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Abstra
tInferring types for polymorphi
 re
ursive fun
tion de�nitions (abbreviated to polymorphi
 re
ursion)is a re
urring topi
 on the mailing lists of popular typed programming languages. This is despite thefa
t that type inferen
e for polymorphi
 re
ursion using 8-types has been proved unde
idable. Thisreport presents several programming examples involving polymorphi
 re
ursion and determines theirtypability under various type systems, in
luding the Hindley-Milner system, an interse
tion-type system,and extensions of these two. The goal of this report is to show that many of these examples are typableusing a system of interse
tion types as an alternative form of polymorphism. By a

omplishing this, wehope to lay the foundation for future resear
h into a de
idable interse
tion-type inferen
e algorithm.We do not provide a 
omprehensive survey of type systems appropriate for polymorphi
 re
ursion,with or without type annotations inserted in the sour
e language. Rather, we fo
us on examples for whi
htypes may be inferred without type annotations, with an emphasis on systems of interse
tion-types.

1 Introdu
tionBa
kground and MotivationType inferen
e in the presen
e of polymorphi
 re
ursion using 8-types (the familiar \type s
hemes" of SML)is unde
idable [KTU93a, KTU93b, Hen93℄. Attempts to work around this limitation in
lude expli
it typeannotations by the user [JH99℄ and user-tunable iteration limits [Som03℄. However, both of these approa
hesrequire the programmer to be a
tively engaged in the type 
he
king pro
ess, thereby defeating the goal ofautomati
 type inferen
e and transparent type 
he
king. There is also an implementation of SML that allowsthe user to swit
h between the standard type system (whi
h is restri
ted to monomorphi
 re
ursion) and atype system augmented with polymorphi
 re
ursion using 8-types, in an attempt to prove that \hard" exam-ples of polymorphi
 re
ursion do not arise in pra
ti
e [EL98℄. Yet, pra
ti
al examples of programs requiringpolymorphi
 re
ursion 
ontinually appear in dis
ussions on the mailing lists of programming languages su
has SML, Haskell, and OCaml.Contribution of the ReportThis do
ument attempts to lay the foundation for further resear
h into the typability of impli
it polymorphi
re
ursion by dis
ussing several examples whi
h fail to type under the standard type system of SML { also
alled the Hindley-Milner system. The examples are written (mostly) in SML syntax (one example ispresented in Haskell syntax) and are a

ompanied by the 
orresponding error found by the SML/NJ type
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he
ker. A few of the examples are also shown in Haskell syntax with its 
orresponding GHC error messagefor the side purpose of 
omparing the error reporting of the SML/NJ and GHC 
ompilers.We also dis
uss examples whi
h remain untypable using the Hindley-Milner system augmented withpolymorphi
 re
ursion with 8-types { also 
alled the Milner-My
roft system { but are typable using aninterse
tion-type system. These examples support the use of interse
tion types as an alternative to 8-typesto represent polymorphism.In addition, we elu
idate the need for what we 
all \in�nite-width" interse
tion types by examples.However, we do not extend our standard (�nite-width) interse
tion type system in this way, be
ause we donot know a straightforward extension of the standard system and developing one is beyond the s
ope of thisreport. Consequently, we resort to polymorphi
 re
ursion with 8-types for these examples; i.e., we presentexamples whi
h are not typable using our interse
tion-type system, but are with 8-types. An example isalso given whi
h requires both interse
tion types and 8-types. Lastly, we present a polymorphi
 re
ursiveprogram that is not typable with either interse
tion types or 8-types.Organization of the ReportThe paper is organized as follows. First we de�ne the types that we deal with, and then we present therules of several type systems we 
onsider later in the report, starting with the Hindley-Milner system whi
hwe here denote HM; this is done in Se
tion 2. In the remaining se
tions, we introdu
e several simple andnatural examples of polymorphi
 re
ursion to motivate the augmentation of system HM. We develop typesystems that allow polymorphi
 re
ursion using only 8-types (HM8), only interse
tion types (S), and bothuniversal and interse
tion types (S8). Using these systems we show that we 
an 
onstru
t valid typingderivations for most examples. The following 
hart summarizes the typability of the examples developed inthis report with respe
t to the four type systems we de�ne.1 The last 
olumn in the 
hart, with the heading\Minor Alteration", indi
ates whether an example 
an be \easily" altered to make it typable under systemHM. Example HM HM8 S S8 Minor AlterationDouble X X X XMy
roft X X X XSum List X X X XComposition X X X XCompiler Pass X X X XConfusing X X XMatrix Transpose X X XVe
tor Addition X X XColle
t X XBar X XConstru
t List XDelayThe above table is a little misleading in the following respe
t. The table indi
ates that 
ertain examplesare typable in our system of interse
tion types (S) but not in our system of 8-types (HM8). Whereas HM8restri
ts 8-quanti�ers to appear only in the outermost position of type expressions, S imposes no similarrestri
tion on o

urren
es of ^ in type expressions. See Se
tion 8 for further dis
ussion of this matter.1System S is 
alled \S" for la
k of a better name.
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Related WorkFor other examples of polymorphi
 re
ursive programs, spe
i�
ally nested re
ursive data types similar tothe Colle
t example, see Chris Okasaki's book [Oka98℄. Simon Peyton-Jones and Mark Shields have writtena paper des
ribing the approa
h taken by GHC when inferring arbitrary high rank types via expli
it user-de�ned type annotations [JS04℄.Future WorkIn the future we plan to explore the possibility of a de
idable (and hopefully feasible) type inferen
e and
he
king algorithm for a system of interse
tion types under whi
h most, if not all, of the examples in thisreport 
an be typed. We would also like to investigate whether introdu
ing expansion variables, a te
hnologydeveloped in 
onjun
tion with System I, into our interse
tion type system will yield any bene�ts [KW0X℄.A
knowledgmentsJoe Wells was a 
ontinual sour
e of en
ouragement and te
hni
al advi
e. We would also like to thank SimonPeyton-Jones for his valuable feedba
k, parti
ularly with regards to high-rank 8-types.
2 Types and Type SystemsThe syntax of types is spe
i�ed by the following grammar:� 2 Type ::= � j � ! � j � � � j � list j � ^ � j int j bool j : : :� 2 S
heme ::= � j 8�:�Note that we use � as a metavariable ranging over the set Type whi
h 
omprises simple types 
ombined withinterse
tion types, and � as a metavariable ranging over the set S
heme whi
h 
omprises all members of Typeea
h pre
eded by zero or more 8 quanti�ers. In parti
ular, Type is a proper subset of S
heme.We list the four di�erent type systems 
onsidered in the rest of the report. The basi
 type system,HM, is analogous to the type system of SML, Haskell, and OCaml, whi
h allows let-polymorphism and onlymonomorphi
 re
ursion. System HM8 is an extension of system HM that allows polymorphi
 re
ursionwith 8-types, and 8-types in general as long as the 8 quanti�ers are outside all type 
onstru
tors. SystemS allows interse
tion types; S provides polymorphi
 re
ursion via interse
tion types. The last system thatwe develop is 
alled S8. System S8 allows interse
tion types and 8-types together; S8 also requires that 8quanti�ers are kept outside all type 
onstru
tors.We now outline the 
onventions for reading the following tables. We assume there exists a fun
tion, type,from term 
onstants to types, su
h that the type(
) is the type of 
onstant 
. We use � as a 
ontext in ourtyping judgement. � is a sequen
e of bindings between term variables and types. However, we also allow �to a
t as a fun
tion from term variables to types, su
h that �(x) is the type bound to variable x. Lastly,we use the fun
tion FTV from 
ontexts to sets of type variables, su
h that FTV(�) is the set of free typevariables that o

ur in 
ontext �. First we de�ne system HM.
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System HM Typing Rules: (all types are ^-free)type(
) = �� ` 
 : � (8-Const) (� 
losed)�(x) = �� ` x : � (8-Var)�; x : � `M : � 0� ` fn x => M : � ! � 0 (Abs) � `M : � ! � 0 � ` N : �� `MN : � 0 (App)� `M : � �; x : � ` N : �� ` let x =M in N end : � (8-Let)�; x1 : �1; : : : ; xn : �n ` N : � �; x1 : �1; : : : ; xn : �n `Mp : �p� ` let val re
 x1 =M1 and : : : and xn =Mn in N end : � (Re
) (1 � p � n)� `M : �� `M : 8�:� (Gen) (� 62 FTV(�)) � `M : 8�:�� `M : �[� := � ℄ (Inst)� `M1 : �1 � `M2 : �2� ` (M1;M2) : �1 � �2 (�) � `M : �1 � �2� ` fst(M) : �1 (Fst) � `M : �1 � �2� ` snd(M) : �2 (Snd)� `M1 : bool � `M2 : � � `M3 : �� ` if M1 then M2 else M3 : � (If)
To de�ne system HM8 we simply augment HM with the rule (8-Re
).System HM8 Typing Rules: (all types are ^-free)All the typing rules of system HM are typing rules of system HM8 in addition to the following.�; x1 : �1; : : : ; xn : �n ` N : � �; x1 : �1; : : : ; xn : �n `Mp : �p� ` let val re
 x1 =M1 and : : : and xn =Mn in N end : � (8-Re
) (1 � p � n)Note that we allow both rules (8-Re
) and (Re
) to 
o-exist within system HM8. This is a

eptable be
ause(Re
) is simply a spe
ial 
ase of (8-Re
). System S uses only interse
tion types.
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System S Typing Rules: (all types are 8-free)type(
) = �� ` 
 : � (^-Const) (� 
losed)�(x) = �� ` x : � (^-Var)�; x : � `M : � 0� ` fn x => M : � ! � 0 (Abs) � `M : � ! � 0 � ` N : �� `MN : � 0 (App)
� `M : � 0 �; x : � 0 ` N : �� ` let x = M in N end : � (^-Let)�; x1 : �1; : : : ; xn : �n ` N : � �; x1 : �1; : : : ; xn : �n `Mp : �p� ` let val re
 x1 = M1 and : : : and xn =Mn in N end : � (^-Re
) (1 � p � n)� `M1 : �1 � `M2 : �2� ` (M1;M2) : �1 � �2 (�) � `M : �1 � �2� ` fst(M) : �1 (Fst) � `M : �1 � �2� ` snd(M) : �2 (Snd)� `M : �i i 2 I� `M : ^i2I �i (^) (size(I) � 2), (size(I) is �nite)� `M : � � � � 0� `M : � 0 (Sub)
� � � (S-Re
) �1 � �2 �2 � �3�1 � �3 (S-Trans)�1 � � 01 � 02 � �2� 01 ! � 02 � �1 ! �2 (S-Fun) � 01 � �1 � 02 � �2� 01 � � 02 � �1 � �2 (S-Pair) �i � � 0i i 2 I I � J^i2J �i � ^i2I � 0i (S-^)

This system has been proved sound. The proof 
an be found in appendix B. Lastly, we de�ne system S8.
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System S8 Typing Rules:All the typing rules of system S are typing rules of system S8 in addition to the following.type(
) = �� ` 
 : � (8-Const) (� 
losed)�(x) = �� ` x : � (8-Var)� `M : � �; x : � ` N : �� ` let x =M in N end : � (8-Let)�; x1 : �1; : : : ; xn : �n ` N : � �; x1 : �1; : : : ; xn : �n `Mp : �p� ` let val re
 x1 = M1 and : : : and xn =Mn in N end : � (8-Re
) (1 � p � n)� `M : �� `M : 8�:� (Gen) (� 62 FTV(�)) � `M : 8�:�� `M : �[� := � ℄ (Inst)Note that (^-Const), (^-Var), (^-Let), and (^-Re
) in system S are spe
ial 
ases of (8-Const), (8-Var), (8-Let),and (8-Re
) in system S8.
3 Typable in HM8 and S3.1 Double3.1.1 Double - CoupledThe following is a simple example that exposes the untypability of polymorphi
 re
ursion in SML.let val re
 double = fn f => fn y => f (f y)and foo = fn v => double (fn x => x + 1) vand goo = fn w => double Math.sqrt win (foo 3, goo 16.0) endSML Type Che
ker Reports:Error: operator and operand don't agree [literal℄operator domain: real -> realoperand: int -> intin expression:double (fn x => x + 1)The de�nitions of double, foo, and goo are mutually re
ursive. Therefore the 
alls to double within thede�nition of foo and goo are re
ursive 
alls. Hen
e, the Hindley-Milner typing derivation breaks down withthe realization that ea
h of these re
ursive 
alls is on an argument of a di�erent type.
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This example is not typable under system HM. However, we 
an use either HM8 or S to type it. UsingHM8 we 
an write a typing derivation for this example, where the �nal types assigned are:double : 8�:(�! �)! �! �foo : int! intgoo : real! real:Using S we 
an also type this example. If double is given the following interse
tion type:((int! int)! int! int) ^ ((real! real)! real! real)then the 
all to double within the body of foo would be able to utilize the �rst 
omponent of the interse
tiontype and the 
all to double within the body of goo would be able to use the se
ond 
omponent. We holdo� on a typing derivation in S until the next, more 
ompli
ated, example.3.1.2 An Aside: SML/NJ vs. GHCAs an aside we translate a 
ouple of the examples in this report into Haskell syntax and 
ompare theSML/NJ error messages with the GHC error messages (whi
h uses Algorithm M in 
ontrast to AlgorithmW of SML/NJ - for more dis
ussion see [HW03a℄). We 
hoose to translate only those examples whi
h willyield an interesting and di�erent error message. Most of the following examples, when translated, o�er errormessages that are very similar to the SML/NJ error messages, but di�er o

asionally in the program lo
ationwhi
h the 
ompiler targets as problemati
. This example, when translated, is no di�erent.intFun
 :: Int -> IntintFun
 x = x + 1doubleFun
 :: Double -> DoubledoubleFun
 x = sqrt xmyPair = let (double, foo, goo) = (\f -> \y -> f (f y),\v -> double intFun
 v,\w -> double doubleFun
 w)in (foo 3, goo 16.0)GHC Type Che
ker Reports:Couldn't mat
h `Double' against `Int'Expe
ted type: Int -> IntInferred type: Double -> DoubleIn the first argument of `double', namely `doubleFun
'In a lambda abstra
tion: \ w -> double doubleFun
 wBoth the SML/NJ and the GHC 
ompiler dete
t the same error but SML/NJ assigns the type:double : (real! real)! real! real;
7



while GHC assigns the type: double : (int! int)! int! int:Although this di�eren
e is not enormous, it does show an operational disparity between the two 
ompilers.3.1.3 Double - Un
oupledThe problem exhibited in the double example above 
an be alleviated by a te
hnique that we 
all \un
ou-pling". Namely, we make use of the Hindley-Milner let-polymorphism by removing double from the mutualre
ursive de�nition and de�ning it in an outer let.let val double = fn f => fn y => f (f y)in let val re
 foo = fn v => double (fn x => x + 1) vand goo = fn w => double Math.sqrt win (foo 3, goo 16.0) endendSML Type Che
ker Reports:No Errors3.2 My
roft3.2.1 My
roft - CoupledThe following is the 
anoni
al example of polymorphi
 re
ursion as dis
overed by Alan My
roft [My
84℄.let val re
 myMap = fn f => fn l => if (null l)then lelse 
ons (f(hd l)) (myMap f (tl l))and sqList = fn l => myMap (fn (x:int) => x * x) land 
ompList = fn l => myMap not lin (sqList [2,4℄, 
ompList [true,false℄) endSML Type Che
ker Reports:Error: operator and operand don't agree [ty
on mismat
h℄operator domain: bool -> booloperand: int -> intin expression:myMap (fn x : int => x * x)As before, we have three mutually re
ursive fun
tion de�nitions and two re
ursive 
alls with arguments ofdi�erent types. This example, though untypable in system HM, 
an be typed in a system of polymorphi
re
ursion with 8-types or interse
tion types. To witness this either system must be able to handle lists.For the purposes of brevity we will 
onsider hd, tl, 
ons, and nil to all be primitive 
onstants within ourlanguage. With these 
onstants we will be able to handle expressions with list types. Also, we note that theexpressions [1,2℄ and [true, false℄ are simply synta
ti
 sugar for8




ons 1 (
ons 2 nil) and 
ons true (
ons false nil) respe
tively. We are now able to assign thefollowing types under HM8: myMap : 8�:8�:(�! �)! � list! � listsqList : int list! int list
ompList : bool list! bool list:With S we 
an assign the following rank-1 types:myMap : ((int! int)! int list! int list) ^ ((bool! bool)! bool list! bool list)sqList : int list! int list
ompList : bool list! bool list:In both systems the �nal type assigned to My
roft's example is:int list� bool list:For the full typing derivation under S see appendix A.3.2.2 My
roft - Un
oupledAs before, un
oupling is possible. This is shown in a slightly di�erent form below.let val re
 myMap = fn f => fn l => if (null l)then lelse 
ons (f(hd l)) (myMap f (tl l))val re
 sqList = fn l => myMap (fn x => x * x) land 
ompList = fn l => myMap not lin (sqList [2,4℄, 
ompList [true,false℄) endSML Type Che
ker Reports:No Errors3.3 Sum ListThe example below �nds the sum of the elements of a list, but also applied the polymorphi
 identity fun
tionto ea
h element and sublist in the pro
ess. The idea here is that we may want to re
ord some informationabout ea
h element and its 
orresponding sublist (possibly via side e�e
ts).let val re
 id = fn x => xand sumList = fn l => if (null l)then 0else (id (hd l)) + (sumList (id (tl l)))in sumList [1,2,3℄ endSML Type Che
ker Reports:
9



Error: operator and operand don't agree [
ir
ularity℄operator domain: 'Zoperand: 'Z listin expression:id (tl l)Using HM8 we assign the following types: id : 8�:�! �sumList : int list! int:Using S we assign the following types: id : (int! int) ^ (int list! int list)sumList : int list! int:The �nal type assigned to this example is: int. This example 
an be un
oupled in the same way as theprevious two examples. A natural question at this point would be to ask why id needs to be de�nedmutually re
ursive to sumList. To avoid su
h a question we 
ould pass id as an argument to sumList andthen motivate this move by demonstrating a need to pass two di�erent fun
tions to sumList. We show thisfor the Matrix Transpose example so we do not show it here.3.4 Isomorphi
 CompositionsThis example uses the 
omposition fun
tion as the polymorphi
 re
ursive fun
tion. The order of two 
om-posed fun
tions are swit
hed and applied to di�erent arguments. The results of both appli
ations are then
ompared.let val 
reateList = fn x => [x℄val removeList = fn l => hd lval re
 
omp = fn f => fn g => f o gand appComp = fn v1 => fn v2 =>(
omp removeList 
reateList v1) = hd (
omp 
reateList removeList v2)in appComp 5 [5℄ endSML Type Che
ker Reports:Error: operator and operand don't agree [
ir
ularity℄operator domain: 'Z list -> 'Zoperand: 'Z list -> 'Z list listin expression:
omp 
reateListUsing HM8 we assign the following types:
reateList : int! int listremoveList : int list! int
omp : 8�:8�:8�:(� ! �)! (�! �)! �! �appComp : int! int list! bool:
10



Using S we assign the following types:
reateList : int! int listremoveList : int list! int
omp : ((int! int list)! (int list! int)! int list! int list) ^((int list! int)! (int! int list)! int! int)appComp : int! int list! bool:In both systems the �nal type assigned to this example is: bool. This example 
an also be un
oupled.3.5 Compiler PassThis example is very similar to the previous examples and is due to Simon Peyton Jones [Jon93, Jon94℄,who states that this is a program that he \really wanted to write". The author was writing a 
ompiler passwhi
h made use of two data types and three fun
tions written in 
ontinuation passing style. It is presentedin Haskell syntax.data Exp = Let Bind Expdata Bind = MkBind String ExpdoBinds (b:bs) = doBindAndS
ope b (\b' -> b' : doBinds bs)doExp (Let b e) = doBindAndS
ope b (\b' -> Let b' (doExp e))doBindAndS
ope (MkBind s e) 
ont = 
ont (MkBind s (doExp e))GHC Type Che
ker Reports:Couldn't mat
h `[Bind℄' against `Exp'Expe
ted type: [Bind℄Inferred type: ExpIn the appli
ation `doBinds bs'In the se
ond argument of `(:)', namely `doBinds bs'The trouble with this program is that doExp and doBindAndS
ope are de�ned mutually re
ursive to oneanother. This means that the 
all to doBindAndS
ope is a re
ursive 
all and 
an not be polymorphi
.However, doBinds and doExp ea
h 
all doBindAndS
ope with arguments of di�erent types. The authorgoes on to des
ribe a way to alleviate this problem by en
apsulating the polymorphism inside a data typestru
ture and adding 
onstru
tors to the arguments of doBindAndS
ope. However, he points out that this�x is not only \obs
ure", but also \ineÆ
ient at runtime".This example 
an be typed by either HM8 or S. Under system HM8 we 
an assign the following types:doBinds : Bind list! Bind listdoExp : Exp! ExpdoBindAndS
ope : 8�:Bind! (Bind! �)! �:
11



Under system S we 
an assign these types:doBinds : Bind list! Bind listdoExp : Exp! ExpdoBindAndS
ope : (Bind! (Bind! Bind list)! Bind list) ^ (Bind! (Bind! Exp)! Exp):Besides the method for alleviating this example already dis
ussed, we 
an un
ouple this program in theusual way.3.6 Confusing3.6.1 Confusing - UnalleviatedThe following example is not very intuitive but serves a purpose.let val re
 f = fn n => fn x => fn y => if x > y orelse n = 0then nelse if n >= 100then if n < 200then nelse f (n div 2) (x * y) yelse if x < ythen f (n*n) 0.03 1.0else f (n*n) 1 1in f 3 5 6 endSML Type Che
ker Reports:Error: operator and operand don't agree [literal℄operator domain: realoperand: intin expression:(f (n * n)) 1Error: operator and operand don't agree [literal℄operator domain: realoperand: intin expression:(f 3) 5This example requires the se
ond and third arguments of f to be of types int and real. The examplemakes use of the overloaded operators <, >, and * whi
h are de�ned for both these types. Noti
e that if wegive f the appropriate type then this example is well-typed within both HM8 and S.Under HM8 we assign the following type:f : 8�:int! �! �! int:
12



Under S we assign the following type:f : (int! int! int! int) ^ (int! real! real! int):In both systems, the �nal type assigned to the example is: int.This example di�ers from all the previous examples. The pre
eding examples all make use of a poly-morphi
 fun
tion that is de�ned mutually re
ursive to another fun
tion. The polymorphi
 fun
tion is thenused twi
e on arguments of di�erent types. This example is designed to show that it is possible to de�ne apolymorphi
 re
ursive fun
tion that is inherently so, without the aid of an external polymorphi
 fun
tion.As a result, this example is diÆ
ult to alleviate. In the next se
tions we will see other polymorphi
 re
ursivefun
tions that share this same property but are impossible to type without extensions to HM8 and S.3.6.2 An Aside: SML/NJ vs. GHCIt is worth noting that when translated into Haskell syntax this example 
an be typed by the GHC 
ompiler.The reason for this is that the GHC 
ompiler 
onverts the integers in this example to doubles and assignsthe following type: f : double! double! double! double:3.6.3 Confusing - AlleviatedWe 
an alleviate this example by dupli
ation. Consider the following program.let val re
 f1 = fn n => fn x => fn y => if x > y orelse n = 0then nelse if n >= 100then if n < 200then nelse f1 (n div 2) (x * y) yelse if x < ythen f2 (n*n) 0.03 1.0else f1 (n*n) 1 1and f2 = fn n => fn x => fn y => if x > y orelse n = 0then nelse if n >= 100then if n < 200then nelse f2 (n div 2) (x * y) yelse if x < ythen f2 (n*n) 0.03 1.0else f1 (n*n) 1 1in f1 3 5 6 endThis program is now typable under HM. We 
an assign the following types:f1 : int! int! int! intf2 : int! real! real! int:
13



However, alleviating the example in this way di�ers from all the previous attempts in that we must dupli-
ate the entire program. Sin
e dupli
ation defeats the purpose of polymorphism this alteration 
annot bere
ommended.
4 Typable in S Only4.1 Matrix Transpose4.1.1 Matrix Transpose - UnalleviatedThis examples shows a 
on
ise and elegant formulation of the matrix transpose operation.let val map1 = mapval re
 map2 = fn f => fn l => if (null l)then nilelse if (null (hd l))then nilelse 
ons (f hd l) (map2 f (f tl l))in map2 map1 [[1,2℄,[3,4℄℄ endSML Type Che
ker Reports:Error: operator and operand don't agree [
ir
ularity℄operator domain: 'Z list -> 'Zoperand: 'Z list -> 'Z listin expression:f tlThis example, unlike the previous examples, 
annot be typed by polymorphi
 re
ursion with 8-types.The problem arises when trying to type the �rst argument to map2, f. To see this, we need only look at theelse-bran
h of the nested if-expression.Noti
e that from 
ons (f hd l) (map2 f (f tl l)) the type of the �rst o

urren
e of f must be ofthe form: f : (� list! �)! � list list! � list:Yet, the se
ond o

urren
e of f requires the form:f : (� list! � list)! � list list! � list list:Thus, f must have a polymorphi
 type. However, sin
e we restri
t 8-quanti�ers to be only on the outer mostportion of the type, a 8-type for map2 is impossible.Fortunately, using S we are able to assign this example a rank-2 type:map1 : ((int list! int)! int list list! int list) ^ ((int list! int list)! int list list! int list list)map2 : (((int list! int)! int list list! int list) ^ ((int list! int list)! int list list! int list list))! int list list! int list list:
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The �nal type assigned to this example is: int list list.An obje
tion made in a preliminary presentation of this work is that this example (Matrix Transpose) andthe next (Ve
tor Addition) are not 
ases of truly polymorphi
 re
ursive fun
tions, be
ause the polymorphismis not at the outermost position of the type expression, as in the previous examples. However, su
h a de�nitionof polymorphi
 re
ursion is arguably too restri
tive, as it disallows fun
tion types whose argument type (i.e.,expressions to the left of the arrow 
onstru
tor) are polymorphi
.4.1.2 Matrix Transpose - AlleviatedSimilar to the previous example, un
oupling is impossible. However, we 
an side-step this dilemma withanother 
rafty tri
k.let val map1 = mapval re
 map2 = fn f1 => fn f2 => fn l =>if (null l)then nilelse if (null (hd l))then nilelse 
ons (f1 hd l) (map2 f1 f2 (f2 tl l))in map2 map1 map1 [[1,2℄,[3,4℄℄ endSML Type Che
ker Reports:No ErrorsBy simply passing the map2 fun
tion two di�erent map1 fun
tions so that ea
h one is used with only onetype, our example be
omes typable. Although, this te
hnique yields a well-typed program the pro
ess fortransforming untypable polymorphi
 re
ursive programs has be
ome ad-ho
. No longer, 
an the programmeruse a simple un
oupling s
heme. Instead, the programmer must 
ome up with, possibly very 
omplex, �xesfor ea
h 
ir
umstan
e. A better programming language would not require these e�orts from the programmer,but rather allow the program to be typed as the programmer wrote it. With this as our goal we reje
t thealleviated example as our ultimate solution and determine to type the original, unalleviated example.As an alternative alleviation, one 
ould simply remove the �rst argument, f, of map2 and repla
e ea
hf in the body of map2 with the standard map fun
tion. However, there may be 
ases where passing map1as an argument is advantageous. For example, 
onsider the following. Suppose that given a matrix M , onewishes to 
ompare the transpose of M with the transpose of �M , where �M is de�ned as follows: if �mij is anelement (i; j) of �M then �mij = mij + i where mij is an element (i; j) of M . Then we 
an 
ompute the pair(MT; �MT) as follows.let val map1 = fn f => fn l => map f (map (map (fn x => x+1)) l)val re
 map2 = fn f => fn l =>if (null l)then nilelse if (null (hd l))then nilelse 
ons (f hd l) (map2 f (f tl l))15



in (map2 map [[1,2℄,[3,4℄℄, map2 map1 [[1,2℄,[3,4℄℄) endOtherwise, the programmer would have to 
ompute the transpose of M and separately 
ompute �MT fromMT. A program that was implemented in this way would require signi�
ant 
ode dupli
ation.4.2 Ve
tor AdditionThis example 
omputes the addition of equal-length ve
tors represented as list.let val addList = fn l => foldr (op +) 0 lval re
 addVe
s = fn f => fn l => if (null (hd l))then nilelse 
ons (addList (f hd l)) (addVe
s f (f tl l))in addVe
s map [[1,2,3℄,[4,5,6℄℄ endSML Type Che
ker Reports:Error: operator and operand don't agree [
ir
ularity℄operator domain: 'Z list -> 'Zoperand: 'Z list -> 'Z listin expression:f tlThis example is very similar to the Matrix Transpose example. Just has before, the f argument ofaddVe
s requires a polymorphi
 type. However, sin
e we disallow 8-quanti�
ation within a fun
tion type,system HM8 is not suÆ
ient to type addVe
s.Again using S we are able to assign this example a rank-2 type:addList : int list! intaddVe
s : (((int list! int)! int list list! int list) ^ ((int list! int list)! int list list! int list list))! int list list! int list:The �nal type assigned to this example is: int list.And again, we 
an alleviate this example using the alternative te
hniques to un
oupling des
ribed forthe Matrix Transpose example alleviation.
5 Typable in HM8 Only5.1 Colle
tThis example from the ML mailing list was already dis
ussed by Trevor Jim [Jim96℄. This fun
tion 
olle
tsall the data from the de�ned data type and stores them in a list.datatype 'a T = EMPTY| NODE of 'a * ('a T) Tlet val re
 
olle
t = fn t => 
ase t of 16



EMPTY = nil| NODE(n,t) = 
ons n (flatmap 
olle
t (
olle
t t))in 
olle
t EMPTY endSML Type Che
ker Reports:Error: operator and operand don't agree [
ir
ularity℄operator domain: 'Z Toperand: 'Z T Tin expression:
olle
t tHere flatmap is a fun
tion similar to the map fun
tion. The type of flatmap is:flatmap : (�! � list)! � list! � list:Obviously this example is not typable in HM, however, using system HM8 we 
an give this example thefollowing types: flatmap : 8�:8�:(�! � list)! � list! � list
olle
t : 8�:� T! � list:Under system S this example is not typable. To see why let's try to assign 
olle
t the followingreasonable type: 
olle
t : � T! � list:We have no trouble deriving this type for the Empty-bran
h of the 
ase-expression. However, from theprogram fragment: 
olle
t t, of the Node-bran
h, 
olle
t must have the following type:
olle
t : � T T! � T list;sin
e t has the following type: t : � T T:Therefore 
olle
t must have a polymorphi
 type. Unfortunately, using interse
tion types, it is not possibleto assign the type: 
olle
t : (� T! � list) ^ (� T T! � T list);be
ause when deriving the type � T T! � T list for 
olle
t we will require:
olle
t : � T T T! � T T list:This 
y
li
 dilemma will 
ontinue inde�nitely.If we were to extend system S with in�nite width interse
tion types su
h as the following:
olle
t : ^i2N �i+1 ! �i list;where 17



�i = (� if i = 0;�i�1T otherwise;then we 
ould derive a typing derivation for this example. However, we sin
e we do not know how to deal within�nite width interse
tion types we reje
t this idea and resort to system HM8 and polymorphi
 re
ursionwith 8-types.Un
oupling this examples is impossible.5.2 BARThis example is a bit 
ontrived but displays an interesting form of polymorphi
 re
ursion that is impossibleto alleviate by un
oupling. Assuming the se
ond argument to BAR is the f de�ned in the example, BAR 
anbe understood by the following mathemati
al formula:BAR x (�x:x� 2) Z = Z � 22# of re
ursive 
alls = Z � 22log2(4=x) :Below we show the example program.let val r = fn i => i >= 4val f = fn i => i * 2val a = 5val re
 BAR = fn x => fn F => fn Z => if r xthen F Zelse BAR (f x) (fn v => fn w => v (v w)) F Zin BAR 1 f a endSML Type Che
ker Reports:Error: right-hand-side of 
lause doesn't agree with fun
tion result type [
ir
ularity℄expression: (('Z -> 'Z) -> 'Z -> 'Z) -> ('Z -> 'Z) -> 'Z -> 'Zresult type: (('Z -> 'Z) -> 'Z -> 'Z)-> (('Z -> 'Z) -> 'Z -> 'Z) -> ('Z -> 'Z) -> 'Z -> 'Zin de
laration:BAR = (fn x => (fn <pat> => <exp>))Error: operator and operand don't agree [literal℄operator domain: ('Z -> 'Z) -> 'Z -> 'Zoperand: int -> intin expression:(BAR 1) fThis example, mu
h like the previous, requires an in�nite width interse
tion type. To see why, observethat both sides of the if-expression in the body of BAR are required to of the same type by the rule (If).Assume, without a loss of generality, that the arguments to BAR have the following types:x : intF : int! intZ : int:
18



then the then-bran
h has type: int. As a result, BAR must have the following type:BAR : int! (int! int)! int! int:Also as a result, the else-bran
h must have type: int. If this is to o

ur then the result of BAR applied to itsthree arguments in the else-bran
h must be type: int ! int. This 
an only happen if the o

urren
e of BARwithin the else-bran
h has the following type:BAR : int! ((int! int)! (int! int))! (int! int)! (int! int):Just as we saw in the last example this issue 
an be resolved if we give BAR the type:BAR :(int! (int! int)! int! int) ^(int! ((int! int)! (int! int))! (int! int)! (int! int)):However, now the rule (^) requires us to type BAR as both 
omponents of the above interse
tion. Typing itas the se
ond 
omponent will require us to expand the type of BAR even more. This 
y
le makes an in�niteinterse
tion type for BAR imperative.We will now show su
h an in�nite interse
tion type. Consider the following type:�i = (� if i = 0;�i�1 ! �i�1 otherwise:We 
an use this to de�ne an in�nite interse
tion type for BAR as follows:BAR : ^i2N int! �i+1 ! �i ! �i:However, for the same reasons as before we 
hoose to use 8-types for this example. Under HM8 weassign the following type: BAR : 8�:int! (�! �)! �! �:The �nal type assigned to this example is: int.
6 Typable in S8 Only6.1 Constru
t ListThe following example presents a fun
tion, 
onstList, that takes an input x and a number n. 
onstListthen 
onstru
ts a list of 22n elements, all equal to x. Here is the program.let val re
 
onstList = fn x => fn n =>if (n = 0) then [x,x℄else 
ons x (tl (
on
at (
onstList (
onstList x (n-1)) (n-1))))val applyCL = fn l1 => fn l2 => fn f => ((
onstList l1 (f l1)), (
onstList l2 (f l2)))in applyCL [1,2,3℄ [true,false,true℄ length endSML Type Che
ker Reports:
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Error: operator and operand don't agree [
ir
ularity℄operator domain: 'Z list list * 'Z list list listoperand: 'Z list list * 'Z listin expression:x :: tl (
on
at ((
onstList <exp>) (<exp> - <exp>)))Error: operator and operand don't agree [literal℄operator domain: _ list listoperand: int listin expression:applyCL (1 :: 2 :: 3 :: nil)The above program is 
omposed of one main fun
tion (
onstList), and one auxillary fun
tion (applyCL).The applyCM fun
tion makes two 
alls to 
onstList (one for ea
h input list) after applying an input fun
tionto ea
h input list.
onstList is a simple formulation of a fun
tion that 
onstru
ts a list of the length des
ribed abovewithout the use of arithmeti
al operations to expli
itly 
al
ulate 22n . Noti
e that a more 
on
ise formulationis not immediately evident.This example is unique in that it requires both 8-types and interse
tion types. The need for 8-typesstems from the 
lause:
onstList (
onstList x (n-1)) (n-1)This statement requires that the result of 
onstList be the same type as the �rst argument to 
onstList.Suppose the �rst argument to 
onstList is of type �. We also know that the return type of 
onstListmust be of type � list from the then-bran
h of the 
onditional. If we try to assign 
onstList the type:(�! int! � list) ^ (� list! int! � list list) then we run into the same 
y
li
 dilemma that was des
ribedin the Colle
t example. Therefore the type of 
onstList must be: 8�:� ! int ! � list (in�nite widthinterse
tion types are another option but, again, we 
hoose 8-types). Note that this example uses the sameme
hanism to require 8-types as the Colle
t example. Yet, this example does not involve a re
ursive datatype as the Colle
t example does. Instead this example uses only lists.The need for interse
tion types arises when we inspe
t applyCL. Noti
e that we would like f to be apolymorphi
 argument to applyCL (this be
ause we apply applyCL to two lists of di�erent types). Sin
e fis an argument it is impossible assign it a 8-type sin
e we have restri
ted our 8-types su
h that quanti�ersare not allowed inside a type. Therefore our only option is to assign f an interse
tion type.Under S8 the following types 
an be assigned:
onstMatrix : 8�:�! int! � listapplyCL : int list! bool list! ((int list! int list) ^ (bool list! bool list))! (int list list� bool list list)
Un
oupling is not immediately evident for this example due to the fragment of the 
onstList fun
tionthat requires a 8-type.
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6.1.1 An Aside: SML/NJ vs. GHCWe now return to our 
omparison of SML/NJ and GHC error reporting. The BAR example, this example,and the following example (Delay) all demonstrate a di�eren
e between the error reporting of the two
ompilers that we have not yet seen. Here we show the Haskell translation and GHC error message of thisexample.
onstList x 0 = [x,x℄
onstList x n = (x:(tail (
on
at (
onstList (
onstList x (n-1)) (n-1)))))applyCL l1 l2 f = ((
onstList l1 (f l1)), (
onstList l2 (f l2)))GHC Type Che
ker Reports:O

urs 
he
k: 
annot 
onstru
t the infinite type: a = [a℄Expe
ted type: [[a℄℄Inferred type: [a℄In the appli
ation `
onstList (
onstList x (n - 1)) (n - 1)'In the first argument of `
on
at', namely`(
onstList (
onstList x (n - 1)) (n - 1))'Noti
e that the error message reported by GHC 
onsists of only one message while SML/NJ reports twomessages. This suggests that GHC may get to the heart of the error while SML/NJ reports numeroussuper
uous messages. On the other hand, perhaps SML/NJ error reporting is more pre
ise, exposing everyrelevant error lo
ation. Sin
e this is not the main obje
tive of this report we leave this issue for futureinquiry. However, the interested reader is advised to see [HW03a℄ for more dis
ussion.
7 Untypable7.1 Delay EvaluationThe following example shows some of the limitations of polymorphi
 re
ursion using interse
tion types and8-types.let val delay = fn x => fn () => xval re
 nDelays = fn n => fn x => if n=0then xelse nDelays (n-1) (delay x)in nDelays 3 (fn x => x + 1) endSML Type Che
ker Reports:Error: right-hand-side of 
lause doesn't agree with fun
tion result type [
ir
ularity℄expression: 'Z -> 'Zresult type: (unit -> 'Z) -> 'Zin de
laration:nDelays = (fn n => (fn <pat> => <exp>))
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Error: operator and operand don't agree [literal℄operator domain: unit -> 'Zoperand: int -> intin expression:(nDelays 3) (fn x => x + 1)Polymorphi
 re
ursion with 8-types is not powerful enough to type this example. To see why there is no8-type let us inspe
t the example. First, it is easy to see that the type of delay is:delay : 8�:�! unit! �:It is apparent that n has type int. Suppose next, that we give x type �. From the then-bran
h we see thatthe return type of the fun
tion must be of type �. So far we have assigned nDelays the following type:nDelays : 8�:int! �! �:Next, a

ording to the rule (If), we will make sure that the else-bran
h also has type �. This is where theproblem manifests. The �rst argument to nDelays, n-1, 
learly has type int. However, the se
ond argumentto nDelays, delay x, has type unit! � whi
h, a

ording to the type previously assigned to nDelays, meansthe else-bran
h has type unit ! �.Polymorphi
 re
ursion with interse
tion types is also not suÆ
ient to type this example. To see why,�rst observe that to type:fn n => fn x => if n=0then xelse nDelays (n-1) (delay x),we require x to have an interse
tion type. In the then-bran
h, x must have the same type as the result ofnDelays whi
h we will 
all � . In the else-bran
h, we require x to have a type with stri
tly fewer units than �has, sin
e the 
all to delay will add one unit and nDelays does not a

ept arguments with a greater numberof units than its return type. Therefore by assigning the following type to x:x : � ^ (unit! �);we are able to derive the same type in both bran
hes of the if-expression.However, this presents a di�erent problem. In order to type:nDelays 3 (fn x => x + 1),we require nDelays to have the type: int! (int! int)! �:but as a result of the subtyping relation rules, this type is not attainable if we require the se
ond argumentof nDelays to have an interse
tion type. We 
an see this from the following failed subtype derivation (wherethe boxed judgement is the failure point).
22



int � int (S-Re
) int! int � ((int! int) ^ : : : ) � � � (S-Re
)((int! int) ^ : : : )! � � (int! int)! � (S-Fun)int! (((int! int) ^ : : : )! �) � int! ((int! int)! �) (S-Fun)
Therefore we 
annot derive an interse
tion type for this example using our system.
8 High-Order 8-PolymorphismIn this se
tion we des
ribe the di�eren
e between our 
onstru
tion of S and HM8. We have 
hosen todisallow 8-quanti�ers anywhere inside a type. However, we allow ^ to o

ur freely inside a type. At �rstglan
e, these 
hoi
es may seem biased toward the interse
tion type system. The rationalization behind these
hoi
es was a de
ision to investigate the typability of programs for whi
h there is a known type inferen
ealgorithm that does not rely on any type annotations. It is known how to infer types for high-rank uses ofinterse
tion types [KW0X℄, but this is not the 
ase for high-rank uses of 8-types. This being said, if we wereto 
onsider a system of 8-types that allowed arbitrary rank uses of 8-types, then under this system we 
ouldtype every example in this report that S types.
9 Con
lusionIn summary, we have shown several examples of programs that require polymorphi
 re
ursion. Ea
h programis not typable in the traditional Hindley-Milner system (HM). Some of the examples require ^-types andothers require 8-types. Still others are not typable even with a 
ombination of the two. We have seen thatan interse
tion type system (S) 
an type many of our examples in
luding My
roft's example. To the best ofour knowledge System S is the �rst type system that has been able to a
hieve this. Therefore, although a�nite width interse
tion type system is not able to type all possible polymorphi
 re
ursive programs, it 
antype a signi�
ant subset with the possibility of de
idable type inferen
e.
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A My
roft Typing Derivation in System SSuppose we have the following types:�int = int! int�bool = bool! bool�int list = int list! int list�bool list = bool list! bool list�� = int list� bool list�^ = (�int ! �int list) ^ (�bool ! �bool list):Also suppose we have the following 
ontext:� = myMap : �^; sqList : �int list; 
ompList : �bool list:Finally, suppose we have the following terms:M = fn f => fn l => if(null l) then l else 
ons (f (hd l)) (myMap f (tl l))S = fn l => myMap (fn x => x � x) lC = fn l => myMap not lE = (sqList (
ons 2 (
ons 4 nil)); 
ompList (
ons true (
ons false nil))):
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Then we have the following typing derivation:98: �bool ! �bool list � �bool ! �bool list (S-Re
)97: �^ � �bool ! �bool list (S-^) from 9896: �; f : �bool; l : bool list ` myMap : �^ (^-Var)95: �; f : �bool; l : bool list ` l : bool list (^-Var)94: �; f : �bool; l : bool list ` hd : bool list! bool (^-Const)93: �int ! �int list � �int ! �int list (S-Re
)92: �^ � �int ! �int list (S-^) from 9391: �; f : �int; l : int list ` myMap : �^ (^-Var)90: �; f : �int; l : int list ` l : int list (^-Var)89: �; f : �int; l : int list ` hd : int list! int (^-Const)88: �; f : �bool; l : bool list ` l : bool list (^-Var)87: �; f : �bool; l : bool list ` tl : �bool list (^-Const)86: �; f : �bool; l : bool list ` f : �bool (^-Var)85: �; f : �bool; l : bool list ` myMap : �bool ! �bool list (Sub) from 96, 9784: �; f : �bool; l : bool list ` hd l : bool (App) from 94, 9583: �; f : �bool; l : bool list ` f : �bool (^-Var)82: �; f : �int; l : int list ` l : int list (^-Var)81: �; f : �int; l : int list ` tl : �int list (^-Const)80: �; f : �int; l : int list ` f : �int (^-Var)79: �; f : �int; l : int list ` myMap : �int ! �int list (Sub) from 91, 9278: �; f : �int; l : int list ` hd l : int (App) from 89, 9077: �; f : �int; l : int list ` f : �int (^-Var)76: �; f : �bool; l : bool list ` tl l : bool list (App) from 87, 8875: �; f : �bool; l : bool list ` myMap f : �bool list (App) from 85, 8674: �; f : �bool; l : bool list ` f (hd l) : bool (App) from 83, 8473: �; f : �bool; l : bool list ` 
ons : bool! �bool list (^-Const)
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72: �; f : �int; l : int list ` tl l : int list (App) from 81, 8271: �; f : �int; l : int list ` myMap f : �int list (App) from 79, 8070: �; f : �int; l : int list ` f (hd l) : int (App) from 77, 7869: �; f : �int; l : int list ` 
ons : int! �int list (^-Const)68: �; l : int list; x : int ` x : int (^-Var)67: �; l : int list; x : int ` � : int! �int (^-Const)66: �; f : �bool; l : bool list ` myMap f (tl l) : bool list (App) from 75, 7665: �; f : �bool; l : bool list ` 
ons (f (hd l)) : �bool list (App) from 73, 7464: �; f : �bool; l : bool list ` l : bool list (^-Var)63: �; f : �bool; l : bool list ` null : bool list! bool (^-Const)62: �; f : �int; l : int list ` myMap f (tl l) : int list (App) from 71, 7261: �; f : �int; l : int list ` 
ons (f (hd l)) : �int list (App) from 69, 7060: �; f : �int; l : int list ` l : int list (^-Var)59: �; f : �int; l : int list ` null : int list! bool (^-Const)58: �; l : int list; x : int ` x : int (^-Var)57: �; l : int list; x : int ` � x : �int (App) from 67, 6856: � ` 4 : int (^-Const)55: � ` 
ons : int! int list! int list (^-Const)54: � ` false : bool (^-Const)53: � ` 
ons : bool! bool list! bool list (^-Const)52: �; f : �bool; l : bool list ` 
ons (f (hd l)) (myMap f (tl l)) : bool list (App) from 65, 6651: �; f : �bool; l : bool list ` l : bool list (^-Var)50: �; f : �bool; l : bool list ` (null l) : bool (App) from 63, 6449: �; f : �int; l : int list ` 
ons (f (hd l)) (myMap f (tl l)) : int list (App) from 61, 62
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48: �; f : �int; l : int list ` l : int list (^-Var)47: �; f : �int; l : int list ` (null l) : bool (App) from 59, 6046: �; l : int list; x : int ` x � x : int (App) from 57, 5845: �int ! �int list � �int ! �int list (S-Re
)44: �^ � �int ! �int list (S-^) from 4543: �; l : int list ` myMap : �^ (^-Var)42: �bool ! �bool list � �bool ! �bool list (S-Re
)41: �^ � �bool ! �bool list (S-^) from 4240: �; l : bool list ` myMap : �^ (^-Var)39: � ` nil : int list (^-Const)38: � ` 
ons 4 : int list! int list (App) from 55, 5637: � ` 2 : int (^-Const)36: � ` 
ons : int! int list! int list (^-Const)35: � ` nil : bool list (^-Const)34: � ` 
ons false : bool list! bool list (App) from 53, 5433: � ` true : bool (^-Const)32: � ` 
ons : bool! bool list! bool list (^-Const)31: �; f : �bool; l : bool list ` if(null l) then l (If) from 50, 51, 52else 
ons (f (hd l)) (myMap f (tl l)) : bool list30: �; f : �int; l : int list ` if(null l) then l (If) from 47, 48, 49else 
ons (f (hd l)) (myMap f (tl l)) : int list29: �; l : int list ` fn x => x � x : �int (Abs) from 4628: �; l : int list ` myMap : �int ! �int list (Sub) from 43, 4427: �; l : bool list ` not : �bool (^-Const)26: �; l : bool list ` myMap : �bool ! �bool list (Sub) from 40, 4125: � ` 
ons 4 nil : int list (App) from 38, 3924: � ` 
ons 2 : int list! int list (App) from 36, 3723: � ` 
ons false nil : bool list (App) from 34, 3522: � ` 
ons true : bool list! bool list (App) from 32, 3321: �; f : �bool ` fn l => if(null l) then l (Abs) from 31else 
ons (f (hd l)) (myMap f (tl l)) : �bool list
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20: �; f : �int ` fn l => if(null l) then l (Abs) from 30else 
ons (f (hd l)) (myMap f (tl l)) : �int list19: �; l : int list ` l : int list (^-Var)18: �; l : int list ` myMap (fn x => x � x) : �int list (App) from 28, 2917: �; l : bool list ` l : bool list (^-Var)16: �; l : bool list ` myMap not : �bool list (App) from 26, 2715: � ` 
ons 2 (
ons 4 nil) : int list (App) from 24, 2514: � ` sqList : �int list (^-Var)13: � ` 
ons true (
ons false nil) : bool list (App) from 22, 2312: � ` 
ompList : �bool list (^-Var)11: � ` fn f => fn l => if(null l) then l (Abs) from 21else 
ons (f (hd l)) (myMap f (tl l)) : �bool ! �bool list10: � ` fn f => fn l => if(null l) then l (Abs) from 20else 
ons (f (hd l)) (myMap f (tl l)) : �int ! �int list9: �; l : int list ` myMap (fn x => x � x) l : int list (App) from 18, 198: �; l : bool list ` myMap not l : bool list (App) from 16, 177: � ` sqList (
ons 2 (
ons 4 nil)) : int list (App) from 14, 156: � ` 
ompList (
ons true (
ons false nil)) : bool list (App) from 12, 135: � ` M : �^ (^) from 10, 114: � ` S : �int list (Abs) from 93: � ` C : �bool list (Abs) from 82: � ` E : �� (Pair) from 6, 71: ` let val re
 myMap = M and sqList = S (^-Re
) from 2, 3, 4, 5and 
ompList = C in E end : ��
B Proof of Soundness of a Subsystem of SIn this se
tion our goal is to show the soundness of a subsystem of S. We 
hoose to eliminate the pairand 
onditional rules of S for the simpli
ity of the proof. We do not anti
ipate any diÆ
ulties in the proofof soundness if these additional rules were in
luded. To a
hieve soundness we �rst de�ne the operationalsemanti
s of our system. After this we prove the Inversion and Substitution Lemmas whi
h allow us to showSubje
t Redu
tion holds.Before we de�ne the operational semanti
s of our system let us de�ne the expressions and values of oursystem.M;N 2 Expressions ::= x j 
 j fn x => M jM N j let val x =M in N end jlet val re
 x1 =M1 and : : : and xn =Mn in N endV 2 Values ::= x j fn x => M
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Now we review the stati
 semanti
s of our system.Subsystem of System S Typing Rules:type(
) = �� ` 
 : � (^-Const) (� 
losed)�(x) = �� ` x : � (^-Var)�; x : � `M : � 0� ` fn x => M : � ! � 0 (Abs) � `M : � ! � 0 � ` N : �� `MN : � 0 (App)� `M : � 0 �; x : � 0 ` N : �� ` let x =M in N end : � (^-Let)�; x1 : �1; : : : ; xn : �n ` N : � �; x1 : �1; : : : ; xn : �n `Mp : �p� ` let val re
 x1 = M1 and : : : and xn = Mn in N end : � (^-Re
) (1 � p � n)� `M : �i i 2 I� `M : ^i2I �i (^) (size(I) � 2), (size(I) is �nite)� `M : � � � � 0� `M : � 0 (Sub)
� � � (S-Re
) �1 � �2 �2 � �3�1 � �3 (S-Trans)�1 � � 01 � 02 � �2� 01 ! � 02 � �1 ! �2 (S-Fun) �i � � 0i i 2 I I � J^i2J �i � ^i2I � 0i (S-^)Below are the dynami
 semanti
s our subsystem.
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Subsystem of System S Operational Semanti
s:M )M 0M N )M 0 N (E-App1)
N ) N 0V N ) V N 0 (E-App2)

(fn x => M) V )M [x := V ℄ (E-AppAbs)M )M 0let val x =M in N end) let val x =M 0 in N end (E-Let1)
let val x = V in N end) N [x := V ℄ (E-Let2)Mp[x1 := M1℄ : : : [xn :=Mn℄)M 0plet val re
 x1 = V1 and : : : and xp =Mp and : : : and xn =Mn in N end) (E-Re
1) (1 � p � n)let val re
 x1 = V1 and : : : and xp =M 0p and : : : and xn =Mn in N end
let val re
 x1 = V1 and : : : and xn = Vn in N end) N [x1 := V 01 ℄ : : : [xn := V 0n℄ (E-Re
2)

Lemma 1 (Inversion of the Subtype Relation). If �1 ! �2 � � 01 ! � 02; then � 01 � �1 and �2 � � 02:Proof. There are three possible subtyping rules whi
h may have been the last rule applied in the subtypingderivation of the judgement �1 ! �2 � � 01 ! � 02. If the rule (S-Fun) was last applied then the result is obvious.If the rule (S-Re
) rule was last applied then the result 
an be obtained by straightforward indu
tion onthe premise of the rule. If the rule (S-Trans) was last applied then again we pro
eed by indu
tion on thepremises of the rule, but we must also apply the (S-Trans) rule to these results.
Lemma 2 (Inversion). If � ` fn x => M : �1 ! �2; then �; x : � 01 `M : �2 and �1 � � 01:Proof. By inspe
tion of the inferen
e rules we observe that the last rule applied in the typing derivation ofthe judgement � ` fn x => M : �1 ! �2 
an only be one of two possibilities. We pro
eed by 
ase analysis.

ase: D = �; x : �1 `M : �2� ` fn x => M : �1 ! �2 (Abs)Then we have �; x : �1 `M : �2 where � 01 = �1 and �1 � �1 by (S-Re
).

ase: D = � ` fn x => M : � 01 ! � 02 � 01 ! � 02 � �1 ! �2� ` fn x => M : �1 ! �2 (Sub)�1 � � 01 and � 02 � �2 Subtype Inversion Lemma on � 01 ! � 02 � �1 ! �2�; x : � 001 `M : � 02 and � 01 � � 001 I.H. on � ` fn x => M : � 01 ! � 02�1 � � 001 (S-Trans) applied to �1 � � 01 and � 01 � � 001�; x : � 001 `M : �2 (Sub) applied to �; x : � 001 `M : � 02 and � 02 � �2
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Lemma 3 (Weakening). If � `M : � , then �;�0 `M : � , provided that �;�0 is a valid 
ontext.Proof. The proof pro
eeds by straightforward indu
tion on the stru
ture of the derivation D :: � ` M : � .The only 
ase in whi
h the 
ontext is examined is when the rule (Var) is the last rule applied in thederivation. It should be 
lear that (Var) is only appli
able if the 
ontext � 
ontains the assignment x : � .And by extending the 
ontext with additional, non-
on
i
ting assignments we do not alter this property.
Lemma 4 (Substitution). If � ` N : � and �; x : �;�0 `M : � 0, then �;�0 `M [x := N ℄ : � 0.Proof. By stru
tural indu
tion on the derivation D :: �; x : �;�0 `M : � 0. We show only a few 
ases, as therest follow the same pattern.

ase: D = �; x : �;�0(y) = � 0�; x : �;�0 ` y : � 0 (^-Var)Depending on whether x = y we have two sub
ases.sub
ase: x = y and � = � 0x[x := N ℄ = N De�nition of Substitution�;�0 ` N : � Weakening Lemma on assumption � ` N : �sub
ase: x 6= yy[x := N ℄ = y De�nition of Substitution�;�0 ` y : � 0 Assumptions �; x : �;�0 ` y : � 0 and x 6= y

ase: D = �; x : �;�0 `M1 : � 01 ! � 0 �; x : �;�0 `M2 : � 01�; x : �;�0 `M1M2 : � 0 (App)Depending on whether x 2 FV(M1) we have two sub
ases.sub
ase: x 2 FV(M1)Depending on whether x 2 FV(M2) we have two subsub
ases.subsub
ase: x 2 FV(M2)�;�0 `M1[x := N ℄ : � 01 ! � 0 I.H. on �; x : �;�0 `M1 : � 01 ! � 0�;�0 `M2[x := N ℄ : � 01 I.H. on �; x : �;�0 `M2 : � 01�;�0 `M1[x := N ℄M2[x := N ℄ : � 0 (App) applied to �;�0 `M1[x := N ℄ : � 01 ! � 0 and�;�0 `M2[x := N ℄ : � 01�;�0 ` (M1M2)[x := N ℄ : � 0 De�nition of Substitutionsubsub
ase: x 62 FV(M2) and �;�0 `M2 : � 01�;�0 `M1[x := N ℄ : � 01 ! � 0 I.H. on �; x : �;�0 `M1 : � 01 ! � 0�;�0 ` (M1[x := N ℄)M2 : � 0 (App) applied to �;�0 `M1[x := N ℄ : � 01 ! � 0 and�;�0 `M2 : � 01�;�0 ` (M1M2)[x := N ℄ : � 0 De�nition of Substitutionsub
ase: x 62 FV(M1) and �;�0 `M1 : � 01 ! � 0Depending on whether x 2 FV(M2) we have two subsub
ases.subsub
ase: x 2 FV(M2)
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�;�0 `M2[x := N ℄ : � 01 I.H. on �; x : �;�0 `M2 : � 01�;�0 `M1(M2[x := N ℄) : � 0 (App) applied to �;�0 `M1 : � 01 ! � 0 and�;�0 `M2[x := N ℄ : � 01�;�0 ` (M1M2)[x := N ℄ : � 0 De�nition of Substitutionsubsub
ase: x 62 FV(M2) and �;�0 `M2 : � 01(M1M2)[x := N ℄ =M1M2 De�nition of Substitution�;�0 `M1M2 : � 0 Assumptions �; x : �;�0 `M1M2 : � 0, x 62 FV(M1), and x 62 FV(M2)The remaining 
ases are similar.
Theorem 1 (Subje
t Redu
tion). If � `M : � and M )M 0, then � `M 0 : � .Proof. By stru
tural indu
tion on the derivation of D :: � `M : � .

ase: D = type(
) = �� ` 
 : � (^-Const)Can't happen be
ause there are no evaluation rules for 
onstants.

ase: D = �(x) = �� ` x : � (^-Var)Can't happen be
ause there are no evaluation rules for variables.

ase: D = �; x : � `M : � 0� ` fn x => M : � ! � 0 (Abs)Can't happen be
ause there are no evaluation rules for abstra
tions.

ase: D = � `M : � ! � 0 � ` N : �� `MN : � 0 (App)From the operational semanti
s there are three ways we 
an derive M )M 0. We pro
eed by 
ases.sub
ase: M )M 0M N )M 0 N (E-App1)� `M 0 : � ! � 0 I.H. on � `M : � ! � 0 and M )M 0� `M 0N : � 0 (App) applied to � `M 0 : � ! � 0 and � ` N : �sub
ase: M is a value and N ) N 0M N )M N 0 (E-App2)� ` N 0 : � I.H. on � ` N : � and N ) N 0� `MN 0 : � 0 (App) applied to � `M : � ! � 0 and � ` N 0 : �sub
ase: M = fn x => M 0 and N is a value(fn x => M 0) N )M 0[x := N ℄ (E-AppAbs)�; x : � 00 `M 0 : � 0, where � � � 00 Inversion Lemma on � ` fn x => M 0 : � ! � 0� ` N : � 00 (Sub) applied to � ` N : � and � � � 00� `M 0[x := N ℄ : � 0 Substitution Lemma on �; x : � 00 `M 0 : � 0 and � ` N : � 00

ase: D = � `M : � 0 �; x : � 0 ` N : �� ` let x =M in N end : � (^-Let)From the operational semanti
s there are two ways we 
an derive M )M 0. We pro
eed by 
ases.sub
ase: M )M 0
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let val x =M in N end ) let val x = M 0 in N end (E-Let1)� `M 0 : � 0 I.H. on � `M : � 0 and M )M 0� ` let val x =M 0 in N end : � (^-Let) applied to � `M 0 : � 0 and�; x : � 0 ` N : �sub
ase: M is a valuelet val x =M in N end ) N [x := M ℄ (E-Let2)� ` N [x := M ℄ : � Substitution Lemma on �; x : � 0 ` N : � and � `M : � 0

ase: D = �; x1 : �1; : : : ; xn : �n ` N : � �; x1 : �1; : : : ; xn : �n `Mp : �p� ` let val re
 x1 = M1 and : : : and xn = Mn in N end : � (^-Re
)From the operational semanti
s there are two ways we 
an derive M )M 0. We pro
eed by 
ases.sub
ase: Mp )M 0p, where 1 � p � nlet val re
 x1 = M1 and : : : (E-Re
1)and xp = Mp and : : :and xn =Mn in N end )let val re
 x1 = M1 and : : :and xp = M 0p and : : :and xn =Mn in N end�; x1 : �1; : : : ; xn : �n `M 0p : �p I.H. on �; x1 : �1; : : : ; xn : �n `Mp : �p andMp )M 0p� ` let val re
 x1 =M1 and : : : (^-Re
) applied to �; x1 : �1; : : : ; xn : �n `M 0p : �p andand xp = M 0p and : : : �; x1 : �1; : : : ; xn : �n ` N : �and xn =Mn in N end : �sub
ase: M1 : : :Mn are all values.let val re
 x1 = M1 and : : : (E-Re
2)and xn =Mn in N end )N [x := M1℄ : : : [x :=Mn℄� ` N [x := M1℄ : : : [x :=Mn℄ : � By n appli
ations of the Substitution Lemma

ase: D = � `M : �i i 2 I� `M : ^i2I �i (^)� `M 0 : �i i 2 I I.H. on � `M : �i i 2 I and M )M 0� `M 0 : ^i2I �i (^) applied to � `M 0 : �i i 2 I

ase: D = � `M : � � � � 0� `M : � 0 (Sub)� `M 0 : � I.H. on � `M : � and M )M 0� `M 0 : � 0 (Sub) applied to � `M 0 : � and � � � 0
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