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From the previous classes



Specifications - Hoare triple

Precondition

Precondition

Program

Postcondition

(a logica

formula)

c:i’=>Q

|

Program

A

Postcondition
(a logical formula)




Validity of Hoare ftriple
We say that the triple c: P=0Q is valid

if and only if
for every memory m such that P (m)
and memory m’' such that {c},=m"’
we have Q(m"').

Is this condition easy to check?




Rules of Hoare Logic:
SKip

—skip: P=P



Correctness of an axiom

Fc ¢+ P = 0

We say that an axiom is correct if we can prove
the validity of each triple which is an instance of
the conclusion.




Rules of Hoare Logic:
Assignment

X ¢

P [e/x]=E




Today: more rules



Rules of Hoare Logic
Composition
—c : P=R —c’ :R=0

—c;c’ ¢ P=0



Rules of Hoare Logic
Composition
—c : P=R —c’ :R=0

—c;c’ ¢ P=0

Is this correct?




An Instance
Fx:i=z%2;z:=x%2
 {(z*2)*2 =8} = {z=8)

Is this a valid triple?




An Instance
Fx:i=z%2;z:=x%2
{(z*2)*2 =8} = {z=8)

Is this a valid triple?




An Instance

How can we prove it?

Fx:i=z%2;z:=x*%2: {(z*2)*2 =8} = {7 =8}



An Instance

How can we prove it?

Fx:=2z%2:{(z*2)*2 =8} = {x*2 =8}

Fzi=x*2{x*2=8}= {z=8}
Fx:i=z%2;z:=x*%2: {(z*2)*2 =8} = {7 =8}




Correctness of a rule

|_C1 . Plz’Ql |_Cn . Pn:'Qn
Fc ¢+ P = 0

We say that a rule is correct if given valid triples
as described by the assumption(s), we can
prove the validity of the triple in the conclusion.




Correctness Composition Rule
—c : P=R —c’ :R=0
—c,c’ ¢ P=0

To show this rule correct we need to show the
validity ¢; ¢’ : =0 foreveryc,c’, P, Q.




Correctness Composition Rule
—c : P=R —c’ :R=0
—c,c’ ¢ P=0

To show this rule correct we need to show the
validity ¢; ¢’ : =0 foreveryc,c’, P, Q.

For every m such that P (m) and m’ such that
{c,c” }p=m” weneed Q(m"’).




Correctness Composition Rule
—c : P=R —c’ :R=0
—c,c’ ¢ P=0




Correctness Composition Rule
—c : P=R —c’ : R=0
—c,c’ ¢ P=0
By our semantics: {c;c’ },=m’ if and only if

there iIs m’ 7 such that
{clp=m’""and {c’ } r=m’.




Correctness Composition Rule
—c : P=R —c’ : R=0
—c,c’ ¢ P=0
By our semantics: {c;c’ },=m’ if and only if

there iIs m’ 7 such that
{clp=m’""and {c’ } r=m’.

Assuming c: P=R and c’ :R=0Q valid, if P (m) we
can show R (m’’7) and if R (m’’) we can show
O (m’ ), hence since we have P (m) we can
conclude O (m’) .




Correctness Composition Rule
—c : P=R —c’ : R=0
—c,c’ ¢ P=0
By our semantics: {c;c’ },=m’ if and only if

there iIs m’ 7 such that
{clp=m’""and {c’ } r=m’.

Assuming c: P=R and c’ :R=0Q valid, if P (m) we
can show R (m’’7) and if R (m’’) we can show
O (m’ ), hence since we have P (m) we can

conclude O (m” ) . J
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Fx:i=z*%2;72:=x%2
: {z*4 =8} = {z=28}

Is this a valid triple?
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: {z*4 =8} = {z=28}

s this a valid triple? J

Can we prove it with the
rules that we have?




An example

Fx:i=z*%2;72:=x%2
: {z*4 =8} = {z=28}

s this a valid triple? J

Can we prove it with the X
rules that we have?




An Instance

What is the issue?

Fx:=z*%2;z:=x*%2:{z*4 =8} = {z=8}



An Instance

What is the issue?

Fx:=27z%2:{z*4 =8} = {x*2 =8}

Fz:=x*2:{x*2=8}=> {z=28}
Fx:=z*%2;z:=x*%2:{z*4 =8} = {z=8}




An Instance

What is the issue?

I—x:=z*X{2*4=8} => {x*2 =8}

Fz:=x*2:{x*2=8}=> {z=28}
Fx:=z*%2;z:=x*%2:{z*4 =8} = {z=8}




Rules of Hoare Logic
Consequence
P=5 —C:5=R R=Q
—c: P=0

We can weaken P, I.e. replace it by something that is implied by P.
In this case S.

We can strengthen Q, i.e. replace it by something that implies Q.
In this case R.



An example

Fx:i=z*%2;72:=x%2
: {z*4 =8} = {z=28}

Is this a valid triple?
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An example
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An example

Fx:i=z*%2;72:=x%2
: {z*4 =8} = {z=28}

s this a valid triple? J

Can we prove it with the J
rules that we have?




An Instance

Fx:=z*2{(z*2)*2=8}=> {x*2 =28}
(z%4 =8} > {(z*2)*2 =8}

Fx:=z%2:{z*4=8}=> {x*2=8} Fz:=x*2:{x*2=8}=> {z=28}

Fx:=z*2;z:=x*%2 {z*4 =8} = {7 =8}



Rules of Hoare Logic
If then else

F1f e then c¢1 else ¢y : P=0



Rules of Hoare Logic
If then else

—cC1: P=0 —C2: P=0

F1f e then c¢1 else ¢y : P=0



Rules of Hoare Logic

If then else
—cC1: P=0 —C2: P=0
—1f e then ¢ else c» : P=0

Is this correct?




An example

Fif y=0 then skipelsex:=x+1;x:=x—-1
{x=1}=> {x=1}

Is this a valid triple?
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An example

Fif y=0 then skipelsex:=x+1;x:=x—-1
{x=1}=> {x=1}

s this a valid triple? J

Can we prove it with the J
rules that we have?




An Instance

Fskip:{x=1}=>{x=1} Fx=x+Lx=x—-1:{x=1}={x=1}

Fif y =0 then skipelsex:=x+1;x:=x—1
{x=1}=>{x=1}



Rules of Hoare Logic
If then else
—cC1: P=0 —C2: P=0

F1f e then c¢1 else ¢y : P=0



Rules of Hoare Logic

If then else
—cC1:P=0 —C2: P=0
—1f e then ¢ else c» : P=0

Is this strong enough?




An example

- if false then skip elsex=x+1
{x=0}=>{x=1)}

Is this a valid triple?




An example
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s this a valid triple? J
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An example

- if false then skip elsex=x+1
{x=0}=>{x=1)}

s this a valid triple? J

Can we prove it with the X
rules that we have?




Rules of Hoare Logic
If then else

—1f e then c¢1 else ¢ : P=0



Rules of Hoare Logic
If then else

—ci:e AP = QO

—1f e then c¢1 else ¢ : P=0



Rules of Hoare Logic
If then else

Fci1:e AN P = 0 FCco:—e A P = Q

—1f e then c¢1 else ¢ : P=0



Rules of Hoare Logic
If then else

Fci1:e AN P = 0 FCco:—e A P = Q

—1f e then c¢1 else ¢ : P=0

Is this correct?




Rules of Hoare Logic
If then else

Fci1:e AN P = 0 FCco:—e A P = Q

—1f e then c¢1 else ¢ : P=0

Is this correct?

Homework




An Instance

F skip: {x = 0 A false} = {x =1} Fx:=x+1:{x=0Afalse} = {x =1}

- if false then skipelsex:=x+1:{x=0}=> {x =1}



An Instance

F skip: {x = 0 A false} = {x =1} Fx:=x+1:{x=0Afalse} = {x =1}

- if false then skipelsex:=x+1:{x=0}=> {x =1}

Homework




Rules of Hoare Logic:
Abort

—Abort: 7?=7?




Rules of Hoare Logic:
Abort

—Abort: 7?=7?

What can be a good
specification?




Rules of Hoare Logic:
Abort

—Abort : P=0




Rules of Hoare Logic:
Abort

—Abort : P=0

To show this rule correct we need to show the
validity Abort : P=0 for every P, Q.




Rules of Hoare Logic:
Abort

—Abort : P=0

To show this rule correct we need to show the
validity Abort : P=0 for every P, Q.

For every m such that P (m) and m’ such that
[Abort},=m’” we need Q(m"’).




Rules of Hoare Logic:
Abort

—Abort : P=0

To show this rule correct we need to show the
validity Abort : P=0 for every P, Q.

For every m such that P (m) and m’ such that
[Abort},=m’” we need Q(m"’).

Vacuously True




Rules of Hoare Logic
While

Fwhile e do ¢ : 2?27



Rules of Hoare Logic
While

P = —e

Fwhile e do ¢ ¢ P = P



Rules of Hoare Logic
While

P = e =c ¢+ P = P

Fwhile e do ¢ ¢ P = P



Rules of Hoare Logic
While

Fc : e AN P = P

Fwhile e do ¢ : P = P A —e

T

Invariant




An example

Fwhilex=0dox:=x+1
{x=1}=> {x=1}

How can we derive this?




An example

Fwhilex=0dox:=x+1
{x=1}=> {x=1}

What can be a good Invariant?




An example

Fwhilex=0dox:=x+1
{x=1}=> {x=1}

What can be a good Invariant?

Inv={x=1}



An example

Fwhilex=0dox=x+1:{x=1}=>{x=1}



An example

Fwhilex=0dox=x+1:{x=1}=>{x=1Ax#0} x=1Ax#0=>x=1

Fwhilex=0dox=x+1:{x=1}=>{x=1}



An example

x=1Ax=0=>x+1=1 Fx=x+1:{x+1=1}= {x=1}
Fx=x+1:{x=1Ax=0}=>{x=1}
Fwhilex=0dox=x+1:{x=1}=>{x=1Ax#0} x=1Ax#0=>x=1

Fwhilex=0dox=x+1:{x=1}=>{x=1}



An example

x=1Ax=0=>x+1=1 Fx=x+1:{x+1=1}= {x=1}

I—x:=x+1: x=0}=>

I—whilex=0dox:=x+1:{x=1}=>({x=1)x;é0} x=1Ax#0=>x=1

Fwhilex=0dox=x+1:{x=1}=>{x=1}



Another example

X:=3;

vi=1;

while x > 1 do| : {true} = {y =3}
vy = y+1;
X 1= xX-1;

How can we derive this?




Another example

X:=3;
vi=1;
— |while x > 1 do| :{true} = {y =3}
y = y+1;
X = x-1;

What can be a good Invariant?




Another example

X:=3;
vi=1;
— |while x > 1 do| :{true} = {y =3}

y = y+1;
X 1= xX-1;

What can be a good Invariant?

Inv={y=4—-—xAx2>1}



Another example

Fx:=3;y:=1:{true} => {x=3AN1=1Ay=4—x}



Another example

Fx:=3: {true} = {x = 3} Fy=1:{x=3}=>{x=3Ay=1}

Fx:=3yi=1:{true} > {x=3Ay=1} x=3Ay=1=2x=3Al=1Ay=4—x

Fx:=3;y:=1:{true} => {x=3AN1=1Ay=4—x}



Another example

true =>3=3 Fx:=3:{3=3}= {x =3} x=3=>x=3A1=1 Fy=1:{x=3A1=1}=>{x=3Ay=1}

Fx:=3: {true} = {x = 3} Fy=1:{x=3}=>{x=3Ay=1}

Fx:=3yi=1:{true} > {x=3Ay=1} x=3Ay=1=2x=3Al=1Ay=4—x

Fx:=3;y:=1:{true} => {x=3AN1=1Ay=4—x}



Another example

x=3Ay=1Ay=4—-x=>y=4—-xAx2>1

y+1; {y=d4—xAax>1}=2{y=4—xArx=1} y=4—xAx=1=>y=3
X

— YT dx=3Ay=1Ay=4—-x}=> {y=3)}



Another example

i ly=4d—xAx>21Ax>1}{y=4—-xAx =1}

-

while x > 1 do: {y=4—xAx>1}=2{y=4—xAx>1A"(x> 1)}

I—y : v+1;

X 1= x-1 {[y=4—-xAx21A-x>1D}=>{y=4—-—xAx=1}

x=3Ay=1Ay=4—-x=>y=4—-xAx2>1




Another example

y=4—xAx21Ax>1=2y+1l=4-(x-DAx-12>1
Yl vk l=4—(—DAx—121} > {y=d-xAx> 1}

i ly=4d—xAx>21Ax>1}{y=4—-xAx =1}

-

while x > 1 do: {y=4—xAx>1}=2{y=4—xAx>1A"(x> 1)}

I—y : v+1;

X 1= x-1 {[y=4—-xAx21A-x>1D}=>{y=4—-—xAx=1}

x=3Ay=1Ay=4—-x=>y=4—-xAx2>1




Another example

vy := ytlily+l=4-G-DAx—121}>{y=4-@-DAax—121})
Fx 1= x-1:{y=4-(x-DAx—-121}=>{y=4—-xAx2>1}
y=4—-xAx21Ax>1=>y+1l=4-(x-DAx-12>1

f‘iiiyﬂ +l=4—-(x-DAx—-121}=>{y=4—xAx>1}

i ly=4d—xAx>21Ax>1}{y=4—-xAx =1}

-

while x > 1 do: {y=4—-xAx>1}=2{y=4—xAx>1A=(x>1)}

I—y: y+
X x-

I

{[y=4—-xAx21A-x>1D}=>{y=4—-—xAx=1}

= e

x=3Ay=1Ay=4—-x=>y=4—-xAx2>1

while x > 1 do

I_ y = ytl; {y=d4—-xArx21}=2{y=4—-xAx=1} y=4—-xAx=1=>y=3
X 1= xX-1
while x > 1 do
___ = v+1;
Lo A {x=3Ay=1Ay=4—-x}=>{y =3}




Another example

while x > 1 do

y = y+1;

T truey = (x =3A1=1Ay=4—-x} {x=3Ay=1Ay=4—-x}=>{y=3}
y :=1; X := x-1;
X:=3;
yvi=1;
|- while x > 1 do {true} — {y — 3}
y = y+l;

X = x-1;



How do we know that these
are the right rules?



Soundness

If we canderive -c : P = (Q through
the rules of the logic, then the triple

c : P = O isvalid.



Are the rules we presented
sound?



Completeness

Ifatriple ¢ : P = Q isvalid, then

we canderive —c : P = (O through

the rules of the logic.



Are the rules we presented
complete?



Relative Completeness
P=5 —cCc:5=R R=0

Fc: P=0



Relative Completeness
P=5 —cCc:5=R R=Q
—c: P=0

Ifatriple ¢ : Pre = Post isvalid, and we

have an oracle to derive all the true statements
of the form P=S and of the form R=0Q ,which

we can use in applications of the conseq rule, then
we can derive —Cc : Pre = Post through

the rules of the logic.



