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Abstract. W e presen t a pro cedure to infer a t yping for an arbitrary

� -term M in an in tersection-t yp e system that translates in to exactly the

call-b y-name (resp., call-b y-v alue) ev aluation of M . Our framew ork is the

recen tly dev elop ed System E whic h augmen ts in tersection t yp es with

exp ansion variables . The inferred t yping for M is obtained b y setting

up a uni�cation problem in v olving b oth t yp e v ariables and expansion

v ariables, whic h w e solv e with a con
uen t rewrite system. The inference

pro cedure is c omp ositional in the sense that t ypings for di�eren t program

comp onen ts can b e inferred in any order, and without kno wledge of the

de�nition of other program comp onen ts.

3

Using expansion v ariables lets

us ac hiev e a comp ositional inference pro cedure easily . T ermination of

the pro cedure is generally undecidable. The pro cedure terminates and

returns a t yping i� the input M is normalizing according to call-b y-name

(resp., call-b y-v alue). The inferred t yping is exact in the sense that the

exact call-b y-name (resp., call-b y-v alue) b eha viour of M can b e obtained

b y a (p olynomial) transformation of the t yping. The inferred t yping is

also princip al in the sense that an y other t yping that translates the call-

b y-name (resp., call-b y-v alue) ev aluation of M can b e obtained from the

inferred t yping for M using a substitution-based transformation.

1 Bac kground and Motiv ation

1.1 Exact In tersection T ypings

This pap er is ab out a metho d for t yping inference cen tering around the follo wing

relationships:

program

result t yping

ev aluation analysis

abstraction

?

W ork partly funded b y NSF gran t CCR-0113193 Implementing Mo dular Pr o gr am

A nalysis via Interse ction and Union T yp es .
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T yp e inference, let alone t yp ing inference (whic h is a stronger notion), in Standard

ML is not comp ositional: for a program let x = M in N , the t yp e-c hec k er �rst infers a

t yp e for M , based on whic h it infers a t yp e for N , then a t yp e for the whole program.

P arallel separate analysis, i.e., t yping inference, for M and N is imp ossible.



A t yp ing com bines a result typ e with a t yp e envir onment to sp ecify logical

restrictions on the input v ariables, output and free v ariables of the program.

T ypings view ed as program abstractions ha v e man y uses in program v alida-

tion and compilation. F or example, \non-standard" t yp e systems deriv e t ypings

that supp ort compiler optimisations suc h as de ad-c o de analysis (b y detecting

parts that will de�nitely not b e ev aluated) and as strictness analysis (b y de-

tecting parts that will de�nitely b e ev aluated). The accuracy of these t yping

analyses, and hence the accuracy of the v alidation or e�cacy of the optimi-

sation, dep ends on the formalism of t yp es and the capabilities of its inference

pro cedures. Another imp ortan t factor is the abilit y of a t yp e system to mo del

the b eha viour of the program ev aluation strategy .

Interse ction typ e systems (since [10, 4]) o�er p olymorphism b y listing all the

usage t yp es of subterms. (Rather than abstracting o v er di�eren t t yp es as in

quan ti�er-based t yp e systems). This can b e in terpreted to giv e precisely the

sort of usage information sough t b y the aforemen tioned analyses. They can also

assign t yp es to programs b ey ond the reac h of the most p o w erful quan ti�er-based

systems suc h as System F

!

. Systems of quan ti�er-based p olymorphic t yp es (e.g.

Hindley-Milner and System F) b y con trast lose the information needed to mak e

�ne distinctions b et w een the di�eren t w a ys subprograms are used.

Man y existing in tersection t yp e inference tec hniques only supp ort analysis

to a mo dest (alb eit useful) degree of accuracy . A t ypical restriction is the r ank-2

t yp es, e.g., [12] for strictness and [11] for deadco de (the rank hierarc h y strati�es

t yp es according to the depth of nesting of the in tersection constructor). Higher

rank t yp es indicate \higher order sharing", so features of programs with a more

sophisticated structure are undetectable to man y analyses. It is the sheer di�-

cult y of de�ning simple and highly accurate pro cedures for in tersection t yping

analysis has held bac k the use of in tersection t ypings in practical systems.

W e presen t a t yping inference pro cedure that pro vides a p erfectly accurate

(\exact") analysis of ev aluation b eha viour | the abstraction arro w in our pro-

gram analysis triangle is really a \lossless" translation. Naturally , program b e-

ha viour dep ends on the ev aluation strategy; here, programs are terms of the � -

calculus and w e infer t ypings for their b eha viour under the call-b y-name (CBN

hereafter) and call-b y-v alue (CBV hereafter) ev aluation strategies. Our t ypings

are expressed in a system of in tersection t yp es, augmen ted with exp ansion vari-

ables . W e claim that our approac h is straigh tforw ard, and sho w that it enjo ys

man y useful prop erties.

1.2 Running Example

T o illustrate the b ene�ts of in tersection t ypings, the di�erences b et w een exact

analyses for di�eren t strategies, and comp ositional analysis, w e consider the

follo wing � -terms (the visible application constructor @ aids clarit y and graphical

presen tation).

M

a

= ( � x : x @ x ) @ M

b

M

b

= ( � y : � z : V

c

) @ V

d

The t w o unsp eci�ed subterms V

c

and V

d

could b e an y values not con taining

y or z as free v ariables. Neither CBN nor CBV ev aluate subterms inside V

c
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and V

d

. The k ey ev aluation di�erence is that CBN do es not ev aluate M

b

b efore

substituting it in to � x : x @ x , and CBV do es.

1.3 Comp ositional T yping Inference

T yp e systems can aid separate compilation b y supp orting smartest r e c ompila-

tion [20]: co de whose source do es not c hange should not need re-analysis. This

demands c omp ositional t yp e inference. F ollo wing the designations of [6], a sub-

program should b e intr a-che cke d based on its de�nition alone (as noted in fo ot-

note 3, SML t yp e inference fails to meet this standard); then inter-che cking |

i.e., link-time, or ev en \liv e up date-time" analysis | v alidates whole programs

based on subprogram analysis results only . Recen t researc h applies these notions

to Ja v a-lik e languages to solv e problems suc h as minimal recompilation [1].

W e do not separate in tra and in ter-c hec king, but w e do pro vide a truly comp o-

sitional analysis that pro duces its results without an y kno wledge of una v ailable

subprograms, can b e sp ecialised using the analysis results of missing subpro-

grams when they b ecome a v ailable, and p ermits analysis of subprograms (alw a ys

leading to the same result) in an y order. A k ey p oin t is that comp ositional t yping

analyses are built on the notion of princip al typings [22]. In essence, suc h analy-

ses infer a most general t yping from whic h all other t ypings can b e obtained b y

a substitution-based transformation.

1.4 Expansion V ariables

Our inference tec hnique is based around the concepts of exp ansions and exp an-

sion variables . With reference to our example, the cen tral task in comp ositional

in tersection t yp e inference is in making the transformation depicted b elo w.

analysis of � x : x @ x at

t yp e (( �

1

! �

2

)

:

\ �

1

) ! �

2

analysis of M

b

9

>

=

>

;

�

analyse M

a

� � � � � � � � !

@

analysis of � x : x @ x

:

\

analysis of M

b

at t yp e �

1

! �

2

analysis of M

b

at t yp e �

1

Recognising that the term M

b

is to b e used at t w o t yp es, the �nal analysis shap e

is formed b y: duplicating the analysis of M

b

, with eac h cop y distinctly renamed

to allo w separate treatmen t, sp ecialising eac h cop y to matc h the usage t yp es in

M

a

, and joining them with the

:

\ constructor. This action w as called expansion

in early w ork on in tersection t yp es [19, 21].

In System E [7] w e conceiv e t yping inference as a transformation from an

\unsolv ed initial analysis" to a \solv ed �nal analysis". Expansion variables are

in tro duced in the unsolv ed analysis (whic h has the same shap e as the term

under analysis) at an y p osition where the expansion op eration migh t b e needed.

The expansion op eration itself b ecomes a sp ecial kind of term-cum-substitution.

The job of t yping inference amoun ts to replacing expansion v ariables with the

appropriate expansion term to pro duce an analysis shap e that describ es ho w

ev ery subterm is used.
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Kfoury , W ells and their collab orators ha v e dev elop ed the use of expansion

v ariables for t yp e inference o v er recen t y ears in w ork that b egan with the idea

of � -uni�c ation [14], whic h in tro duced a primitiv e form of expansion v ariables.

An early form ulation in System I [18] enabled the inference of principal t ypings

(and th us comp ositional t yp e inference) for the � -SN terms of the � -calculus.

Expansion in the sense of System E [7] impro v es, simpli�es and extends the

capabilities of these older v ersions in man y w a ys.

1.5 Organization of the P ap er and Con tributions

� -term M ( x 2)

ev aluation tree T ( x 2) System E t yping deriv ation Q ( x 3)

t yping analysis ( x 4,5)CBN or CBV ( x 2)

p olynomial transformation ( x 5)

{ The CBN and CBV � -calculi, and the System E framew ork, are summarised.

{ A comp ositional, uni�cation-based, t yping inference pro cedure is presen ted.

{ A p olynomial translation mapping inferred t yping deriv ations to CBN or

CBV ev aluation trees is giv en, demonstrating ho w the t yping deriv ations

serv e as precise analyses of program b eha viour in CBN and CBV languages.

{ The complete CBN (resp., CBV) t yping inference pro cedure generates a

t yping deriv ation for term M that enco des a forest of ev aluation trees: the

CBN (resp., CBV) tree of M plus the forest of CBN (resp., CBV) ev aluation

trees of the immediate sub-terms of the result of M .

{ The uni�cation pro cedure and translation are com bined to pro vide an exact

t yping inference pro cedure that t yp es precisely the terms that are normaliz-

ing according to CBN or CBV.

{ The inferred CBN (resp., CBV) t yping deriv ations are principal in that an y

other t yping deriv ation that translates in to the CBN (resp., CBV) ev aluation

tree is a substitution instance of the inferred exact t yping deriv ation.

{ Areas for further dev elopmen t are iden ti�ed. More detail and examples and

pro ofs are a v ailable in the accompan ying rep ort [2].

2 The Call-b y-Name and Call-b y-V alue � -Calculi

This section in tro duces our notations, recalls basic de�nitions of the � -calculus

and de�nes CBN and CBV ev aluation trees.

Con v en tion 1 (Notation) Liter als (names in sans serif fonts, e.g., M

a

; x

1

; e ; �

and ! ) ar e c ar eful ly distinguishe d fr om metavariables (names in italic fonts, e.g.,

M ; x; e; D and � ). V ariables h; ::; q r ange over the natur al numb ers. New names

may b e forme d by adding (liter al or variable) sub- or sup er-scripts.

T erms of the � -calculus are de�ned in Def. 2. The sort of v alues are the terms

that ma y result from CBN or CBV ev aluation; they are the we ak-he ad normal

forms plus the he ad normal forms that b egin with a v ariable | for comp ositional

analysis w e need to b e able to handle op en programs, so w e do not c ho ose to

mak e the p opular con v enience of the restriction to closed terms.

4



Def. 2 T erm and ev aluation tree meta v ariables, sorts and grammars; result pro jection.

x; y ; z 2 T erm-V a r ::= x j y j z V 2 V alue ::= U j � x: M

U 2 V a r-HNF ::= x j U @ M M ; N 2 T erm ::= V j M @ N

T 2 Eval-T ree ::=

T

1

� � � T

n

M # V

result

�

T

1

� � � T

n

M # V

�

= V

Def. 2 also de�nes an ev aluation tree T as a tree of ev aluation judgements ,

with a c onclusion judgemen t at the ro ot (if T has no sub-ev aluations w e omit the

horizon tal line). Eac h judgemen t M # V relates term M to v alue V . The result

pro jection extracts the conclusion result of an ev aluation tree. The purp ose of

using a syntax for ev aluation trees is to allo w them to b e manipulated directly ,

simplifying our pro ofs.

The CBN (resp., CBV) ev aluation tree of ev ery CBN-normalizing (resp.,

CBV) term is giv en b y CBN (resp., CBV ) in Def. 3. V alues ha v e trees consisting

of a single judgemen t: there is no ev aluation under � 's or in the argumen ts of

terms in V a r-HNF . (for terms of the form x @ M

1

@ � � � @ M

n

the results of CB x

is non-deterministic).

Def. 3 T erm CBN and CBV ev aluation trees, where T

i

= CB x ( M

i

) and V

i

= result ( T

i

).

CB x ( V ) = V # V

CB x ( M

1

@ M

2

) =

T

1

M

1

@ M

2

# V

1

@ M

2

if V

1

2 V a r-HNF

CBN ( M

1

@ M

2

) =

T

1

T

4

M

1

@ M

2

# V

4

if V

1

= � x: M

3

and T

4

= CBN ( M

3

[ x := M

2

])

CBV ( M

1

@ M

2

) =

T

1

T

2

T

4

M

1

@ M

2

# V

4

if V

1

= � x: M

3

and T

4

= CBV ( M

3

[ x := V

2

])

F or applications, if the ev aluation tree of applied term M do es not result in

a � -abstraction then the tree result is a v ariable head normal form for CBN and

CBV. Otherwise, the CBN tree is formed b y adding the ev aluation tree of the

abstraction b o dy sp ecialised with the argumen t term (resp., the CBV tree adds

the ev aluation tree of the argumen t and of the abstraction b o dy sp ecialised with

the argumen t result v alue). W e assume substitution is de�ned to a v oid v ariable

c aptur e ,i.e., ( � x: M )[ y := M

1

] = � x: M if x = y and � x: M [ y := M

1

[ x := z ] ] where

z is fresh otherwise, and tak e term equalit y to b e de�ned mo dulo � -con v ersion

as usual. The ev aluation trees for our example terms:

T

Nb

= CBN ( M

b

) =

� y : � z : V

c

# � y : � z : V

c

� z : V

c

# � z : V

c

T

Na

= CBN ( M

a

) =

� x : x @ x # � x : x @ x

M

b

# � z : V

c

V

c

# V

c

M

b

@ M

b

# V

c

M

a

# V

c

T

Vb

= CBV ( M

b

) =

� y : � z : V

c

# � y : � z : V

c

V

d

# V

d

� z : V

c

# � z : V

c

M

b

# � z : V

c

T

V a

= CBV ( M

a

) =

� x : x @ x # � x : x @ x T

Vb

� z : V

c

# � z : V

c

� z : V

c

# � z : V

c

V

c

# V

c

( � z : V

c

) @ ( � z : V

c

) # V

c

M

a

# V

c
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3 Summary of System E

W e giv e a concise form ulation of the System E in tersection t yp e system frame-

w ork

4

. Section 3.1 presen ts the syn tax. Section 3.2 presen ts the k ey expansion

application op eration. Section 3.3 presen ts the t yping rules.

3.1 Syn tax, Precedence and Equalit y

Def. 4 de�nes the syn tax. Mem b ers of man y sorts (on the RHS of the �gure)

ma y include pieces of structur e , these are terms built from the binary in ter-

section constructor and applications of unary exp ansion variables (E-v ariables).

Using the same structure notation in man y sorts greatly reduces the de�nitional

o v erhead. A structure C ( ( X

1

; ::; X

n

) ) is the result of applying a linear structure

con text C with n holes (the � 's) to the n en tities X

i

.

Def. 4 System E meta v ariables, sorts and grammars; structure application.

e; v 2 E-V a riable ::= e

n

C 2 Structure-Context ::= � j e C j C

:

\ C

1

�; v 2 T-V a riable ::= a

n

�� 2 T yp e

!

::= � j � ! �

1

� ; �; Y ; X 2 T yp e ::= C ( ( �

1

; ::; �

n

) ) j ! j ��

S 2 ET-Subst ::= � j v := � ; S E ; �; Y ; X 2 Expansion ::= C ( ( E

1

; ::; E

n

) ) j ! j S

�

� 2 Single-Cstr ::= � l �

1

�; Y ; X 2 Constraint ::= C ( ( �

1

; ::; �

n

) ) j ! j

�

�

Q ; X 2 Sk eleton ::= x

: �

j � x: Q j Q @ Q

1

j Q

: �

j C ( ( Q

1

; ::; Q

n

) ) j !

M

F or con v enience, some of the meta v ariables range o v er m ultiple sorts:

v ::= � j e � ::= � j E Y ::= � j E j � X ::= � j E j � j Q

( C

:

\ C

1

)( ( X

1

; ::; X

i + j

) ) = X

:

\ X

1

if X = C ( ( X

1

; ::; X

i

) ) and X

1

= C

1

( ( X

i +1

; ::; X

i + j

) )

( e C )( ( X

1

; ::; X

n

) ) = e C ( ( X

1

; ::; X

n

) )

� ( ( X ) ) = X

T yp es use the binary function t yp e constructor ! , the empt y in tersection con-

structor ! , structure, and t yp e v ariables (T-v ariables). Constr aints are m ultisets

of single constrain ts enco ded as structures con taining the constan t ! or single

c onstr aints (these are required equalities in this pap er, but l is not comm utativ e

so w e do not use a sym b ol more suggestiv e of equalit y); the empt y constrain t

is ! . Substitutions map T-v ariables to t yp es and E-v ariables to expansions. Ex-

p ansions are structures whose lea v es are all ! or substitutions.

W e de�ned ev aluation tree terms to enco de term ev aluation deriv ations.

Skeletons are a similar kind of term that enco de System E typing derivations .

These explicit deriv ation terms are a k ey part of our pro of tec hniques.

Con v en tion 5 (Asso ciativit y and precedence) Applic ation (@) is

left-asso ciative; c onstructors ( ! ,

:

\ ) ar e right-asso ciative. F unction applic ation

( f ( x )) binds tightest; E-variable applic ation ( e X ) and exp ansion applic ation

([ E ] X , Def. 7 ) bind tighter than (

:

\ ) and substitution in ~ e ( ~ e=S , Convention 8 ) ;

which bind tighter than ( ! ; @) ; which bind tighter than ( l ; � ) .

4

Asp ects that deal with non-linearit y and arbitrary subt yping are omitted.
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Examples app ear throughout. Here w e in tro duce some substitutions and con-

strain ts that are in v olv ed in the CBN and CBV t yping inference for the example

terms. Let �

c

and �

d

stand for the t yp es of the v alues V

c

and V

c

under CBN ( �

Vc

and �

Vd

under CBV) . Let R

0

denote a substitution that renames ev ery v ariable

v in �

UNa

to v

0

. Similarly , R

00 0

renames v ariables v to v

0 00

.

S

Nb

= e

3

:= ! ; a

4

:= ! ! �

c

S

Na

= a

1

:= ! ! �

0

c

; e

2

:= R

0

:

\ ! ; a

3

:= �

0

c

; a

4

:= ! ! �

0

c

;

e

1

:= ! ; e

3

:= ! ; a

5

:= �

0

c

S

Vb

= e

8

:= ! ; a

9

:= e

7

( ! ! e

6

�

Vc

)

S

V a

= a

6

:= e

4

a

7

! a

8

; a

10

:= e

5

e

000

6

�

Vc

; e

8

:= ! ; a

9

:= e

5

( ! ! e

00 0

6

�

Vc

)

:

\ ! ;

e

7

:= e

5

( R

000

:

\ ! ) ; e

5

:= e

5

( e

4

:= ! ; a

8

:= e

000

6

�

Vc

)

�

UNb

= ! ! ( ! ! �

c

) l e

3

�

d

! a

4

�

UNa

= ( a

1

l e

1

a

2

! a

3

)

:

\ ( a

1

:

\ e

1

a

2

! a

3

l e

2

a

4

! a

5

)

:

\ e

2

�

UN b

�

UV b

= ! ! e

7

( ! ! e

6

�

Vc

) l e

8

�

Vd

! a

9

�

UV a

= ( a

6

l e

4

a

7

! a

8

)

:

\ ( e

5

( a

6

:

\ e

4

a

7

) ! e

5

a

8

l a

9

! a

10

)

:

\ �

UV b

Sk eletons are equal under � -con v ersion, as are terms. The la ws in Def. 6 mak e

:

\ asso ciativ e and comm utativ e (but not idemp oten t as our t ypings are exact )

and absorb ! ; E-v ariables distribute o v er

:

\ and ! only .

5 6

Def. 6 System E algebraic la ws.

e ( X

:

\ X

1

) = e X

:

\ e X

1

X

:

\ X

1

= X

1

:

\ X e ! = ! e !

M

= !

M

X

:

\ ( X

1

:

\ X

2

) = ( X

:

\ X

1

)

:

\ X

2

!

:

\ Y = Y !

M

:

\ Q = Q

F or example, e

5

( a

6

:

\ e

4

a

7

) = e

5

e

4

a

7

:

\ e

5

( e

1

!

:

\ a

6

)

:

\ ! .

3.2 Expansion Application

Def. 7 Expansion application, [ ] .

[ � ] � = � [ v := � ; S ] v = �

[ � ] e = e � [ v := � ; S ] v

1

= [ S ] v

1

if v 6= v

1

[ S ] ( e X ) = [ [ S ] e ] X [ e E ] X = e [ E ] X

[ S ] ( X

:

\ X

1

) = [ S ] X

:

\ [ S ] X

1

[ E

:

\ E

1

] X = [ E ] X

:

\ [ E

1

] X

[ S ] ! = ! [ ! ] Y = !

[ S ] !

M

= !

M

[ ! ] Q = !

term ( Q )

[ S ] ( � ! �

1

) = [ S ] � ! [ S ] �

1

[ S ] ( � l �

1

) = [ S ] � l [ S ] �

1

[ S ] x

: �

= x

:[ S ] �

[ S ] � = S

[ S ] � x: Q = � x: [ S ] Q [ S ] ( v := �; S

1

) = ( v := [ S ] � ; [ S ] S

1

)

[ S ] ( Q @ Q

1

) = [ S ] Q @ [ S ] Q

1

[ S ] Q

: �

= ([ S ] Q )

:[ S ] �

Applying expansion E to en tit y X , denoted [ E ] X and de�ned in Def. 7, giv es the

\structure-part" of E , including an y ! lea v es, with eac h substitution leaf S in E

5

These la ws are omitted for expansions and sk eletons in the original presen tation of

System E to simplify some pro ofs. F or this w ork it is b etter to allo w them.

6

Allo wing E-v ariables to distribute o v er ! or l is unsound in the sense of making

some en tities lose their equiv alence after expansion.
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replaced b y [ S ] X . Applying substitution S to X distributes S o v er constructors

and applies it at v ariables as usual; at E-v ariables this either results in no c hange

if S = � , or a new expansion application if S con tains a mapping for x . F or

example, [ S

Nb

] �

UNb

= [ e

3

:= ! ; a

4

:= ! ! �

c

] ( ! ! ( ! ! �

c

) l e

3

�

d

! a

4

) =

! ! ( ! ! �

c

) l ! ! ( ! ! �

c

).

Th us E-v ariables serv e as namespace separators: an o ccurrence of v ariable

v b elo w an E-v ariable is treated di�eren tly to o ccurrences of v elsewhere, i.e.,

e [ S ] � 6= [ S ] e � in general. Expanding a sk eleton Q preserv es its underlying

term ; ev en in the [ ! ] Q case. The exp ansion c omp osition op erator ';' is de�ned

E

1

; E

2

= [ E

2

] E

1

(i.e., E

1

then E

2

).

Con v en tion 8 (Substitution abbreviations)

� v

1

:= �

1

; ::; v

n

:= �

n

abbr eviates ( v

1

:= �

1

; ( ::; ( v

n

:= �

n

; � ) :: )) ;

� e=S abbr eviates ( e := e S ) , i.e., S in namesp ac e e ;

� ~ e=S abbr eviates e

1

= � � � =e

n

=S , i.e., S in namesp ac e ~ e = e

1

� � � e

n

.

3.3 T yp e En vironmen ts, Sk eletons and T yping Rules

� T yp e envir onment A : T erm-V a r ! T yp e maps �nitely man y v ariables to non-

! t yp es. ( x

1

: �

1

; ::; x

n

: �

n

) abbreviates f ( x

i

; �

i

) g

n

i =1

[ f ( x; ! ) x =2 f x

i

g

n

i =1

g .

� Envir onment interse ction is A

:

\ A

0

= f ( x; A ( x )

:

\ A

0

( x ) ) x 2 T erm-V a r g .

� Exp ansion applic ation is [ E ] A = f ( x; [ E ] A ( x ) ) x 2 T erm-V a r g .

� E-variable applic ation is e A = [ e � ] A .

� T yping h A ` � i con tains t yp e en vironmen t A and r esult typ e � .

� Judgement M . Q : h A ` � i = � con tains term, sk eleton, t yping and constrain t.

� V alid judgements are deriv able b y the rules in Def. 9.

Def. 9 T yping judgemen t deriv ation rules.

(va riable)

x . x

: �

: h ( x : � ) ` � i = !

(abstraction)

M . Q : h A ` � i = �

� x: M . � x: Q : h A [ x 7! ! ] ` A ( x ) ! � i = �

(application)

M . Q : h A ` �

1

! � i = � M

1

. Q

1

: h A

1

` �

1

i = �

1

M @ M

1

. Q @ Q

1

: h A

:

\ A

1

` � i = �

:

\ �

1

(omega)

M . !

M

: h () ` ! i = !

(result subt yping)

M . Q : h A ` � i = �

M . Q

: �

1

: h A ` �

1

i = �

:

\ ( � l �

1

)

(structure)

f M . Q

i

: h A

i

` �

i

i = �

i

g

n

i =1

M . C ( ( Q

1

; ::; Q

n

) ) : h C ( ( A

1

; ::; A

n

) ) ` C ( ( �

1

; ::; �

n

) ) i = C ( ( �

1

; ::; �

n

) )

A valid skeleton is an y Q suc h that M . Q : h A ` � i = � is v alid; suc h a Q

includes the information con tained in the other elemen ts of the judgemen t, so

the follo wing \pro jections" are de�ned:

� term : Sk eleton ! T erm giv es the underlying term, term ( Q ) = M ;

� tenv : Sk eleton ! Environment giv es the t yping en vironmen t, tenv ( Q ) = A ;

� rt yp e : Sk eleton ! T yp e giv es the result t yp e, rt yp e ( Q ) = � ;

� constraint : Sk eleton ! Constraint giv es the constrain t, constraint ( Q ) = � .

8



T erm M has t yping h A ` � i if there is a v alid judgemen t M . Q : h A ` � i = � suc h

that solved ( Q ). Where solved is de�ned as follo ws.

Def. 10 Solv ed constrain ts and solv ed sk eletons.

F or c onstr aints, solved ( C ( ( �

1

l �

0

1

; ::; �

n

l �

0

n

) )) i� 1 � i � n implies �

i

= �

0

i

.

F or skeletons, solved ( Q ) i� solved ( constraint ( Q )) .

F or example, the follo wing deriv ation sho ws that M

b

has the t yping h () `

! ! �

c

i . Note that the deriv ed sk eleton is isomorphic to the o v erall deriv ation,

and enco des the same information as all the judgemen ts ab o v e it as w ell as its

four pro jections. Hence sk eletons \are" t yping deriv ations.

Q

c

. V

c

: h () ` �

c

i = !

� z : Q

c

. � z : V

c

: h () ` ! ! �

c

i = !

� y : � z : Q

c

. � y : � z : V

c

: h () ` ! ! ( ! ! �

c

) i = !

( � y : � z : Q

c

)

: ! ! ! ! �

c

. � y : � z : V

c

: h () ` ! ! ! ! �

c

i = !

!

V

d

. V

d

: h () ` ! i = !

( � y : � z : Q

c

)

: ! ! ! ! �

c

@ !

V

d

. M

b

: h () ` ! ! �

c

i = !

4 T yping Inference

T yping inference in System E amoun ts to a uni�cation (constrain t solving) prob-

lem. Section 4.1 constructs initial, unsolv ed, sk eletons. A rewrite system = =

u

)

solv es the constrain ts b y in terlea ving simpli�cation (Section 4.2) and part-uni�er

inference (Section 4.3). The pro cedure is summarised in Section 4.4.

4.1 Unsolv ed T yping Sk eletons

The relations in Def. 11 sp ecify initial unsolv ed CBN and CBV sk eletons for

eac h term. The in tuition for this de�nition is v ery simple: in CBN all argumen ts

are wrapp ed in an E-v ariable b ecause they will b e ev aluated once for eac h usage

in the applied function. F or example:

M

b

�

uSkN

� � ! Q

UNb

= ( � y : � z : Q

c

)

: e

3

�

d

! a

4

@ e

3

Q

d

M

a

�

uSkN

� � ! Q

UNa

= ( � x : x

: a

1

: e

1

a

2

! a

3

@ e

1

x

: a

2

)

: e

2

a

4

! a

5

@ e

2

Q

UNb

Q

UNb

=

@

: e

3

�

d

! a

4

� y :

� z :

Q

c

e

3

Q

d

Q

UNa

=

@

: e

2

a

4

! a

5

� x :

@

: e

1

a

2

! a

3

x

: a

1

e

1

x

: a

2

e

2

Q

UNb

In CBV all v alue argumen ts and v alue � -b o dies are wrapp ed in an E-v ariable

b ecause the v alues are ev aluated once for eac h usage in the applied function (but
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the ev aluation w ork leading up to exp osing a v alue is shared). F or example:

M

b

�

uSkV

� � ! Q

UV b

= ( � y : e

7

� z : e

6

Q

c

)

: e

8

�

d

! a

9

@ e

8

Q

d

M

a

�

uSkV

� � ! Q

UV a

= ( � x : e

5

( x

: a

6

: e

4

a

7

! a

8

@ e

4

x

: a

7

) )

: a

9

! a

10

@ Q

UV b

Q

UV b

=

@

: e

8

�

d

! a

9

� y :

e

7

� z :

e

6

Q

c

e

8

Q

d

Q

UV a

=

@

: a

9

! a

10

� x :

e

5

@

: e

4

a

7

! a

8

x

: a

6

e

4

x

: a

7

Q

UV b

The side-conditions ensure that in tro duced v ariables do not clash with an y in

the outer namespaces of sub-sk eletons.

Def. 11 Relations uSkN and uSkV map terms to unsolv ed sk eletons, where M

i

�

uSk x

� � ! Q

i

.

x �

uSkN

� � ! x

: �

x �

uSkV

� � ! x

: �

� x: M

1

�

uSkN

� � ! � x: Q

1

� x: M

1

�

uSkV

� � ! � x: e Q

1

if M

1

2 V alue

M

1

@ M

2

�

uSkN

� � ! Q

1

: e rt yp e ( Q

2

) ! �

@ e Q

2

� x: M

1

�

uSkV

� � ! � x: Q

1

if M

1

=2 V alue

if �; e =2 ovs ( Q

1

) M

1

@ M

2

�

uSkV

� � ! Q

1

: e rt yp e ( Q

2

) ! �

@ e Q

2

if �; e =2 ovs ( Q

1

) and M

2

2 V alue

wher e the set of variables in the outer M

1

@ M

2

�

uSkV

� � ! Q

1

: rt yp e ( Q

2

) ! �

@ Q

2

namesp ac e of X is given by: if ff � g ; ovs ( Q

1

) ; ovs ( Q

2

) g ar e

ovs ( X ) = f v 9 �: [ v := � ] X 6= X g p airwise disjoint and M

2

=2 V alue

Unsolv ed sk eleton Q is a v alid sk eletons of term ( Q ). The corollary is that

if applying some expansion E solv es suc h a Q then term ( Q ) has the t yping

h tenv [ E ] Q ` rt yp e [ E ] Q i .

Prop osition 1 ( uSk x ). If M �

uSk x

� � ! Q then Q is valid and term ( Q ) = M .

Pr o of. By structural induction on M .

4.2 Constrain t Simpli�cation

The facto r relation (Def. 12) simpli�es constrain ts, distributing the l construc-

tors do wn to b e immediately ab o v e di�ering constructors. Common structure is

factored when it has the same shap e on b oth sides of a single constrain t, if all

the t yp es at its lea v es are in T yp e

!

. F or example:

facto r ( a

0

4

:

\ e

1

a

0 0

4

l ( e

1

a

2

! a

5

)

:

\ e

1

a

2

) = ( a

0

4

l e

1

a

2

! a

5

)

:

\ e

1

( a

00

4

l a

2

)

10



Def. 12 Constrain t factorisation, facto r

facto r ( ! ) = !

facto r ( C ( ( �

1

; ::; �

n

) )) = C ( ( facto r ( �

1

) ; ::; facto r ( �

n

)) )

facto r (

�

� ) =

8

>

<

>

:

facto r ( C ( ( � �

1

l ��

0

1

; ::; ��

n

l ��

0

n

) )) if

�

� e quals C ( ( � �

1

; ::; ��

n

) ) l C ( ( � �

0

1

; ::; ��

0

n

) )

facto r (( �

3

l �

1

)

:

\ ( �

2

l �

4

)) if

�

� e quals �

1

! �

2

l �

3

! �

4

�

� otherwise

The de�nition is non-deterministic, but in our usage it is immaterial whic h

factorisation is c hosen (b ecause all the ��

i

are isomorphic | see the discussion of

rule (U E-unify) in the next sub-section).

Common ! constructors are factored b y creating t w o single constrain ts.

The domain t yp es are rev ersed, consisten t with the usual de�nition of function

subt yping. Subt yping is not used in this pap er, so the rev ersal is not essen tial p er

se, ho w ev er, rev ersal do es impro v e the uni�cation rules (rules (U O-unify) and

(U E-unify) in Def. 13 only need to expanded e 's on the left). Solv ed constrain ts

p ersist to k eep trac k of all the v ariable names used in the whole constrain t.

Prop osition 2 (Solv edness in v arian t under factoring). If � �

facto r

� � � ! �

1

then solved ([ E ] � ) i� solved ([ E ] �

1

) .

Pr o of. By structural induction on � .

4.3 Uni�cation Rules

Def. 13 de�nes the rewrite system for constrain t solving. A direct reduction

� =

S

=

u

) �

1

pic ks a single constrain t in a factorisation of � ; then uses a uni�er rule

to generate the part-unifying substitution S ; factoring [ S ] � giv es the reduct �

1

.

Def. 13 Constrain t part uni�cation, �

uni�er

� � � ! , direct reduction, =

S

=

u

) , and reduction, =

S

=

u

) ) .

� =

~ e=S

= =

u

) facto r ([ ~ e =S ] � ) if ~ e

�

�

:

\ �

1

= facto r ( � ) and

�

� �

uni�er

� � � ! S wher e:

�

1

l �

2

�

uni�er

� � � ! � := � if f �

1

; �

2

g = f �; � g (U T-unify)

e � l ! �

uni�er

� � � ! e := ! (U O-unify)

e � l �

1

�

uni�er

� � � ! e := C ( ( S

1

; ::; S

n

) ) if �

1

=2 T-V a riable and �

1

= C ( ( � �

1

; ::; ��

n

) ) (U E-unify)

and V is the set of variables in �

and f : ( V � f 1 ; ::; n g ) ! ( T-V a riable n V ) is inje ctive and S

i

( � ) = f ( �; i ) if � 2 V

and g : ( V � f 1 ; ::; n g ) ! ( E-V a riable n V ) is inje ctive and S

i

( e ) = g ( e; i ) � if e 2 V

A c onstr aint r e duction c omp oses many dir e ct r e ductions:

� =

�

=

u

) ) � and �

1

=

S

1

; S

2

= = =

u

) ) �

3

if �

1

=

S

1

=

u

) �

2

and �

2

=

S

2

=

u

) ) �

3

:

� (U T-unify) substitutions map the T-v ariable � on one side to the t yp e �

1

on the other, as in �rst-order uni�cation. Both directions are needed. No

o ccur c hec k is used or needed (see [3]).

� (U E-unify) substitutions map e to the expansion formed b y taking the largest

tree of expansion constructors on the righ t side, with a fresh v ariable-
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renaming substitution at eac h leaf to ensure that the namespace merging

caused b y this substitution is safe (i.e., namespace merging do es not cause

un w an ted v ariable merging). The condition that �

1

is not a v ariable prev en ts

non-con
uence b y prioritising (U T-unify) .

� (U O-unify) completes the (U E-unify) case where the constrain t R.H.S. is ! .

F actoring after a (U T-unify) reduction ma y eliminate ! constructors; after (U

E-unify) the rewritten single constrain t

�

� splits in to n smaller single constrain ts

(this is wh y the non-determinism of facto r do es not matter: the only new factori-

sation happ ens in the single constrain t that triggered the (U E-unify) and all the

factorisations are isomorphic), while other single constrain ts, or parts of them,

ma y b e m ultiplied b y the expansion.

Constrain t-solving reductions for the examples constrain ts, whic h generate

the example substitutions, are sho wn b elo w. F or brevit y the solv ed parts are

omitted and �

0

c

abbreviates [ R

0

] �

c

.

�

UNb

=

e

3

:= !

= = =

u

) ( ! ! �

c

) l a

4

=

a

4

:= ! ! �

c

= = = = = =

u

) !

�

UNa

=

a

1

:= e

1

a

2

! a

3

= = = = = = =

u

) ( e

2

a

4

l ( e

1

a

2

! a

3

)

:

\ e

1

a

2

)

:

\ ( a

3

l a

5

)

:

\ e

2

�

UNb

=

a

3

:= a

5

= = =

u

) ( e

2

a

4

l ( e

1

a

2

! a

5

)

:

\ e

1

a

2

)

:

\ e

2

�

UNb

=

e

2

:= R

0

:

\ e

1

R

00

= = = = = = =

u

) ( a

0

4

l e

1

a

2

! a

5

)

:

\ e

1

( a

0 0

4

l a

2

)

:

\ [ R

0

] �

UNb

:

\ e

1

[ R

0 0

] �

UNb

=

[ R

0

] S

Nb

; e

1

:= ! ; a

5

:= �

0

c

= = = = = = = = = = = =

u

) ) !

�

UV b

=

S

Vb

=

u

) !

�

UV a

=

a

6

:= e

4

a

7

! a

8

= = = = = = =

u

) ( a

9

l e

5

( e

4

a

7

! a

8

:

\ e

4

a

7

))

:

\ ( e

5

a

8

l a

10

)

:

\ �

UV b

=

a

10

:= e

5

a

8

= = = = =

u

) ( a

9

l e

5

( e

4

a

7

! a

8

:

\ e

4

a

7

))

:

\ �

UV b

=

S

Vb

=

u

) e

7

( ! ! e

6

�

Vc

) l e

5

( e

4

a

7

! a

8

:

\ e

4

a

7

)

=

e

7

:= e

5

( R

0 00

:

\ e

4

R

0 00 0

)

= = = = = = = = = = =

u

) e

5

(( e

4

a

7

l ! )

:

\ ( e

000

6

�

Vc

l a

8

)

:

\ e

4

( ! ! e

00 00

6

�

Vc

l a

7

))

=

e

5

= e

4

:= !

= = = = =

u

) e

5

( e

000

6

�

Vc

l a

8

)

=

e

5

= a

8

:= e

0 00

6

�

Vc

= = = = = = = =

u

) !

Prop osition 3 states the soundness prop ert y of reduction. Reduction of con-

strain ts of uSk x sk eletons is also con
uen t [3]. So constrain t solving is truly com-

p ositional: the constrain ts of sub-sk eletons can b e solv ed indep enden tly , then the

unsolv ed part of the sp ecialised constrain t of the whole sk eleton can b e consid-

ered without reference to the sub-sk eletons.
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Prop osition 3 (Reduction). If � =

S

=

u

) ) �

1

and solved ( �

1

) then solved ([ S ] � ) .

Pr o of. By induction on the reduction.

1. Case � =

�

=

u

) ) � is immediate.

2. Case � =

S

1

=

u

) �

2

=

S

2

=

u

) ) �

1

. By I.H., solved ([ S

2

] �

2

). There are �

3

= simplify ( � )

and �

4

= [ S

1

] �

3

suc h that simplify ( �

4

) = �

2

. By Prop osition 2, solved ([ S

2

] �

2

)

implies solved ([ S

2

] �

4

). Therefore solved ([ S

1

; S

2

] �

3

) And b y Prop osition 2,

solved ([ S

1

; S

2

] � ).

An imp ortan t detail is that constrain t rewriting is global, so when the partly

solv ed constrain ts of t w o sub-terms are com bined in to the constrain t of a whole

term there m ust not b e an y o v erlap in v ariable names.

4.4 T yping Inference

Def. 14 CBN and CBV t yping inference, inferN and inferV .

M �

infer x

� � � ! [ S ] Q if M �

uSk x

� � ! Q and constraint ( Q ) =

S

=

u

) ) � and solved ( � ) .

The t yping inference pro cedure is summarised in Def. 14. W e en umerate some

of its basic prop erties. The exact situation regarding completeness, principalit y

and decidabilit y are explained in Section 5.

Prop osition 4 (Prop erties of t yping inference).

1. Soundness . If M �

infer x

� � � ! Q then Q is valid, term ( Q ) = M and solved ( Q ) .

2. Uniqueness . If M �

infer x

� � � ! Q and M �

infer x

� � � ! Q

1

then Q and Q

1

ar e isomorphic .

3. Incompleteness . The set T erm n f M 9 Q:M �

infer x

� � � ! Q g is not empty.

Pr o of.

1. Soundness . Implied b y Prop osition 1 and Prop osition 3.

2. Uniqueness . Implied b y the con
uence result for initial constrain ts and their

reducts in [3].

3. Inc ompleteness . By Prop osition 8, if M �

uSk x

� � ! Q and M �

infer x

� � � ! Q then

toCB x ( Q ) = CB x ( M ) � Q

0

for some Q

0

. CB x ( M ) cannot exist if M is not

normalizing. There are terms that are not normalizing. So there are non-

normalising constrain ts and t yping inference is incomplete.

F or the examples:

M

b

�

inferN

� � � ! Q

Nb

= [ S

Nb

] Q

UNb

= ( � y : � z : Q

c

)

: ! ! ! ! �

c

@ !

V

d

M

a

�

inferN

� � � ! Q

Na

= [ S

Na

] Q

UNa

= ( � x : x

: ! ! [ R

0

] �

c

: ! ! [ R

0

] �

c

@ !

x

)

: ( ! ! [ R

0

] �

c

)

:

\ ! ! a

5

@ [ S

Nb

; R

0

] Q

UNb

:

\ !

M

b

M

b

�

inferN

� � � ! Q

Vb

= [ S

Na

] Q

UNa

= ( � x : x

: ! ! [ R

0

] �

c

: ! ! [ R

0

] �

c

@ !

x

)

: ( ! ! [ R

0

] �

c

) ! a

5

@ [ S

Nb

; R

0

] Q

UNb

M

a

�

inferV

� � � ! Q

V a

= [ S

Vb

] Q

UV b

= ( � y : e

7

� z : e

6

Q

c

)

: ! ! e

7

( ! ! e

6

�

c

)

@ !

V

d

M

a

�

inferV

� � � ! Q

V a

= [ S

V a

] Q

UV a

= ( � x : e

5

( x

: ! ! e

00 0

6

�

c

: ! ! e

00 0

6

�

c

@ !

x

) )

: e

5

( ! ! e

0 00

6

�

c

)

:

\ ! ! e

5

e

0 00

6

�

c

@ ( � y : e

5

( � z : e

000

6

Q

c

:

\ !

� z : M

c

))

: ! ! ( e

5

(( ! ! e

0 00

6

�

c

)

:

\ ! ) )

@ !

M

d

13



Pictorially:

Q

Na

=

@

: ( ! ! [ R

0

] �

c

) ! a

5

� x :

@

: ! ! [ R

0

] �

c

x

: ! ! [ R

0

] �

c

!

x

[ S

Nb

; R

0

] Q

UNb

Q

Nb

=

@

: ! ! ! ! �

c

� y :

� z :

Q

c

!

V

d

Q

V a

=

@

: e

5

( ! ! e

00 0

6

�

c

)

:

\ ! ! e

5

e

000

6

�

c

� x :

e

5

@

: ! ! e

000

6

�

c

x

: ! ! e

00 0

6

�

c

!

x

@

: ! ! ( e

5

(( ! ! e

00 0

6

�

c

)

:

\ ! ) )

� y :

e

5

:

\

� z :

e

000

6

Q

c

!

� z : M

c

!

M

d

Q

Vb

=

@

: ! ! e

7

( ! ! e

6

�

c

)

� y :

e

7

� z :

e

6

Q

c

!

V

d

5 F rom Analysis to Ev aluation

This section completes the term-ev aluation-t yping triangle. Section 5.1 presen ts

a notion of substitution used in Section 5.2 to transform solv ed sk eletons in to

ev aluation trees. Section 5.3 considers further prop erties.

5.1 Linear Sk eleton Substitution

Sk eleton translation uses the follo wing notion of sk eleton substitution to rear-

range sk eletons from their expanded term shap e in to the shap e of parts of the

ev aluation trees that corresp onds to ev aluating a sp ecialised � -b o dy .

Def. 15 Linear sk eleton substitution, j [ := ] j .

!

N

j [ x := !

M

] j = !

N [ x := M ]

x

: �

j [ x := Q ] j = Q if rt yp e ( Q ) = �

y

: �

j [ x := !

M

] j = y

: �

if y 6= x

( � y : Q

1

) j [ x := Q ] j = � y : ( Q

1

j [ x := Q ] j )

( Q

1

: �

@ Q

2

) j [ x := Q ] j = ( Q

1

j [ x := Q

0

1

] j )

: �

@ ( Q

2

j [ x := Q

0

2

] j )

if Q = Q

0

1

:

\ Q

0

2

and tenv ( Q

i

)( x ) = rt yp e ( Q

0

i

)

( C ( ( Q

1

; ::; Q

n

) )) j [ x := Q ] j = C ( ( Q

1

j [ x := Q

0

1

] j ; ::; Q

n

j [ x := Q

0

n

] j ) )

if Q = C ( ( Q

0

1

; ::; Q

0

n

) ) and tenv ( Q

i

)( x ) = rt yp e ( Q

0

i

)

Sk eleton substitution Q

1

j [ x := Q

2

] j is ill-de�ned for arbitrary Q

1

and Q

2

.

W ell-de�ned instances are iden ti�ed b y Prop osition 5; in our usage, Q

1

is the

14



sk eleton of an applied term and Q

2

the sk eleton of the argumen t (or its v alue).

F or example:

x

: ! ! [ R

0

] �

c

: ! ! [ R

0

] �

c

@ !

x

j [ x :=[ S

Nb

; R

0

] Q

UNb

:

\ !

M

b

] j = [ S

Nb

; R

0

] Q

UN b

: ! ! [ R

0

] �

c

@ !

M

b

e

5

@

: ! ! e

000

6

�

c

x

: ! ! e

0 00

6

�

c

!

x

�

�

�

�

�

�

�

�

�

�

�

2

6

6

6

6

6

4

x :=

e

5

:

\

� z :

e

000

6

Q

c

!

� z : M

c

3

7

7

7

7

7

5

�

�

�

�

�

�

�

�

�

�

�

=

e

5

@

: ! ! e

0 00

6

�

c

x

: ! ! e

00 0

6

�

c

�

�

�

x :=

� z : e

00 0

6

Q

c

�

�

�

! x j [ x := !� z : M

c

] j

=

e

5

@

: ! ! e

000

6

�

c

� z :

e

000

6

Q

c

!

� z : M

c

A k ey prop ert y of sk eleton substitution is that | unlik e term substitution | it

preserv es the o v erall application coun t; this is wh y w e call it linear. The app #

function coun ts the applications in its argumen t.

Def. 16 Application size of sk eleton, app #.

app # ( Q

1

: �

@ Q

2

) = 1 + �

2

i =1

app # ( Q

i

) app #( � x: Q )= app # ( Q )

app # ( C ( ( Q

1

; ::; Q

n

) ))= �

n

i =1

app #( Q

i

) app #( !

M

) =0 app # ( x

: �

) = 0

Prop osition 5 (Sk eleton substitution).

If tenv ( Q

a

)( x ) = C ( ( rt yp e ( Q

1

) ; ::; rt yp e ( Q

n

)) ) and Q

b

= C ( ( Q

1

; ::; Q

n

) ) is valid

then:

1. ther e is a Q such that Q = Q

a

j [ x := Q

b

] j ;

2. term ( Q ) = term ( Q

a

)[ x := term ( Q

b

)] ;

3. app #( Q ) = app #( Q

a

) + app # ( Q

b

) .

Pr o of. By structural induction on Q

a

.

{ Case !

N

.

Then Q

b

= !

M

and 1. Q = !

N [ x := M ]

; 2. term ( Q ) = N [ x := M ]; 3.

app #( Q

b

) = app #( Q ) = app # ( Q

a

) = 0.

{ Case x

: �

.

1. Q = Q

b

; 2. term ( Q ) = x [ x := term ( Q

b

)]; 3. app # ( Q

a

) = 0 and app #( Q ) =

0 + app #( Q

b

).

{ Case y

: �

and y 6= x .

Then Q

b

= ! M and 1. Q = Q

a

; 2. term ( Q ) = y [ x := term ( Q

b

) ]; 3. app # ( Q

b

) =

0 and app # ( Q ) = app #( Q

a

) + 0.
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{ Case � y : Q

0

a

.

Then tenv ( Q

a

)( x ) = tenv ( Q

1

) b y the assumption of capture-free substitution

and the prop osition holds for Q

0

= Q

0

a

j [ x := Q

b

] j b y I.H. And 1. Q = � y : Q

0

;

2. term ( Q ) = � y : term ( Q

0

) = term ( Q

a

)[ x := term ( Q

b

)]; 3. app # ( Q ) = 0 +

app #( Q

0

) = 0 + app #( Q

0

a

) + app #( Q

b

) = app #( Q

a

) + app # ( Q

b

).

{ Case Q

0

a

: �

@ Q

0 0

a

Then tenv ( Q

a

) = tenv ( Q

0

a

)

:

\ tenv ( Q

00

a

) b y the de�nition

of tenv . Th us Q

b

= Q

0

b

:

\ Q

00

b

and tenv ( Q

0

a

) = rt yp e ( Q

0

b

) and the prop osi-

tion holds for Q

0

= Q

0

a

j [ x := Q

0

b

] j b y I.H.; similarly for Q

00

; Q

00

a

; Q

00

b

. And 1.

Q = Q

0

: �

@ Q

0 0

; 2. term ( Q ) = term ( Q

0

a

j [ x := Q

0

b

] j

: �

) @ term ( Q

00

a

j [ x := Q

0 0

b

] j ) =

( term ( Q

0

a

)[ x := term ( Q

0

b

) ])@( term ( Q

00

a

)[ x := term ( Q

00

b

) ]) term ( Q

a

)[ x := term ( Q

b

)];

3. app # ( Q ) = 1 + app #( Q

0

) + app # ( Q

00

) = 1 + app #( Q

0

a

) + app #( Q

0

b

) +

app #( Q

00

a

) + app #( Q

00

b

) = app # ( Q

a

) + app #( Q

b

).

{ Case C ( ( Q

1

a

; ::; Q

m

a

) ) is similar to the previous case.

5.2 T ranslation of Sk eletons

A solv ed CBN (or CBV) sk eleton for M is actually a linear enco ding of a CBN

(or CBV) ev aluation T and a solv ed sk eleton for the result of T .

� The term T � Q is a Derivation-r esult p air if term ( Q ) = result ( T ).

The rules in Def. 17 translate certain part-solv ed sk eletons in to deriv ation-result

pairs. The translation of v alues is immediate. F or applications where the result

sk eleton of Q is an abstraction, the b o dy is sp ecialised b y a linear sk eleton sub-

stitution to replace eac h free x in Q

3

with the appropriate part of the argumen t

sk eleton Q

1

; the resulting sk eleton is translated to form the second premise of

the deriv ation.

Def. 17 Sk eleton to deriv ation-result pair toCB x transformations, where M

i

= term ( Q

i

)

and toCB x ( Q

i

) = T

i

� Q

0

i

.

toCB x ( Q

1

) = M

1

# M

1

� Q

1

if M

1

2 V alue

toCB x ( Q

1

: rt yp e ( Q

1

)

@ Q

2

) =

T

1

M

1

@ M

2

# M

0

1

@ M

2

� Q

0

1

: rt yp e ( Q

0

1

)

@ Q

2

if Q

0

1

6= � x: Q

3

toCBN ( Q

1

: rt yp e ( Q

1

)

@ Q

2

) =

T

1

T

4

M

1

@ M

2

# M

4

� Q

4

(

if Q

0

1

= � x: Q

3

and

toCBN ( Q

3

j [ x := Q

2

] j ) = T

4

� Q

4

toCBV ( Q

1

: rt yp e ( Q

1

)

@ Q

2

) =

T

1

T

2

T

4

M

1

@ M

2

# M

4

� ~ e Q

4

(

if Q

0

1

= � x: ~ e Q

3

and Q

0

2

= ~ e Q

and toCBV ( Q

3

j [ x := Q ] j ) = T

4

� Q

4

Prop osition 6 (Soundness). 1. If Q �

toCB x

� � � ! T � Q

0

and M = term ( Q ) then

M �

CB x

� � ! T and term ( Q

0

) = result ( T ) .

2. If M �

infer x

� � � ! Q then ther e ar e T ; Q

0

such that Q �

toCB x

� � � ! T � Q

0

.

Pr o of.

1. By structural induction on M .

{ Case M 2 V alue . Then T = M # M and Q

0

= Q .
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{ Case M = M

1

@ M

2

and Q = Q

1

@ Q

2

. F or M

i

b y I.H., M

i

�

CB x

� � ! T

i

and

term ( Q

0

i

) = result ( T

i

).

If Q

0

1

= � x: Q

3

, term ( Q

2

) = M

2

implies term ( Q

3

j [ x := Q

2

] j ) = term ( Q

3

)[ x :=

M

2

] (Prop osition 5) and the result follo ws b y I.H.

If Q

0

1

6= � x: Q

3

, then T =

T

1

M # M

0

1

@ M

2

and Q

0

= Q

0

1

@ Q

2

.

2. By structural induction on M . Note that term ( Q ) = M as expansion pre-

serv es the term pro jection of all v alid sk eletons, sk eletons generated b y uSk x

are v alid and Q is a substitution instance of suc h a sk eleton.

{ Case M 2 V alue . Then T = M # M and Q

0

= Q .

{ Case M = M

1

@ M

2

and Q = [ S ] ( Q

1

@ Q

2

) where M

i

�

infer x

� � � ! Q

i

(it is

v alid to assume this order of analysis b y the con
uence of constrain t

reduction) and Q

1

�

toCB x

� � � ! T

1

� Q

0

1

b y I.H.

� If Q

0

1

= � x: Q

3

and x = N , then Q

2

= e Q

0

2

and S ( e ) = E , there is a

Q

4

= [ S ] Q

3

j [ x := [ E ] Q

0

2

] j (Prop osition 5) and term ( Q

3

)[ x := M

2

] �

inferN

� � � !

Q

4

and the result follo ws b y I.H.

� If Q

0

1

= � x: Q

3

and x = V , then Q

2

�

toCBV

� � � ! T

2

� e Q

0

2

and S ( e ) = E ,

there is a Q

4

= [ S ] Q

3

j [ x := [ E ] Q

0

2

] j (Prop osition 5) and term ( Q

3

)[ x :=

M

2

] �

inferV

� � � ! Q

4

and the result follo ws b y I.H.

� If Q

0

1

6= � x: Q

3

, then T =

T

1

M # M

0

1

@ M

2

and Q

0

= [ S ] ( Q

0

1

@ Q

2

) .

Prop osition 7 (Complexit y). Computing toCB x ( Q ) is p olynomial in app # ( Q ) .

Pr o of. Eac h translation step in v olv es either constan t w ork; or, it consumes one

application in Q and translates a sk eleton con taining one less application, the

w ork of a linear sk eleton substitution is p olynomial in the application size of Q .

Th us o v erall the w ork is b ounded b y the n um b er of applications m ultiplied b y

this p olynomial.

5.3 Completeness and Principalit y

Here w e consider the sense in whic h infer x is complete and pro duces a most

gener al t yping sk eleton. The de�nition of toCB x indicates that a solv ed sk eleton

for M enco des more than just the ev aluation tree of M ; it also includes a solv ed

sk eleton for the result v alue of M . A solv ed CB x sk eleton enco des a CB x ev alu-

ation \forest" for M : the ev aluation tree of M and the ev aluation forests of the

immediate subterms of the v alue of M

W e reac h this result via consideration of the follo wing w eak ened inference

pro cedure to giv e an exact CBN or CBV t yping sk eleton b y solving the initial

constrain t just enough to allo w the sk eleton to b e transformed. Note that exact x

is sound in the sense of pro ducing a sk eleton for M that translates to a CB x

ev aluation tree for M b y de�nition.

Def. 18 Exact CBN and CBV t yping inference, exactN and exactV .

M �

exact x

� � � ! Q if M �

uSk x

� � ! Q and constraint Q =

S

=

u

) ) constraint ( Q

0

)

and toCB x ([ S ] Q ) = T � Q

0

and result ( T ) �

uSk x

� � ! Q

0
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If M has an ev aluation tree T under CB x then there is a sk eleton Q that

translates to T ; moreo v er, exact inference with exact x relates M to a most

general translatable sk eleton of M .

Prop osition 8 (Exact inference complete and most general).

If M �

CB x

� � ! T and M �

uSk x

� � ! Q then (1) ther e is a Q

1

such that M �

exact x

� � � ! Q

1

; and

(2) [ S ] Q �

toCB x

� � � ! ( T � Q

2

) implies ther e is an S

1

such that [ S ] Q = [ S

1

] Q

1

.

Pr o of. By structural induction on M . Let e; S

2

; Q

3

denote the en tities suc h

that b y the de�nition of exact x : Q

1

= [ S

2

] Q ; and result ( der v ar ) �

uSk x

� � ! Q

3

; and

constraint ( Q ) =

S

2

=

u

) ) constraint ( Q

3

) if x = N or M 2 V alue , or constraint ( Q ) =

S

2

=

u

) )

e constraint ( Q

3

) if x = V and M =2 V alue .

{ Case M 2 V alue .

Then Q

1

= Q = Q

3

and S

1

= S and S

2

= � .

{ Case M = M

0

@ M

0 0

and M

0

�

CB x

� � ! T

0

.

By I.H. there are Q

0

1

; S

0

1

s.t. M

0

�

exact x

� � � ! Q

0

1

and [ S

0

] Q

0

�

toCB x

� � � ! ( T

0

� Q

0

2

) )

[ S

0

] Q

0

= [ S

0

1

] Q

0

1

.

If result ( T

0

) 6= � x: M

000

and Q = Q

0

: �

@ Q

00

then Q

1

= [ S

0

] Q and S

1

= S

0

1

and Q

3

= Q

0

3

: �

@ Q

00

3

.

If result ( T

0

) = � x: M

000

then b y I.H., � x: M

000

�

uSk x

� � ! x @ Q

0 00

and rt yp e ( x @

Q

0 00

) = C ( ( �

x

1

; ::; �

x

n

) ) ! �

0 0 0

.

Either CBN / CBV with M

00

2 V alue and Q = Q

0

: e rt yp e ( Q

0 0

) ! �

@ e Q

00

and constraint ( Q ) =

S

0

2

=

u

) )

constraint ( Q

0

3

)

:

\ e constraint ( Q

00

)

:

\ rt yp e ( x @ Q

0 00

) l e rt yp e ( Q

00

) ! � = � and

S

00

2

= � and S = S

0

2

; S

00

2

; S

0

1

. (Note that Q

0

3

= � x: Q

000

).

Or CBV with M

00

=2 V alue and there are Q

00

1

; E

0 0

1

s.t. M

00

�

exact x

� � � ! Q

0 0

1

and

[ E

00

] Q

0 0

�

toCB x

� � � ! ( T

00

� Q

0 0

2

) ) [ E

0 0

] Q

00

= [ E

0 0

1

] Q

00

1

. and Q

00

1

�

toCB x

� � � ! T

00

� e Q

00

3

and Q = Q

0

: rt yp e ( Q

0 0

) ! �

@ Q

0 0

and constraint ( Q ) =

S

0

2

; S

0 0

2

= = =

u

) )

constraint ( Q

0

3

)

:

\ e constraint ( Q

00

3

) rt yp e ( x @ Q

000

) l e rt yp e ( Q

00

3

) ! � = � and

S = S

0

2

; S

00

2

; S

0

1

(in this case w e assume that S

0

1

( e ) = S

0

2

). (Note that Q

0

3

=

e

0

� x: Q

000

).

Let S

000

= e := C ( ( R

1

; ::; R

n

) ) ; ~ e

1

=�

1

:= [ R

1

] rt yp e ( Q

00

3

) ; ::; ~ e

n

=�

n

:= [ R

n

] rt yp e ( Q

0 0

3

)

where � =

S

0 00

=

u

) ) constraint ()

By structural induction on Q

0 00

, if toCB x ([ S

0

1

] Q

0 00

j [ x := [ S

0

1

( e ) ] Q

0 0

3

] j ) = T

3

� Q

2

then S

0

1

= S

000

; S

0 0 00

for some S

0000

.

By Prop osition 5, M

0 000

= term ( Q

0

3

)[ x := term ( Q

00

3

) ] �

uSk x

� � ! Q

0 00 0

= [ S

0 0 0

] Q

00 0

j [ x :=

[ S

000

( e ) ] Q

0 0

3

] j

By I.H., there are S

0 0 00

1

; S

0 00 0

2

; Q

0 000

3

s.t. M

00 00

�

exact x

� � � ! [ S

000 0

2

] Q

0 000

; and [ S

0 00 0

] Q

0 000

�

toCB x

� � � ! ( T � Q

0 000

2

) ) [ S

0 0 00

] Q

0 000

= [ S

0 0 00

1

] Q

0 000

1

.

Ov erall, S

2

= S

0

2

; S

00

2

; S

000

; S

000 0

2

and S

1

= S

0000

1

.
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Prop osition 9 (Undecidabilit y of exact t yping inference). Memb ership

of f M 9 Q:M �

exact x

� � � ! Q g is unde cidable.

Pr o of. By reduction of the undecidable problem of term normalization under

CB x . The CB x -normalizing terms are precisely the terms t ypable b y exact x b y

Prop osition 6 and Prop osition 8.

Similarly , t ypabilit y with inferN corresp onds to � -normalization b ecause it is

the normal or der or leftmost-outermost reduction strategy , guaran teed to termi-

nate for normalizing terms. A similar result is conjectured for inferV , but w e do

not giv e a pro of b ecause it do es not really corresp ond to an y w ell-studied strat-

egy . In particular, inferV do es not corresp ond to strong normalization b ecause it

can ignore certain un used non-normalizing subterms.

Returning to the notion of ev aluation forests, the follo wing partial function

translates some solv ed sk eletons in to sets of ev aluation trees.

Def. 19 Sk eleton CBN and CBV forest translations, fo restN and fo restV .

fo rest x ( Q ) = fT g [

(

fo rest x ( Q

1

) if toCB x ( Q ) = T � � x: Q

1

S

n

i =1

fo rest x ( Q

i

) if toCB x ( Q ) = T � x @ Q

1

@ � � � @ Q

n

F or example, if V

c

= � x : x and Q

c

= � x : x

: a

11

so solved ( Q

c

) and �

Nc

= a

11

! a

11

,

then fo restN ([ S

Na

] Q

UNa

) = f T

Na

; x # x g .

Prop osition 10 (Inferred sk eltons most general). If fo rest x ( Q ) = fT

i

g

n

i =1

and term ( Q ) = M ther e ar e Q

0

; S such that M �

infer x

� � � ! Q

0

and Q = [ S ] Q

0

.

Pr o of. By structural induction on the sequence of ev aluation trees. By the de�ni-

tion of exact x and its completeness (Prop osition 8), there are Q

1

; Q

2

; Q

3

; S

1

; S

2

; i

suc h that M �

exact x

� � � ! Q

1

(where M �

uSk x

� � ! Q

2

and Q

1

= [ S

1

] Q

2

and Q

1

�

toCB x

� � � !

T

i

� Q

3

. and Q = [ S

2

] Q

2

and term ( Q

3

) = result ( CB x ( M )) = M

3

.

Case M

3

= � x: M

4

and Q

3

= � x: Q

4

, then Q

4

�

fo rest x

� � � ! f T

j

j 2 f 1 ; ::; n g n f i g g

and b y I.H. on Q

4

, there are S

0

1

; S

0

2

suc h that S

2

= S

0

1

; S

0

2

; and S = S

0

2

and

Q = [ S ] S

1

; S

0

1

Q

2

.

Case M

3

2 V a r-HNF is similar; a sp ecial case is when n = 1, solved ( Q

3

) and

Q

0

= Q

1

and S = S

2

.

6 Discussion

Summary. Once the mec hanism of expansion is understo o d, the inference pro-

cedure and the relationships b et w een terms, sk eletons and ev aluations is v ery

simple. The follo wing diagrams summarise the example.

M

a

M

a

( T

Na

� Q

c

) [ S

Na

] Q

UNa

f T

Na

; x # x g [ S

Na

] Q

UNa

exactNCBN

toCBN

inferNCBN

fo restN
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M

b

M

b

( T

Vb

� � z : Q

c

) Q

Vb

f T

Vb

; V

c

# V

c

; x # x g Q

Vb

exactVCBV

toCBV

inferVCBV

fo restV

Unsolv ed sk eletons ha v e the shap e of the term; applications are in terpreted as

constrain ts; constrain t solving morphs the sk eleton shap e b y expanding argu-

men t (or v alue) sk eletons for eac h of their uses; the �nal sk eleton is a rearrange-

men t of the ev aluation tree and a sk eleton for the result, whic h clearly sho ws

ho w to in terpret a solv ed sk eleton as an analysis of CBN or CBV b eha viour, and

hence ho w t yping sk eletons can b e utilized in program analysis. F or example,

terms t yp ed at ! are deadco de; function terms are strict in their function-t yp ed

argumen ts.

Comp ar able Appr o aches. This is the �rst pap er to matc h exact in tersection t yp-

ing inference so closely to the CBN and CBV strategies. The System I inference

pro cedure [18] giv es similar results to inferN , but restricted to the � -SN terms

and lac king man y b ene�ts of the System E approac h to expansion. An earlier

System E inference pro cedure [8] o�ers close results to inferN , but lac ks the con-


uence prop ert y that mak es this w ork suitable for comp ositional analysis. The

t yping inference pro cedure b y Boudol and Zimmer [5] corresp onds to a reduction

strategy for the � -SN terms in whic h all discarded sub-terms are ev aluated, so

it is not CBN or CBV; their metho d is not based on expansion v ariables.

Duality of CBN and CBV. Other researc hers ha v e studied the di�erences b e-

t w een the CBN and CBV strategies, the general observ ation b eing that they

are, in v arious formal senses, duals. In our case the distinction is expressed in

a particularly striking manner. The exact inference pro cedures can b e de�ned

in suc h a w a y that the only di�erence b et w een CBN and CBV is in the c hoice

of uSkN or uSkV . Th us w e can view the whole pro cedure after unsolv ed sk ele-

ton construction as de�ning a generic ev aluation mec hanism | an in terpreter,

or compiler com bined with an abstract mac hine, whic h uses the same rules for

b oth strategies. Alternativ ely , exactly the same analysis pro cedure pro duces the

same sort of analysis results tailored to CBN or CBV dep ending only on the

outcome of unsolv ed sk eleton construction.

Exact and Appr oximate A nalysis. Generating exact analyses b y a simple uni�-

cation pro cedure is an imp ortan t step that has b een enabled b y the dev elopmen t

of expansion v ariables. A next step is to dev elop tec hniques for comp ositional

appr oximate analysis. This ma y require the in v en tion of new forms of expansion

and there is also the question of ho w to con trol the lev el of detail Historically ,

t ypings ha v e b een strati�ed b y r anks (e.g., in [15]). Dev eloping this approac h

will allo w our analysis to b e used in real implemen tations to test the b ene�ts

that higher-rank t yping analysis can bring to compiler optimisations, t yp e safet y

c hec king, and t yp e-based securit y analysis.
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Other Evaluation Str ate gies. System E can express t ypings that are isomorphic

to call-b y-need ev aluations; an inference pro cedure is y et to b e dev elop ed. Ex-

tending to more optimal strategies that share under � 's is an in teresting c hallenge

that ma y go b ey ond the capabilities of System E.
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