a cost of 75
exact distancecomputations,and an error rate of 1:90 at a
cost of 300 distancecomputations.At a cost of 300 exact
distancecomputations,the RRO, RLE, andFastMapmethods
obtainserror ratesof 1:99%, 1:97%, and1:97 respectively. As
in theotherdatasets,VP-treesdo not work very well, yielding
an error rate of 17%. Overall, BoostMapachieves a 35-fold
speed-upover brute-forcesearch,while achieving the same
error rate,thusreducingclassi�cation time per queryfrom 12
secondsto 0.34 seconds.

We shouldnote that the CSDTW method[48], which has
beenexplicitly designedfor classifyingtime seriesandin par-
ticular for online handwrittencharacterrecognition,achieves
an error rate of 2:90% on the UNIPEN datasetat a cost
equivalent to 150 exact computationsof DTW distances.For
the samecost, BoostMapattainsa signi�cantly lower error
rateof 1:97%. Evenat a costof 32 distancecomputationsper
query, BoostMapachievesanerrorrateof 2:26%, which is still
lower than that of CSDTW. The advantageof CSDTW over
our methodis that it requiressigni�cantly lessmemory;in our
method,we storein memorythe embeddingsof all database
objects,and this requiresabout1.4MB for a 32-dimensional
embedding.

Table II provides a summaryof classi�cation resultsob-
tained using different methods,including VP-trees,different
embeddingmethods,andCSDTW.

IX. DISCUSSION

The foundation of the BoostMap method has been the
correspondencethat we establishedin Sec. V betweenem-
beddingsand classi�ers: the associationof every embedding
with a correspondingclassi�er, and the proof that any linear
combination of such embedding-basedclassi�ers naturally
correspondsto an embeddingand a distancemeasure.By
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treatingembeddingsasclassi�ersandembeddingconstruction
asa problemof learninghow to estimatethe proximity order
of triplesof objects,we obtainanalgorithmthatdirectly max-
imizes the amountof nearestneighborstructurepreserved by
the embedding.We emphasizethat the optimizationcriterion
that we usedoesnot rely on any geometricassumptionsand
is equally principled for Euclidean,metric, and non-metric
spaces.Furthermore,the local nature of our optimization
criterion is in contrastwith theglobalnatureof measuressuch
as stressand distortion, which focus on preservation of all
pairwisedistancesand are not direct indicatorsof how well
nearestneighborstructureis preserved.

In the �lter -and-re�ne retrieval framework, embedding-
basedsimilarity rankingsareusedto selecta small numberof
candidatenearestneighbors.Sinceourembeddingconstruction
method directly maximizesthe accuracy of thesesimilarity
rankings, fewer candidatesneed to be evaluatedduring the
re�ne step.As evidencedin our experiments,BoostMapleads
to signi�cantly better trade-offs betweenretrieval accuracy
and ef�ciency comparedto alternative methods,many times
attaining 50% � 300% faster retrieval time than the best
alternative method.Furthermore,in all datasetsBoostMapled
to signi�cant computationalsavings over brute-forcesearch,
savingsthatin many settingswerebetweenoneandtwo orders
of magnitude.

Our training algorithmrelieson samplingsetsof candidate
objectsand training objectsfrom the database.This scheme
works as long as the sampledobjects are representative of
the distribution of databaseobjects, but may fail in cases
wherethe numberof samplesis only a small fraction of the
databasesize,and wherethe databasehasa large amountof
local structure.Handlingsuchcasesis an interestingtopic for
future investigation.Anothertopic for investigationis whether
embeddingquality can improve by usingdifferentvariantsof
boosting,suchasLogitBoost[55], or FloatBoost[67], in place
of AdaBoost,during embeddingconstruction.

X. CONCLUSION

The main topic of this paper has been embedding-based
nearestneighbor retrieval and classi�cation in spaceswith
computationallyexpensive distancemeasures.We have estab-
lished a correspondencebetweenembeddingsand classi�ers
that allows us to reduceembeddingconstructionto the prob-
lem of boostingmany weakclassi�ers into a strongclassi�er.
The proposedembeddingconstructionalgorithm is domain-
independent,and directly maximizesthe amountof nearest
neighborstructurepreserved by the embedding.Furthermore,
embeddingoptimization doesnot rely on any Euclideanor
metric properties.The resultingembeddingsoutperformalter-
native methodson several datasets,and lead to speed-upsof
ordersof magnitudeover brute-forcesearch.
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