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Abstract

Weak references are references that do not prevent thet olbsc
point to from being garbage collected. Many realistic |zamps,
including Java, SML/NJ, and Haskell to name a few, suppogtkwe
references. However, there is no generally accepted fsamhn-
tics for weak references. Without such a formal semantitet
comes impossible to formally prove properties of such alage
and the programs written in it.

We give a formal semantics for a calculus callegax that in-
cludes weak references and is derived from Morrisett, 5elfe
and Harper’s\gc. The semantics is used to examine several issues
involving weak references. We use the framework to fornestlie
semantics for the key/value weak references found in Haskat

thermore, we consider a type system for the language and show

how to extend the earlier result that type inference can bd ts
collect reachable garbage. In addition we show how to allolv ¢
lection of weakly referenced garbage without incurringdbepu-
tational overhead often associated with collecting a weédrence
which may be later used. Lastly, we address the non-detesmiof
the semantics by providing both an effectively decidablatasgtic
restriction and a more general semantic criterion, whicirgotee
a unique result of evaluation.

Categories and Subject Descriptors  F.3.2 [Logics and Meanings
of Program$. Semantics of Programming Languages

General Terms Languages

Keywords Weak references, garbage collection, formal semantics

1. Introduction
1.1 Background and Motivation

Weak references are references that do not prevent thet ohggc
point to from being garbage collected. During gabage ctitiacif

an object is only reachable through weak references theayitba
collected and the weak references to it replaced with a aped,
sometimes called a tombstone. Weak references are an amport
programming feature, supported by many modern programming
languages (see the appendix of [5] for a survey of weak netee

in some popular languages). Weak references have showrparbe
ticularly useful when we want to store numerous objects ovith
allowing them to permanently occupy space. The classic pham
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of data structures that benefit from weak references aresath-
plementations of hash-consing, and memotables [3]. In dath
structure we may wish to keep a reference to an object but also
prevent that object from consuming unnecessary spaceig; vee
would like the object to be garbage collected once it is n@éon
reachable from outside the data structure despite theHatittis
reachable from within the data structure. A weak referesdhe
solution!

Difficulties with weak references.Despite its benefits in practice,
defining formal semantics of weak references has been migstly
nored in the literature, perhaps partly because of theiriguntly
and their different treatments in different programminggaages.
The Weak Signatuocumentation of Standard ML of New Jersey
says, “The semantics of weak pointers to immutable data-stru
tures in ML is ambiguous.”[12]. The problem stems from both a
lack of documentation and the intrinsic connection betwseak
references, garbage collection, and thus the runtimexsysthe
SMLofNJ Structure documentation [12] gives a slightly nfiea
version of the following example:

let val (b’, w’) =

let val a = (1, 2)
val b = (1, 2)
val w = weak(a)

in (b, w) end

in (b’, strong(w’)) end

whereweak andstrong allocate and dereference weak references
respectively. The types of these functions are as follows:

'a — ’a weak
’a weak — ’a option.

weak
strong

After evaluation of this expressioa,is unreachable, so one would
expect the result to be ((1, 2), NONE). However, the objeat th
weak pointer references is not considered dead until gartaitec-
tion actually occurs. If the runtime-system has not indibgjarbage
collection then the result will be ((1, 2), SOME(1, 2)). Aldbe
compiler or runtime-system may have performed subexmessi
elimination for optimization reasons, thesandb would point to
the same (1, 2). If this is the case thewould remain alive as long
asb does.

Weak references are a complex programming feature which
forces the programmer to think about runtime behavior thatel-
evant without such a feature. While it would be possible toial-
ize a semantics for weak references without a semanticsbéga
collection, such a semantics would be limited in applicatial-
lowing the semantics of weak references to explicitly depen
garbage collection gives a more precise semantics whiclal caw
example, let one prove more specific properties about meomssry
age of programs. It also forces a semantics for weak refesstac
incorporate a semantics for garbage collection.



The ability to concisely specify and formally prove the emtr
ness of garbage collection strategies, in an implememtatide-
pendent way, was an important contribution of Morrisett|dtgen
and Harper’s\gc [10]. By modeling the heap as a set of mutually
recursive definitions, the semantics of a garbage collectoat-
egy can be specified as a rewrite rule which removes bindnogs f
the mutually recursive set without altering program bebavi he
addition of weak references changes this situation in tregmam
behavior can depend on how garbage collection is employéth. W
such added complexity, it is even more desireable to havensaio
semantics.

1.2 Our Contributions and Organization of the Report

Our ultimate goal is to provide a framework for formal reasgn
about weak references. We make use of the formalizationaeepr
some properties of the language including correctness axan
tended garbage collection strategy and some conditionsugteese-
ing the result of a program is unique regardless of when garba
collection occurs. Such a framework could also be used byeimp
mentors to determine whether potential code optimizatwasafe
with respect to the collection of weak references.

Towards this goal, we propose a small functional program-
ming languageAweak USing a style of definition proposed in [10].
Though quite simple in its final formulation, the design\aacwas
not obvious or necessarily dictated by the use of weak nefein
practice, if only because there is quite a bit of divergeretsvben
the ways in which different programming languages handéenth
We strived to define a minimal calculus that can be augmented,
or adjusted minimally, to model weak references in more tha
language.

In Section 2, we define the syntax and semantica.efx and
prove several preliminary results. A fundamental aspecty@fx
is that, even though parameter-passing is deterministt-lfg-
value in our case), program evaluation is non-determiniztause
weak references (possibly affecting the result of the @ogrcan
be garbage collected at any time during execution.

Section 3 substantiates our claim thatkax is flexible enough
for adaptation to other languages that support weak refegenn
this section we show howyeak can be adapted to model the weak
references found in Haskell.

In section 4 we describe a more general semantics whichsllow
weak references to be tombstoned at any time, even if thetobje
they point to is still strongly reachable. A programmer nmgkiise
of this semantics cannot rely on a weak reference being alive
any particular time. This means that compiler optimizatioiike
common subexpression elimination (CSE), which may causkwe
references to go dead sooner then expected, will have letthei
is allowed by this semantics.

In Section 5 we set up a type system Jeakwhich, in addition
to enforcing the standard invariants, i.e., catching @ogr that
“go wrong” (Subsection 5.1), can be used for a more efficient

management of memory (Subsection 5.2). We extend the latter

result by showing that we can use type inference to allow for
the collection of additional weak references without imng the
runtime penalty that might otherwise occur if a collectedalve
reference is later used.

In Section 6 we study the conditions under whikfeak pro-
grams are “well-behaved”, i.e., under which garbage ctitac
does not affect the result of evaluation. It is undecidabfetiver
an arbitraryAweak program is well-behaved.

behavedness of programs which can be used as a guidelinetor w
ing programs satisfying the property.

In Section 7 we discuss related work and in Section 8, we pro-
pose several directions for future research and concludgsing
proofs and additional materials can be found in the two corigre
reports, [4, 5] .

The appendix contains the proofs and auxiliary lemmas of the
orems in Sections 4 and 5.

2. Modeling Weak Referencesiyeax

A formal model called\wear, Which extends\gc with the means to
introduce and conditionally dereference weak refererisegiven

in [5] and further investigated in [4P\weakformalizes the semantics
for weak references in SML/NJ [12] by giving a semantics takve
references in which garbage collection is non-deterniaally ap-
plied. Therefore a programmer usingeak to reason about his
program cannot rely on the timing of garbage collection.sTiki

a natural way to reason about weak references as the program-
mer (usually) is not aware of when garbage collection occurs
In Section 4 we breifly explore another semantics which, in ad
dition to non-deterministically applying garbage collent non-
deterministically tombstones weak references. With teimantics

a programmer cannot rely on the liveness of a weak referénte,

in return we can model the semantics of programs that are opti
mized by compilers.

Syntax of Aweak

The syntax ofAweak (given in Figure 1) is that of a standard pro-
gramming language based on thealculus along with additional
primitives for introducing weak references and doing ctiadal
weak dereferencing. Aweak €Xpression is either a variable)(
an integer {), a pair (e1, e2)), a projection f; e), an abstraction
(Az. e), an applicationd; e2), a weak expressiornuéak e) or an
ifdead expressionifdead e; ez e3). In some examples we make
use oflet x = e1 in ez as syntactic sugar fqi\z.ez2) e;.

Heap valueshwv, are values which may be allocated to the
heap during reduction. Heap values are a subset of expnssisio
addition to the special valug(meaning “dead”). During execution,
a weak pointerweak y” on the heap may be replaced witlif the
only remaining references tp are weak. When this happens we
say the weak pointer has beembstoned

A Aweak program,letrec H in e consists of a set of mutually
recursive definitions (given by a finite ma@ : Var — Hval)
which models the heap, and an expressiowe write H & H' to
be the union of two heap functions defined on disjoint domairds
Dom(H) andRan(H) to be the domain and range &f and we
define

H®° ={z+— H(z) | H(x) # weak y foranyy}

to be the strong part of the heap. The set of free variables of a
expressionF'V (e) and capture-avoiding substitutiefz := €'}

are defined as usual. Free variables for a hHapnd a program
letrec H in e are defined by:

U

z€Dom(H)

FV(H) = FV(H(z)) | — Dom(H)

FV(letrec Hine) = (FV(H)UFV(e)) — Dom(H)

In Subsection 6.1 we define a proper subclass of well-behaved Expressions are identified up te-conversion and programs are

programs that is efficiently recognizable (in linear timegpan-

identified up to renaming of variables bound in the heap,, e.g.

compasses some common uses of weak references. In Subsectioletrec HW{z — hv} in z = letrec HW{y — hv{z :=y}} iny

6.2 we define a general, but undecidable, criterion for th#-we

assuminge ¢ FV(H)andy ¢ FV(H).



Programs:

(variables) w,z,y,z € Var

(integers) i € Int = ... =2|-1|0|1|2]...

(expressions) e € Exp = x|i]{e1,e2) | me|me|Ar.e]|er e
weak e | ifdead ey e3 e3

(heap values) hv € Hoval = 0| (z1,z2) | \v.e|weak x | d

(heaps) H € Var fin, Hval

(programs) P € Prog := letrec Hine

(answers) A € Ans = letrec H inz

Evaluation Contexts and Instruction Expressions:
(contexts) E € Cixt = []I(E,e)|(z,E) |7 E|Ee|xE|veak E | ifdead FE e; e2
(instruction) I € Instr == hv|m x|xy|ifdeadze; e

Rewrite Rules:
alloc

(alloc) letrec H in E[hv] — letrec H W {x — hv} in E|z]
wherez is a fresh variable

(i) letrec H in E[m; 2] — letrec H in E[z;]
provided H (z) = (z1,z2) and: € {1,2}
(app) letrec H in E[z y] 225 letrec H in Ele{z := y}]

provided H (z) = Az.e

. . . i letrec H in Elep w] if H(x) = weak w
f letrec H in E[ifdead Iidead,
(ifdead) letrec H in E[ifdead z e1 eo] letrec H in Ele]  if H(z) = d

Figure 1. Syntax and Operational Semantics\Qtax

Semantics ofAweak Using these rules we define the garbage collection (gdeb) as

The reduction semantics ofweak are given by the evaluation follows:

contexts (which apply left-to-right, call-by-value redion) and (garb)
rewrite rules in Figure 1. We use the following notation fewrite
rules. LetG be a set of rules an® and P’ be programs:

. garb .
letrec H in e — letrec H' ine

providedletrec H in ¢ =5 letrec H” in e
andletrec H” in e weak-gc letrec H' in e

P £ P’ meansP rewrites toP’ by some rule inG and Intuitively the rule(garb) works by first collecting some bindings

£, is the reflexive, transitive closure &b. to er(“d} there is nﬁ_s;]ron;g refere|r|1ce, tg‘ir_‘ gettinghﬁoﬁ‘ﬁﬂ@

P le P’ meansP S« p' and P’ is irreducible with weak references which refer to collected bindings. No is

respect to the rules i. rewrite rule allows for the collection of cycles of garb{:ﬂg@ften,

P ' means there exists an infinite reduction using rules in in pra_ctlce garbage collection will collect every locatimnwhich

G starting from progran® there is no strong reference, however we do not want the nogr
’ mer to rely on this behavior, so the rule reflects this. Inipakar,

The evaluation rules are chosen to extend normal evalugitn the garbage collector may be implemented to not collect lyeak

reference values and weak references. The (allec) allocates a  éachable references if there is not a shortage of memorysiy

value on the heap and replaces it with a reference. The(siple) this rule we allow the |mplementor_ of the garbage collector e

evaluates function calls by reference passing. In thisUagg, treme freedom as to What_ garbage is collected as long as \a_éakr

all values are “reference values” in that they are allocatethe erences to collected locations are all properly tombstgwéith is

heap and passed by reference. The projection (uigsextract the reflected by the).ecak-¢c in the rule). In addition, using this r_u_Ie we

appropriate component from a pair pointed to by a reference. are sure that the programmer cannot rely on some locationgiav
Rule (ifdead) applied toP = letrec H in E[ifdead z €5 e been collected, so itis safe to perform many compiler opiations

does a conditional dereference of weak referencf H(z) = which make object identity statically unknown.

weak y (the weak reference is not dead) théh reduces to We denote the set of rewrite rules by

letrec H in Eles y]. If H(z) = dthenP reduces tdetrec H in ex. R = {alloc, 71, 72, app, ifdead, garb}.

Unlike Standard ML which separates these two actions byfdere ] ] o

erencing to an option datatype and using case analysis thra Given the rewrite rulegarb), the reduction is no longer con-

on the result\weak cCOMbines these so we do not have to introduce fluent because the initiation of garbage collection cancefee

datatypes. This combination also allows us to syntaciédéntify reduction of ifdead expressions. The example progranshown

programs whose evaluation does not depend on garbagetimilec ~ in Figure 2, taken from [5] , shows the non-confluence\@fax

which we explore in Section 6. We can even have a program whose behavior can converge or

There is an additional rewrite rulgarb) not listed in Figure 1~ diverge depending on when garbage collection occurs. Famex
which uses the following as auxiliary rules.

1 An easier-to-understand but more restrictive definitiorigaf) is
. C .
(gc) letrec H; & Hy in e £5 letrec Hy ine

; s _ letrec H W {z — hv} ine £ letrec H in e
g;%vgeing(HQ) NEV (letrec Hi ine) =0, providedz ¢ F'V (letrec H® in €)
2
(weak-gc) letrec H W {z — weak y} in e weak-gc This rgle collects only one blndlng_ at a time aqd doesgcnot fetine
letrec Hw {x — d}in e collection of cycles of garbage. Having thus redefirigd), “=" should

providedy ¢ Dom(H) also be replaced by " in the definition of(garb).



EXAMPLE 2.1.
Py = letrec {} in (Az.ifdead (weak z) 0 (\y.71 y)) (5, 6)

aloc+ Jetrec {a +— Az.ifdead (weak z) 0 (A\y.71 y),b— 5,c+— 6,e — (b,c)}inae
20, letrec {a — Az.ifdead (weak z) 0 (Ay.71 y),b+— 5,c— 6,e — (b,c)} in ifdead (weak €) 0 (Ay.71 y)
alloc letrec {a — Az.ifdead (weak z) 0 (Ay.71 y),b+— 5,c— 6,e — (b,¢c), f — weak e} in ifdead f 0 (Ay.7m1 y)
then
Ifdead,  Jetrec {a — Az.ifdead (weak z) 0 (A\y.m1 y),b+— 5,c+— 6,e — (b, c), f — weak e} in (A\y.7m1 y) e — -~ B letrec {b—5}inb
or
garb .. garb .
= letrec {f — d} in ifdead f 0 (Ay.m1 y) — -+ —— letrec {g— 0} ing
whereq, b, ¢, e, f andg are fresh variables introduced in the process of prograhuatian. O
Figure 2. Example of Non-confluent Reduction
ple: formally describe “equivalent behavior” ofeak programs which

P, = letrec {} in (Az. ifdead (weak x) 0
(Az. ifdead (weak z) Q (A\y. m1 v))) (5, 6)

whereQ = (A\y. y y)(A\y. y y).

If a program is completely evaluated without getting stuitk,
will have the form:letrec H in z. In order to talk about the value
in the heap that represents, we definesult(S, H, ¢) as in Figure
3. We use this function to recursively replace any heap iocat
in e with the heap value it is mapped to . Note that cycles

in the heap may cause problems. For example, the value in the
heap{z — (z,z)} thatx represents is undefined. However, we

can detect cycles by keeping track of the heap locationshidnat
been visited as we traverse the heap. If a cycle is detectedgetv
result(S, H,e) = o. We useresult(H, e) as short-hand notation
for result((, H, e).

An irreducible value is either an answéstrec H in z, or a
stuck program which corresponds to an error.

Definition 2.2 (Stuck Programs) A Aweak program is stuck if it is
of one of the following forms:

letrec H in E[m; x]
(z ¢ Dom(H) or H(x) # (x1,x2))

letrec H in Efz y]
(z ¢ Dom(H) or H(x) # Az.e)

letrec H in E[ifdead z e; e]
(z ¢ Dom(H) or (H(x) # weak w andH(z) #4d)) O

Definition 2.3 (Evaluation Set) The evaluation set of a program
P relative to a set of rewrite rules:

eval-set(P,G) = {L|Pfc}U
{error| P |l¢ P"andP' is stuck U
{result(H,z) | P {¢ letrec H in 2}
O

Because the untyped lambda-calculus is a subsehiwefs,
eval-set(P, ) is an undecidable set in general.df = R, we
write eval-set(P) instead ofeval-set(P,R). For the programs
in the previous examples, we haweal-set(P;) = {0,5} and
eval-set(P2) = {0,5, L}.

Definition 2.4 (Program Equivalence)(P,G) = (P',G’) iff
eval-set(P,G) = eval-set(P',G'). If G = G’ = R, we simply
write P = P’. O

Note that our program equivalence=™ is more general than
Kleene equivalence*” used in [10]. However, if all evalatuations
of P and P’ return anint answerand do not use weak references,
thenP = P’ iff P ~ P’. Kleene equivalence is not sufficient to

can have more than one possible outcome.
We define garbage using program equivalence. Any binding
which does not contribute to the final result is garbage.

Definition 2.5 (Garbage) Let P = letrec H W {z +— hv} in e
Then the binding £ — hv” is garbage inP iff P = letrec H in e.
|

Proposition 2.6. Itis undecidable whether a binding is garbage in
an arbitrary program.

Proof sketch.Consider the program
P = letrec {x — 5} in (\y. ) e,

where e is an arbitrary closed lambda-expression. The binding
“x — 5" is garbage inP iff e diverges according to call-by-value
(B-reduction, which is undecidable. O

Definition 2.7 (Well-Behaved Programs)A program, P, is well-
behaved iffeval-set(P) is a singleton set — in words, iff either all
evaluations ofP diverge, or all evaluations aP get stuck, or all
evaluations of? converge and return the same result. |

Proposition 2.8. It is undecidable whether an arbitrary program
is well-behaved.

Proof sketch.Let e be an arbitrary closed lambda-expressians:
ww andw = (Az. z ). Then

letrec {} in ifdead (weak 5) Q (A\z.e)

is well-behaved if and only i¢ diverges according to call-by-value
[B-reduction. O

The two preceding propositions, though not difficult to @ov
frame the rest of the discussion in the paper.

Proposition 2.6 shows it is impossible to compute an optimal
garbage collection strategy, i.e., one that removes atiagge from
the heap. Thus, any gc algorithm must conservatively ajmiabe
bindings that are garbage.

Proposition 2.8 shows is impossible to recognize exactystt
of programs evaluating to unique results, so that any (edbé)
criterion for this property must conservatively approxieavell-
behaved programs.

3. GHC Haskell Key/Value Weak References

Our formal setup is flexible enough to handle weak refereintes
other popular programming languages. In this section wadtize
the key/value weak references found in GHC Haskell (whieh ar
similar to ephemerons [6]) by extending the syntax and cépda
the garbage collection rule of.eax. We call the garbage collection
rule derived from the GHC documentati¢garb’).



We write result(H, e) for result(0, H, e).

x
result(S U {z}, H, H(z))

%

d

(result(S, H, e1), result(S, H, e2))
m; result(S, H, e')

Az.result(S, H,e’)

result(S, H, e1) result(S, H, e2)
weak result(S, H, e’)

result(S, H,e) =

ifdead result(S, H, e1) result(S, H, e2) result(S, H, e3)

if e=x andz ¢ Dom(H)

if e =z andz € Dom(H) andz ¢ S

if e=1

ife=d

if e = (e1,e2) andresult(S, H,e;) #eoforl <i<2
if e =m; e’ andresult(S, H,e;) #eforl <i <2

if e = Az.e’ andz ¢ Dom(H) andresult(S, H,e') # o
if e =e1 ez andresult(S, H,e;) Zeoforl1 <i<2

if e = weak e’ andresult(S, H,e') # o

if e = ifdead e1 ez ez andresult(S, H,e;) A efor1 <i <3
otherwise

Figure 3. Definition of result(.S, H, e)

A key/value weak reference is a special type of weak referenc
which contains both a key and a value. To simplify things we
do not consider finalizers (which are included in GHC). Dgrin
garbage collection, the tracer does not trace the value ofakw
pointer unless the key is otherwise reachable. Such refesesre
a generalization of ordinary weak references which are used
creating weak mappings with complex collection behaviike |
memotables (as described in [8]). In the GHC documentafipn [
the semantics is specified as follows.

Informally, something is reachable if it can be reached by
following ordinary pointers from the root set, but not fallo

ing weak pointers. We define reachability more precisely as
follows. A heap object is reachable if:

e Itis directly pointed to by a reachable object, other than
a weak pointer object.
e Itis a weak pointer object whose key is reachable.

e It is the value or finalizer of an object whose key is
reachable.

Notice that a pointer to the key from its associated value
or finalizer does not make the key reachable. However, if
the key is reachable some other way, then the value and the
finaliser are reachable, and so, therefore, are any other key
they refer to directly or indirectly.

To formalize key/value weak references we replace the gynta
weak e With KVweak(e1, e2) wheree; is the key ana: is the value.
In order to specify the reachable parts of the heap we definerta
step closure off with respect ta’ (whereH C H') by:

Cw/(H) = HU{zw H'(2),z  KVweak(y, z) |
y € Dom(H) A H'(z) = KVweak(y, z)}
U{x — H'(z) | Je.e € Ran(H) A

x € FV(e) AVyz.e # KVweak(y, z)}

We define the reachable part of the heap,

R(H,e) = |J i (H | FV(e))

neN

where f | S means the restriction of to domainS N Dom(f)
and £ means composition of copies off. It is easy to see that
this definition of reachability meets the definition giveritie GHC
documentation. We get rid of the reduction rggarb) and use the

following instead.

(gc’) letrec Hy W Ho in e £ letrec Hy in e
providedDom(Hz) N Dom(R(H1 W Ha,e)) =0
andH, # 0

We still make use of (essentially) the origir{aleak-gc) rule

(weak-gc) letrec H W {z — KVweak(y,z)} ine weak-ge
letrec HW {z +— d}ine
providedy ¢ Dom(H)

We then define our new garbage collection rigerb’) by

. b’ .
(garb’) letrec H in e £ letrec H' ine

’
providedletrec H in e £ letrec H” in e
andletrec H” in € {Jweak-gc letrec H' in e

According to the semantics of GHC, a key/value weak pointer
is reachable if its key is reachable, even if the weak poiolbgect
itself is unreachable. We can uggarb’) to illustrate this. For
example, in the program:

letrec {y — KVweak(z,z2),z +— (Az.e)}inz

the locationz may not be garbage collected because it is reachable
according to the semantics.

4. Semantics to Encompass Compiler
Optimizations

As briefly discussed, compiler optimizations can affectriacha-
bility of heap values. Consider the program:

letrec {a — Az A\y.x,b — 6,2 — (a,b),y — weak z, f — Az.x}
in f (71 z) (ifdead y 2 (A\z.m1 2)) (71 x).

Most optimizing compilers would eliminate the common subex
pressionr; x, resulting in the seemingly equivalent program:

letrec {a — Az.\y.z,b+— 6,2 — (a,b),y — weak z, f — Ax.x}
inletc=m1 zin fc(ifdead y 2 (Az.7m1 2)) ¢

In the optimized programg becomes unreachable after the
binding is evaluated. If garbage collection occurs at tloisi the
program will return the value 2, a result that is impossilolehe
program before optimization.

In the presence of such compiler optimizations tgerb) rule
of Section 2 does not correctly model reachability-basetbage
collection and this can affect the semantics of a programe On
approach to remedying this situation is to write a compiket t
produces code that obeys the rules\@fa«. In the example above,



the compiler would not be able to perform CSE on the first and
third arguments. Another approach is to generalize theitiefirof
(garb) so that the weak reference 4oin the first example above
can be tombstoned. We can realize the second approach mgaddi
another rule to aribitrarily tombstone weak references.

(garb”)

. b//
letrec Hw H' ine £°
letrec HW {z1 +—d,...,zpn—d}ine

providedH’ = {z1 + weak y1,..., T — weak yo}

This rule allows weak references to be tombstoned at any. time
Therefore not only can common subexpressions be collected e
lier than expected, but any weakly referenced value carh Wis
rule the programmer can no longer rely on syntactic reatihato
determine when a weakly referenced value will be colledttniv-
ever, this is an inherent effect of compiler optimizationattmay
alter reachability. In Section 6 we discuss methods forrdgteng
that garbage collection cannot change the result of a pragrae
methods that we give do not analyze the reachability of wesastt
erenced values, so they are suitable for reasoning aboavioeln
the presence dfgarb”).

5. Types for Garbage Collection

As in [10] we introduce a standard monomorphic type systerd, a
show how one can use type inference to collect additionddagse.
Additionally, we extend this result to allow for collectiaglditional
weakly-referenced garbage without incurring the unneogss/er-
head of recomputing unused data cached in the weak refexence

5.1 Monomorphic Type System

In this section we introduce a standard monomorphic typtesys
for Aweak. There are no surprises here. While we could formulate an
explicitly typed language allowing for tag-free garbagdemion
[1, 14], this was already done in [10] and there are no additio
complications arising from weak references. Therefore vilé w
formulate an implicit type assignment system for the laggua
Aweak already defined.

The syntax of types is as follows.

Types:
(types) T € Type int | 71 X 72| 71 — 72 | T weak
The typing rules are shown in Figure 4 and are (almost) com-
pletely standard. The one non-standard addition is thatssig@ato
d the typer weak for anyr. This is necessary for type assignments
to be preserved by the ruleveak-gc).
This type system is sound, it rules out stuck programs, wisich
proven using the following progress and preservation lesba],
whose proofs are standard.

Lemma 5.1 (Progress) For every Aweak program P, if = P : 7
then either P is an answer or there exist®’ such thatP =
P, |
Lemma 5.2(Preservation) For everyAweakprogramP, if - P : 1
andP % P’ theni- P’ : 7. O

Theorem 5.3 (Type Soundness)For every Aweak program P, if
F P : 7 then eitherP is an answer or else there is sonf® such
thatP & P’ and- P’ : . O

Further discussion of the type system along with an efficient
type inference algorithm can be found in [5] .
5.2 Collecting Reachable Garbage

As was pointed out in [2], and proven in [10], one can use type
inference to detect that the values of certain referenckksevier be

used. Any binding that will never be used is semanticallyogge
regardless of whether or not it is reachable. So reachahlevhat

will never be used can be changed to any value (we use 0) vtithou
affecting the result of the program. This can allow for aiddial
garbage collection. For example the program

letrec {z1 — 1,22 — 2,23 — (T2,22), 24 — (T1,23)} In T1 T4
is equivalent to the program
letrec {1 — 1,23 — 0,24 — (z1,23)} in T1 T4

so we can safely collect the binding — 2.
This is formalized by considering the base language, in asec
Aweak t0 be an implicitly typed language with type variables.

(types 7 € Type

The presence of type variables allows us to deriveast general
typefor each well-typed program, i.e., a type such that evergroth
type of the same program is a substitution instance of it.

We prove a slightly stronger version of preservation fos thi
system. We will use this preservation theorem to prove that i
binding can be assigned a type variable then after a redustep
that binding can still be assigned a type variable.

t]int| 7 X712 |7 — 72| T weak

Lemma 5.4 (Preservation) If there exists a typin@’ - ¢ : 7 and
for some- H : T', we havedetrec H in e R, letrec H' in ¢’ then
there existd” with = H' : T/, andI” ¢’ : 7 such that for all
x € (Dom(T") N Dom(I"”)) we havel'(z) = I (z).

Proof. By induction on the derivation df e : 7. O

We then use type inference to generate a most general type for
a given program. If we are ever able to assign a type variabée t
reference, then the value of this reference cannot affecteabult
of the program. In order to prove this we will first define thé\ae
positions of a term (which are the occurrences that comstreg
type of a reference).

Definition 5.5. We sayz occurs in aractive positiorof e if one of
the following occurs as a subterm af

1. z ¢’ for somee’, or

2. x, or

3. ifdead x e; ez for someey, es. O

In any typing derivation, if a reference is assigned a typé va
able then it cannot appear in an active position.

Lemma56. fT'w{z:t} ke
active position ire.

: 7 thenz does not occur in an

Proof. It is easy to see that each typing rule whose conclusion
creates a new active positiofipoj;), (app), and (ifdead))
constrains the type of the term appearing in the active iposib
be something other than a type variable. |

The addition of weak references has a small effect on the cor-
rectness of inference GC. Because, in general, garbagectoti
can affect the result of a program, we need to assume thatthe p
gram we are running garbage collection on is well-behaveat-n
der to prove that inference GC preserves the semanticsf Bfoo
the following theorem can be found in the Appendix A. The froo
technique is suggested at the end of [10].

Theorem 5.7(Inference GC) Let

F1 = {]Jl : tl, ey T 1 tn},
Hi = {z1+~ hi,...,zn— hn}, and
H = {z1+—0,...,2n — 0}.



Fr'w{z:7}kFax:7 (var)

I'F7:int

(int) (dead)

I'd: 7 weak

I'teis:mm Thex:m . I'Fe:m X7 . .
- ) (fori=1,2
P|—<€1,€2>ZT1XT2 (palr) IW—me:n (pro.]l)( ! ’ )
Frw{z:m}ke:mn (abs) F'Fei:mm—m TkFe:m (app)
T'FXre:m1 — 12 I'Feiex:m PP
Tke:T I'Fei:mmweak T'kes:m TI'bFes:mp — 7 .
k fdead
'+ weak e : 7 weak (weak) 't ifdead e1 €3 e3 : T2 (ifdead)
Vo € Dom(F/).F&JF/ = H(J;) : FI(J;) FH:T Thke:
(heap) ~ 2FIL: T (prog)

rH:1’

Fletrec Hine: T

Figure 4. Typing rules forAweak

If

1L.TiwWleke: 7 (7 ¢ Tvar), and
2.1+ Hs: I's, and
3. HS@ [ H1 : SF1, and

4. letrec H1 W H» in e is well behaved (i.e. the timing of garbage
collection cannot affect the final result)

thenletrec H1 W Hs in e = letrec H{ W H> in e. O

So type-inference based GC works in this language. We can
actually get a bit more traction out of inference GC in thespree
of weak references. Often weak pointers are used to caclae dat
that was computationally expensive to produce, so killingeak
pointer may cause expensive recomputation. Inference G@sal
for additional garbage to be collected and therefore amthfiweak
references to be tombstoned. Because of the type inferaree,
know that values pointed to by these additional weak refaren
will never be used, so recomputing (by taking the dead brarfich
an ifdead-expression) the value is pointless. Considefotimving
program:

letrec {z1 — 1,22 — 2,23 — (T2, 22), T4 — (T1,23),
x5 > weak xa, f — Az.e} in (ifdead =5 (fe') f,m1 x4)

If x ¢ FV(e) then type-inference would allow us to collect
(because then we can assig: ¢ weak andx, : t), which would
causers to be tombstoned. This means that the ifdead expression
will always reduce to the dead case, which causés be evaluated
and then thrown away by. Since by doing the type inference we
already knew that the value ot does not matter, we should be able
to take the live branch and just pass a dummy valyg tehich will
throw it away.

We can avoid this useless recomputation by adding a new dis-
tinct tombstone market’. A weak reference that has been replaced
with d’ will be treated as alive for the purpose of ifdead reduction.
A weak reference must only be tombstonedi ‘@i the value stored
in the memory it weakly references is never used in the retfteof
computation.

Formally, we extend the syntax bifval

(heap values) hv == ... |d

and we change the ifdead reduction rule to be
(ifdead) letrec H in E[ifdead z e e2] Iidead,
letrec H in Ele2 w] if H(z) = weak w
letrec H in Ele1] if Hz)=4d
letrec HW{z — 0} in Elez 2] if H(z) =4’
We also use an additional typing rule, which assignsito
the typet weak for a type variablet. We only need to allond’

to be typed byt weak because we will only introduce’ when
tombstoning a weak reference to a binding that can be ask@ne
type variable. Observe that Theorem 5.4 still holds witls tigw
rule for ifdead.

We can now prove the following theorem which states that
given a program and a typing derivation that assigns somp hea
locations type variables, those locations can be rebourtdatod
weak references to those locations can be tombstoned dbith
without affecting the result of the program. The proof carfidaand
in Appendix A.

Theorem 5.8(Inference Weak GC)Let

F1 = {]Jl : tl, ey L 1 tn},
Hi ={z1+ h1,...;xzn — hn},
HY = {y1 — weak x;,, ..., Yym — weak z;,, },

H? = {z1~0,...,z, — 0},
H{u-} = {y1 = dl7 ""ym = dl}7
H, = H{ W H{’, and

H] = H®w H{™.

If

1.T1wWwIoke:7 (7 ¢ Tvar), and
2.1+ Hs: I's, and

3. HS@ = H1 : SF1, and

4. letrec H1 W H> in e is well behaved

thenletrec H; & Hs in e = letrec H] W H> in e.

6. Recovering Uniqueness of Program Result

In general, when a programmer uses weak references he coasbe d
so in a way that guarantees that garbage collection canaoigeh
the result of evaluation. Examples such as memoizing fansti
and hash-consing lists certainly fit into this category. Hese
programs, which we believe are ubiquitous, it is desirabléd
able to check whether garbage collection can influence thdtre
Much as a type system is used to prove programs “don’t go Wrong
this section describes techniques to prove garbage dolezannot
alter the result of evaluation.

We refer to programs which always evaluate to the same result
aswell-behavednote this is weaker than the usual notion of con-
fluence). The property is formally given by Definition 2.7 sl
undecidability shown in Proposition 2.8. While the evailomtof
these programs may not be deterministic, the final resufrisex-
ample of a program which we know will always have the same final
resultis

letrec {} in ifdead (weak e) (¢’ ) €

We can see that any end result will be the same as a result of the
programletrec H in e’ e. Assuming there are no occurrences of
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Section 6.2
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Figure 5. Well-behavedness criteria

weak ¢’ in e or e’ for anye”, all reductions of this program must
end with the same result.

In this section we give two criteria for determining that a{pr
gram is well behaved. First we give a decidable syntactterioin,
then a less restrictive but undecidable semantic critefagure 5
shows the relationships of these criteria. It will be ingtirey (left
for future research) to adjust the syntactic criterion afta 6.1,
or define a new syntactic criterion, that decreases the géafpeto
semantic criterion of Section 6.2.

6.1 A Syntactic Restriction for Well-Behavedness

Given that it is impossible to syntactically characterike tvell-
behaved programs we will characterize a proper subset ofétie
behaved programs which is big enough to cover some realistis
of weak references. The syntactically restrictech™ is defined
in Figure 6. The restriction comes from [5] , also in that paige
an example implementation of (an approximation to) hasisitm
meeting the restriction. This class is extremely restricths we
essentially pair weak e” with e at each ifdead statement. While
this hinders the usefulness of weak references, it doesasitay
it. Weak references in this case are useful if the space nedjtd
storee is smaller than the data produced &yThis proper subset
of well-behaved programs is referred to as the set of “gosiuls”
programs.

Definition 6.1 (Companion Expressions)Let e; and e be ar-
bitrary expressions. We say that is the companionof e; if
(e1,e2) € ExpPair. (We do not use the relation “companion-of”
symmetrically, i.e.e; is notthe companion oé-.) a

Definition 6.2 (GC-Oblivious Programs)A programletrec {} in e
is gc-obliviousiff e € Exp™. O

Proposition 6.3. Membership inExp* is recognizable in linear
time.

Proof. The rules forExpPair are syntax directed by the first term

of the pair and just walk down the terms comparing top-level

constructors, except the weak case which uses syntactaligqu
|

Theorem 6.4. If P is gc-oblivious and well-typed then it is well-
behaved. O

A complete proof of this theorem and all auxiliary lemmas can
be found in Appendix B. Below we give a sketch of the pertinent
defintions and lemmas of the proof.

We will begin by generalizing the notion of gc-obliviousees
This generalization of gc-obliviousness is used to showeotness
of a semantics-preserving transformation which removescalir-
rences of ifdead-expressions. Once ifdead-expressi@anlimi-
nated, well-behavedness of the calculus is easily proverg s
“postponement” lemma along the lines of the proof given ]]1

Generalization of GC-Obliviousness

We will generalize the notion of gc-obliviousness for wisibed
terms by defining a séixpConf, as in Figure 7, which contains all
well-typed gc-oblivious terms.

Definition 6.5 (RelationConf;). For e, ez, such thatl® + e; :

1 — ... > Tpweakandl'Fex i1 — ... = T
1. (e1,e2) € Conf; weak if I' - e1 : 7 weak and for all H such
that- H : T

letrec H in e1 —* letrec H' & { — weak y} in x
. . R :
iff letrec H in e; —" letrec H' in y.

2. (e1,e2) € Confryr, if ' - €1 : 1 — T and for all
e € Exp* with ' e : 71 we have(e; e, ez €) € Conf,,. O

Lemma6.6. (e1, e2) € ExpPairandI' - e; : 7implies(ei, e2) €
Conf, |

We define the transformatiat? as follows:

o

(e1,€2)° = (ef,e2)
(mi(e1))® = mi(er)
(Az.e)® = (Az.€°)
(e1e2)” = eles
(weak €1)° = weak (e)

(ifdead e1 (e e2)e)® = (e°e3)

Lemma 6.7. Supposey € ExpConf andT" F e : T then for any
H suchthat- H : T, letrec H in eg = letrec H in eg. O

Proof of Theorem 6.4From Lemma 6.7 we know that for closed,
well-typede, letrec {} in e yields the same possible results as
the evaluation ofetrec {} in e°. Sincee® contains no ifdead-
expressions, the final result kftrec {} in e° is unique, therefore
the final result ofetrec {} in e is unique. O

Enlarging the Set of GC-Oblivious Programs

We can enlarge the set of gc-oblivious programs if we wish eixe
ample, we can parameterize thepPair relation withp € {1, 2}*

to obtain a larger set of gc-oblivious programs that inctugairs
and projections. The parametgr € {1,2}" represents the se-
quence of projections that will yield an appropriate conipampair.
ExpPair(p) is defined as in Figure 8. We would then change the
definition of Exp* to useExpPair(¢) in place ofExpPair, wheres

is the empty sequence.

All of the nice properties of th&xpPair relation still hold for
ExpPair(p). In particular, the proofs of Proposition 6.3 and Theo-
rem 6.4 easily generalize. For example, notice that the itlefirof
the Conf relation naturally generalizes when we expand the set of
gc-oblivious programs to handle pairing and projectiomgghe
parameterized relatioBxpPair(p). In this case we parameterize
Conf asConf(p).

6.2 A General Semantic Criterion for Well-Behavedness

The syntactic restriction of gc-obliviousness in Sectioh i8 ar-
guably too restrictive and does not allow natural expressib
many realistic uses of weak references. In particular meeabi
functions do not seem to fall into this restricted categdmyor-
der to remedy this situation we give a natural semantic rivite
for well-behavedness and use this criterion to informattua for
the correctness of an implementation of memoized functipn a
plication. This semantic criterion is intended to be usedphy-
grammers to assure their programs written using weak mfese



e1,e2 € Exp* e € Exp* i€ {1,2} e € Exp* e1,e2 € Exp*
i € Exp* x € Exp* (e1,e2) € Exp* m; e € Exp* Az.e € Exp* el e2 € Exp*
e € Exp* (e1,e2) € ExpPair e3 € Exp* e € Exp* (e1,e2) € ExpPair

weak e € Exp* ifdead e; (e3 e2) e3 € Exp*

(e1,e2) € ExpPair e3 € Exp*

(weak e, e) € ExpPair
(e1,e2) € ExpPair

(Az.e1, Az.e2) € ExpPair
(e3,eq) € ExpPair

(e1 e3, ez e3) € ExpPair

(ifdead e1 (e3 e2) ez, ifdead e1 (eq e2) e4) € ExpPair

Figure 6. Definition of Exp*

e1,e2 € ExpConf

e € ExpConf i€ {1,2}

1 € ExpConf x € ExpConf

e € ExpConf e1, ez € ExpConf

(e1,e2) € ExpConf

e € ExpConf

m; e € ExpConf

(e1,e2) € Conf, ez € ExpConf

Az.e € ExpConf e1 es € ExpConf

weak e € ExpConf

ifdead e; (e3 e2) e3 € ExpConf

Figure 7. Definition of ExpConf

e € Exp*
(weak e,e) € ExpPair(g)

(e1,e2) € ExpPair(p) ez € Exp*

(e1,e2) € ExpPair(ip) € {1,2}

(mi e1,m e2) € ExpPair(p)

(e1,e2) € ExpPair(p) ez € Exp*

((e1, e3), (e2,e3)) € ExpPair(1p)

(e1,e2) € ExpPair(p)
(Az.e1, Az.e2) € ExpPair(p)

(e1, e2) € ExpPair(e)

((es,e1), (e3,e1)) € ExpPair(2p)

(e1,e2) € ExpPair(p) ez € Exp*

(eres,eze3) € ExpPair(p)

(e3,eq) € ExpPair(p)

(ifdead e1 (e3 e2) e3,ifdead e1 (e4 e2) e4) € ExpPair(p)

Figure 8. ExtendedExpPair(p) Definition

are well-behaved (which is generally desirable). We asstirate

The notion of local well-behavedness is an undecidablegstpp

we are working within a typed setting so that we do not have to because well-typed programs can contain cyclic heap histlin

worry about stuck programs and to provide a free variabléestn
for ifdead expressions under lambda binders.

Local Well-behavedness

We say a prograretrec H in eis locally well-behaved if itis well-
behaved at each ifdead. In order to define this we use theniolip
relation.

Definition 6.8 (Locr). (e1,e2,e3) € Locr iff for all H such that
FH:T,if

letrec H in e1 —" letrec H' W {z > weak y,y — hv}inzx
then we have
(letrec H' W {z — weak y,y — hv} in es y —" letrec H” in z
iff

"

. R « .
letrec H' & {x  weak y,y +— hv} in ex —" letrec H" in 2)

with result(H”, z) = result(H"", 2). |

Definition 6.9. A closed programietrec H in e is locally well-
behavedff it has a typing derivatiort letrec H in e : 7 and for
all ifdead occurrences in the derivatidh}|- ifdead e; es e3 : 7/,
we have(er, ez, e3) € Locr. d

For example consider the following well-typed program
letrec {f — Az Ay.fz (zy)}in f (Az.2) 3.

However this is still a natural criterion to use when progmang
with weak references.

Theorem 6.10. If a program P is gc-oblivious and well-typed, then
itis locally well-behaved.

Proof sketch Every occurrence of an ifdead in a gc-oblivious pro-

gram obviously satisfies the second part of the property ésam

sults of reducing each branch) all that is missing is wellegness.
|

Theorem 6.11. If a program P is locally well-behaved then it is
well-behaved.

Proof sketch.Since the program is well-behaved around each of its
top-level ifdead occurrences and ifdead reduction is tiesmurce
non-well-behavedness, it is well-behaved. O

EXAMPLE 6.12 (Memoizing Functions). Assume we have a type
memofun(7i, 72) of memoized functions from; to 7, with the

2Note however, that well-typed programs with an empty heap reaver
reduce to a well-typed program with a cyclic heap bindingaose the
(alloc) rule guarantees that the left-hand side of a heap bindimgs# f



following functions:

Lookupmemo
Addmemo

(memofun(ri,72) * 1) — T2 weak option
(memofun(ry, 72) * 1) —
(12 * memofun(71, 72))

Lookupmemo andAddmemo do not need to use ifdead so they are
locally well-behaved. We verify the following (in ML-likeatation)
is locally well-behaved:

fun appmemo (f:memofun(T1,T2),0:T1)
: (T2 * memofun(T1,T2)) =
case Lookupmemo(f,0) of
None => Addmemo(f,o0)
| Some(ref) =>
(ifdead (ref) (Addmemo(f,o0)) (fn x => (x,f)))

Intuitively this function should fit our definition of locgllwell-

behaved. We need to prove that each branch of the ifdead ex-

pression will produce the same result in any hdépsuch that
ref, Lookupmemo andAddmemo have the appropriate types. This

fairly easy for a programmer to do in mind in order to see what t
final outcome of the program will be. In addition, we have pded

a general semantic criterion which can be used by programtoer
create well-behaved programs without having to adhere tda s
syntactic discipline.

In the future we hope to be able to use this formal semantics
for weak references to investigate more complex languadpshw
combine weak references with other programming featuoes, as
reference mutation and finalization. We would also like ttees
our calculus to formalize variants of weak references wilach
garbage collected according to different heuristics, Isinto those
found in Java. A good approach may be to include several tgpes
weak references in our formalism which are treated diffeydy
the garbage collection rule.
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is not possible because we need to make use of the dynamic setions and opinions.

mantics ofAddmemo to make the argument, not merely its type.

In order to make the argument, we assume that the definition References

of Addmemo is available and we reasor; as if it were inlined.
We needletrec H in ((Az.{(z,f)) y) —* letrec H' in z

iff letrec H in Addmemo(f,0) —* letrec H” in z with
result(H', z) = result(H", z). If ref is dead then

letrec H in Addmemo( f, 0)

re-adds the corresponding dead entryréff is still alive then
letrec H in ((Az.(z, f}) y) still has the corresponding entry and
returns the same pair thigtrec H in Addmemo( f, 0) does. So this
example is locally well-behaved, so it is well-behaved. |

7. Related Work

Morrisett, Felleisen and Harper's [10] was the first work ttyf
specify the static and dynamic semantics of a language with
garbage collection and was followed up by [11], which furthe
develops the theory in the context of a polymorphic language

Most of the work specifically related to weak references is in
actual implementations of programming languages and iir the
informal descriptions. Aside from that, Peyton Jones, Barkand
Elliot use weak references (and some other GHC Haskellfesitu
to implement memoized functions in [8]. Marizen, Zendra and
Colnet discuss the addition of weak and soft references ¢o th
Eiffel language and the advantages parametric polymanpliis
this context [9]. Neither of these papers contain formal amtins
and we are aware of no other attempt to formalize the sensawttic
weak references.

8. Conclusion and Future Work

In this paper we introduce and investigate a formal semsuatic
a functional language with weak references. We show the-flexi
bility of the semantic framework by extending it to the cade o
the key/value weak references found in GHC Haskell. We ekkten
type-inference based reachable garbage collection te aibdiec-
tion of additional weak references without incurring congpional
overhead to recompute data stored in them. We address the wel
behaved usage of weak references by proving that a syratygtic
restricted set of programs has a unique program resultrdiegs
of garbage collection.

The method of proof of the preceding result is of independent
interest. We use a relation to prove the correctness of aftrama-
tion which removes all ifdead expressions. Such a transfbomis
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soundnessinformation and Computation 118 (1994), 38-94. with respect to expressions, . . ., en, Hi =(e,,....e,,} H2 by:
1. FV(ei,...,en) N Dom(H1) = FV(e1,...,en) N Dom(H2)
A. Proofs for Inference GC (call this setV)
Theorem A.1(Inference GC) Let 2. H1[V] = H»[V], and
' = {zi1:t1,.yZn itk 3. (Hi\V) =m,v) (H2\ V)

Hy = {x1— hi,...,@n — ha}, and where(H \ V) is defined by(H \ V)(z) = H(z) if = ¢ V and
T ' undefined otherwise.

!
Hy = A{z1— 0, 20— 0} So H1 =, H- if and only if H, is equal toH> on all of the
If variables that are reachable frem
1.Tywleke: 7 (7 ¢ Tvar),and LemmaB.l. If " - e : 7 =7 — .. — 7, weak and
2.7y - Hy : T, and I'e :m — ... —» 7, and for all H such that- H : T
’ ro ’
3.35.0 - H, : STy, and there aree?, e; and H' such that

4. letrec H1 W H> in e is well behaved (i.e. the timing of garbage 1. letrec H in ¢; R letrec H' in e}, and

collection cannot affect the final result) 2. All evaluations ofetrec H in e; lead toletrec H” in ¢} (for
thenletrec Hy W H in e = letrec H} W Hy in e. someH") with H” =, ¢,y H'

. . . 3. (e}, e5) € Conf,
Proof sketch.Since we are dealing with a well-behaved program,

we can ignore thégarb) rule for the purpose of showing equiva-  then(ei, ez2) € Conf

lence. Since, the other rules only add bindings, we havéfthat

letrec Hy W Ha ine ReAerdd « etrec HiWHyWHsine

then foranyl’y W'y F Hs : I's we havel, w o W - ¢’ : 7 by The conditions imply that all reductions ¢dtrec H in e; are

Theorem 5.4. By Lemma.6, none ofz1, ..., z, can appear in an equivalent to an extension of the given reductions

active position ire’. The reduction rules only depend on the value

of references in an active position, so we will never redocedtate

whose next transition depends on the/value of anyof.., zn, For = 71 weak the result is immediate because all reductions

therefordletrec Hy W Hy in e = letrec H1 W H> in e. O of letrec H in e; andletrec H in es are equivalent to reduc-
tions ofletrec H' in e} andletrec H' in e, and membership in

Theoreltn A:Z{(;nfg;ence ;Ne.ar C}-:‘C) Let Conf;, weak depends only on the final results of reductions.

1 = 1:01y.eyTn 2 lnyg,

Hi ={z1+ hi,...;xn — hyn},

Proof SketchBy induction onr.

. R .
letrec H in e; —" letrec H in €.

HY — {y1 — weak 2; L. weak 7, } Forr = 7 — 7", becausd] e is an evaluation context, the
H}S _ {y1 =0 m”;"oﬁm Tim 1> reductions above are also reductionslefrec H in e; e to

L, 3, Tn ’ letrec H in e e, SO we can apply the IH to gét; e,es e) €
Hl :{yl'_)d7"'7ym'_>d}7 Conf ", |
H, = Hi W H{’, and T

!’ /s Tw
Hy = Hy W H". For using the above lemma, note that if we have evaluations

R-{ifdead}
vt =7
R-{ifdead}
R St AN

If

1.TiwWleke: 7 (7 ¢ Tvar),and
2.1+ Hs: FQ, and

letrec H' in €]
letrec H' in e}

letrec H in e;
andletrec H in es

. in which no weakly referenced garbage gets collected thén al
3.35.0F Hi : SF_l’ and evaluations ofletrec H in e; lead toletrec H'” in €} with
4. letrec H1 W H> in e is well behaved H" = {e1,ex) H.

o , .
thenletrec 111 W Hy in e = letrec H; W Ha in e. Lemma B.2. (e1,e2) € ExpPair andT F e; : 7 implies

Proof sketch.Observe that any ifdead reduction step on same (e1,e2) € Confr

which takes the live branch has the following form Proof. By induction on the derivation 1, e2) € ExpPair

. R-{garb *
letrec H W {y; — weak 1} in E[ifdead y; e; e2] Relearb} case : e € Exp

letrec H W {y; — weak 1} in ez Tk, (weak e,e) € ExpPair

If % had been tombstoned & we would have By inversion on derivation of’ | weak e : 7,7 = 7' weak for

letrec H & {y; — d'} in E[ifdead y; e; e2] R-{garb} somer’. Sp we needweak e, e) € Conf,/ weak- Sinceweak [| _is

letrec H W {y; — d'} W {z + 0} in e 2 an evaluat_lon context all evaluatlon_s wiak e ar_1de match with
the exception of the last step of halting evaluations, whibtcate

Sincezy, is assigned a type variable iy, by Theorem 5.4 we  the weak pointer satisfying the definition f6onf ./ weak-

can still assign it a type variable when typitgrec H W {y; — )

weak x3} in es xj, SO we can replace the binding of; case : (e1,¢e2) € ExpPair

with 0 without affecting the reduction of the program. Therefore (Az.e1, \x.ea) € ExpPair

letrec H1 & Ho in e = letrec H] W Hy in e.




By inversion on derivation of' - Az.ey : 7,7 = 71 — 7o for
somery,7s.

Supposee € Exp* andT + e : 7. Then we also havé&
(Az.e1) e : 72 and we need(\z.e1) e, (Az.e2) e) € Conf,,.

There are reductions

letrec H in (Az.¢e;) e
letrec H' W {f — Az.e;} in f x

R-{ifdead}
—_

which collect no garbage. The result then stefstiec H'w{f —
Az.e;} in e; and we can garbage collegt which cannot be
free in e; since it was allocated fresh fgf\z.e;) and it can-
not be weakly referenced\z.e;) was in head position at the
time of allocation. By IH(e1,e2) € Conf,,, so by Lemma B.1
((Az.e1) e, (A\z.e2) €) € Conf,,.

(e1, e2) € ExpPair
(e1 es, ez e3) € ExpPair

es € Exp”
case :

Follows immediately from inversion on typing and the IH.

(e1,e2) € ExpPair  (es,es) € ExpPair

case :

(ifdead e; (e3 e2) e3,ifdead e; (e4 e2) e4) € ExpPair

By inversion on’  ifdead ei (e3 e2) es : T we have
I'kep:7mweakandl' ez e : 7andl’'Fes3 : 71 — 7.

Supposed is a heap with- H : I'. There are reductions:

. R-{ifdead}
letrec H in ifdead e (e3 e2) e3 R{ifdead),

letrec H' W {x — weak y} in ifdead z (e3 e2) e3
. R-{ifdead} «
andletrec H in ifdead e1 (e4 €2) ea Relifdead),
letrec H' W {x — weak y} in ifdead z (e4 €2) €4

which collect no garbage, so all reductions are equivalent t
extensions of these reductions. All reductions proceedithere
collecting some garbage and causingo be tombstoned or by
taking the live branch of the ifdead. By IH d@1, e2) € ExpPair,
we have(er, e2) € Confr, weak- We knowz cannot be free i,
ea, es, O e4 since it was allocated fresh. Therefore, (ey, e2) €
Conf, weak all reductions of these are equivalent to reductions of
letrec H' in e3 y andletrec H' in e4 y. By type preservation, we
havel" - es3 y : Tfor H' : T'. By IH on (es, e4) € ExpPair,
we have(es, eq) € Conf,, —., and therefordes y, e4 y) € Conf .

By lemma B.1(ifdead e1 (es e2) e3,ifdead e1 (es €2) e4) €
Conf,. O

Lemma B.3. Suppose € ExpConf andTI' F ¢, : 7 then for any
H suchthat- H : T, letrec H in eg = letrec H in eg.

Proof SketchBy structural induction. The only interesting case is
eo = ifdead e; (e e2) e because the IH carries through immedi-
ately in all other cases.

By inversion on typings we havE + e; : ™1 weak and by
inversion onExpConf we have(ei,e2) € Confr, weak- Since
bindings allocated during evaluation ef cannot effect evaluation
of ez, (e1,€2) € Conf,, weak tellsusifdead e; (e e2) e = (e e2).
Therefore the programs are equivalent. O



