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ABSTRACT

Recentstudiesobsere that vertex degreein the autonomous
system(AS) graphexhibits a highly variabledistribution [14,
21]. The most prominentexplanatory model for this phe-
nomenonis the Baralasi-Albert(B-A) model[5, 2]. A cen-
tral featureof the B-A modelis preferentialconnectvity —
meaningthat the likelihood a new nodein a growing graph
will connecto anexisting nodeis proportionalto the existing
nodes dagree. In this paperwe askwhethera more general
explanationthanthe B-A model, and absentthe assumption
of preferentialconnectvity, is consistentvith empiricaldata.
We are motivatedby two obsenrations: first, AS degreeand
AS size are highly correlated[10]; and secondhighly vari-
ableAS sizecanarisesimply throughexponentialgronth. We
constructamodelincorporatingexponentialgrowth in thesize
of the Internetandin the numberof ASes,and shawv that it
yields a sizedistribution exhibiting a power-law tail. In such
amodel,if anAS’s link formationis roughly proportionalto
its size, then AS out-deggreewill also shav high variability.
Moreover, our approachis moreflexible than previous work,
sincethe choiceof which AS to connectto doesnot impact
high variability, thus canbe freely specified. We instantiate
sucha modelwith empirically derived estimatesf historical
growth ratesandshaw thattheresultingdegreedistribution is
in goodagreementvith thatof real AS graphs.
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1. INTRODUCTION

Marny aspect®f thelnternetsstructurearerelatively unknavn.
Thesegapsin our knowledgeposeproblemswhenattempting
to constructrepresentatie network topologiesfor simulation
andmodeling.In addition filling thesegapsmayshedlight on
theforcesbehindthe Internets growth andthe waysin which
thenetwork mayfail.

One aspectof the Internets structurethat has dravn great
interestis the autonomoussystem(AS) graph (the graphin

whichverticesrepresenfSesandedgesepresenAS-AS peer
ing relationships). A particularly surprisingaspectof these
graphsis thatvertex degreegenerallypossessea highly vari-

abledistribution[14, 21].

In discussingpropertiesof the AS graph,it is usefulto draw a
distinctionbetweerhigh variability andpower-law tails. High
variability is aqualitatve notion, referringto a probability dis-
tribution shaving non-ngligible valuesover a wide rangeof
scales(typically at leastthreeordersof magnitude). On the
otherhand adistributionp(-) with power-law tails hasthefor-
mal propertythat:

p(z) ~ 2™

with a > 0, andwherea(z) ~ b(z) meansthatlimg

a(z)/b(z) = c.

Someauthorshave amguedthat AS vertex degreeis well mod-
eled as having powerlaw tails [14, 21]. Othershave sug-
gestedthat vertex degreedoesnot clearly exhibit power-law

tails, althoughit is highly variable[8]. Since such highly-

variabledistributions do not arisein simple randomgraphs,
andsincepower-law tails do provide a simple (albeit crude)
approximatiorfor the behaior of thetruedistribution,anum-
ber of papershave proposedmechanismgmore complicated
thanpurely randomconnection}hat may give rise to powver-

law degreedistributionsin graphg5, 19, 18].

The most prominentmodel attemptingto explain the emer
genceof pawerlaw degreedistributionsis the Baralasi-Albert
model(or B-A model)[5, 2]. In fact,it hasbeenconsideredn
anumberof papersasamodelfor AS graphg3, 7, 26,23,31].
TheB-A modelassumeshenetwork is formedthroughincre-



mentaladditionof nodes.In the simplestform of themodel,a
new nodeformsa connectiornto an existing nodewith proba-
bility proportionalto the existing nodes degree. This prefer
entialconnectvity leadsto a “rich getricher” phenomenotn
which high degreenodestendto increasen degreefasterthan
low degreenodes.

In this paperwe examinewhetherexplanationsmore general
thanthe B-A modelmaysuffice to explain highly variable de-
greedistributionsin the AS graph. We are motivatedby two
obsenations. First, the authorsin [10] point out that AS de-
greeis stronglycorrelatedwith AS size(measuredn number
of nodes)— andthat AS size also shaws a highly variable
distribution. Secondwe obsere thatduringthe last10 years
or so, the Internethasundegoneexponentialgrowth in both
numberof nodesandnumberof ASes.Undersuchconditions,
we shawv herethathighly variableAS sizes(and, presumably
as a consequencehighly variable AS degrees)may readily
arisedueto exponentialgrowth alone.

We explore theseobsenationsin this paperby constructinga
simplegrownth modelfor AS graphs.Our modelmakesthree
assumptions(1) exponentialgronth in the numberof hostsin

the network; (2) exponentialgrowth in the numberof ASesin

the network; and(3) an approximatelyproportionalrelation-
shipbetweenAS sizeanddegree. Theresultingmodelshowvs
thathighly variableAS degreesmay easilyarisewithout pref-
erentialconnecwity, andin factwithoutary globalknowledge
of network stateby individual ASes.Indeed,in ourmodel,the
methodsby which ASesselectpeeringpartnerscanbe freely
unspecified.

In our model, M (the total numberof hosts)and N (the to-
tal numberof ASes)aredescribedy thesimplelineargrowth
equationsIN/dt = ¢N anddM /dt = pM + gN, wheregq
andp arethe growth parametersWe shaw thatin the asymp-
totic time limit, this modelleadsto a stationarysize distribu-
tion with power-law tails. We thenshaw thatif thesegrowth
rulesareusedto constructagraph,suchthataseachAS grows
it formslinks to other ASesin approximateproportionto its
own size, then the resulting degree distribution also shavs
high variability.

We validatethe degreedistributions producedby this simple
modelusing empirical measurementsf AS degreedistribu-

tions. For this purposeve usemeasurementsom BGPtables
storedat Routeviews [27], aswell asoverlay mapsproduced
by mappingroutersfrom the Mercator[16] and Skitter [29]

datasetdo their correspondinghSes. We find thatthe result-
ing degreedistributionsin our simulatedgraphsarein good
agreementvith empiricaldata.

We concludethat, for topologygenerationit is not necessary
to incorporatepreferentialconnecwity in orderto generate
highly variableAS degreedistributions. This leavesthe door
openfor morepracticallyjustified basegor forming interAS
links, eg., basedon economicand geographicakonsidera-
tions.

In summaryin this papemwe exploreamodelfor the AS graph
thatis moregenerathanthe B-A model,andis basedon em-
pirical obsenationsof Internetgrowth dynamics.It allows for
inter-AS connectiongo be formedin a way that neednot be
basedon AS degree. We shaw thatit yields highly-variable
degreedistributions,andthatits outputsagreewell with em-
pirical measurementsf AS graphdegreedistribution.

2. RELATED WORK

Until recently Internettopologieshave beengeneratedising

randomandhierarchicaimodels.Amongthe moresignificant

of theseis work dueto Zeguraet al. [32]. Thatpaperproposes
generatingmallerdomain-like networksandconnectinghem

togethetto createa hierarchicaktructurewhosepropertiesare

specifiedby input parameters.Unfortunately theserandom

and hierarchicalapproachedail to capturemary significant

attributesof Internettopologyaswell asthe power-law models
[31, 23] discussedbelow.

Sinceattentionwasdravnto power-lawsin Internettopologies
by [14], modeling efforts have shifted to reproducingthese
power-law propertiesThemostnotableeffort in thisdirection

has beenthe Baralasi-Albert preferentialattachmenimodel

[5]. This modelwas first formulatedand solved by Simon

[28] andfurther developedby Price[11, 12]. In this model,

the network is formedthroughincrementabdditionof nodes.
The models key assumptioris thata new nodeforms a con-

nectionsto an existing nodebasedhe existing nodes degree.
The probability that a newv nodewill connectto an existing

nodes is proportionalto IL(z) = k; /X ;k;, wherek; is thede-

greeof nodes:. Theresultingrateat which nodesacquirenev

edgeds givenby dk; /5t = k;/2t, wheret is thetime elapsed
from the startof the processTheresultingdegreedistribution

exhibits apowerlaw tail, with afixedexponentof o = 3.

Laterwork hasbuilt uponandextendedthe B-A model. The
sameauthorsin [3] extendedthe modelto allow re-wiring, in
which edgesmay alsobe deletedor moved at eachtimestep;
this allows the exponentto vary. The work in [26] investi-
gatesthe casewhereonly a subsebf all nodesin the network
are available for connection. With only slight modifications
to the B-A modelthey shav that a powerlaw degreedistri-
bution emeges. Additionally, a “generalizedlinear prefer
ence”modelis proposedn [7] thatbettermatcheghe cluster
ing behaior and pathlengthsof empirical Internetmeasure-
ments. Theseextensionshave improved the flexibility of the
B-A model,albeitwith a correspondingncreasean complec-

ity.

The generatiorof powerlaws throughrandomgraphmodels
hasalsoreceved considerableecentattention. An overview
of existing modelsappearsn [1], alongwith a methodwhich
generalizesll of them; this family of modelsis analyzedin
[20]. In thesemodels,nodesare periodically addedto the
graphwith someprobability and areinitially assignedanin-
weight and out-weightof 1. At eachtimestep,t, with some
fixedprobability anew directededges createetweemodes
1 andj. The probability of selectinganedgefrom i to j isin



proportionto 's out-weightand j's in-weight, respectiely.
Then,the out-weightof ¢ andthein-weightof j areincreased
by 1; henceateverytimestephetotalin-weightin the system
is exactly t. This generamethodcangeneratgraphswith ar-
bitrary degreedistributions, but are not proposedas realistic
modelsfor thedynamicsof Internetgrowth.

In contrastto the approacheabove which focuson reproduc-
ing statisticalproperties,anotherfamily of modelsexplores
theimplicationsof optimization-basedlgorithmsfor network
structure. One suchmodelhasbeensuggestedn [13]; it as-
sumesghatnodesarrive uniformly at randomwithin someEu-
clideanspaceandthe newly creatededgesattemptto balance
the distanced from its new neighbourwith the desireto min-
imize the averagenumberof hopsh to othernodes. A nen
node: forms an edgeto j by minimizing the weightedsum
~-d;; + h;. Theresultingdegreedistributionexhibitsapower-
law tail. A secondoptimization-baseanodelis describedn
[4]; this paperexploresa similar heuristicbut atthe ISP level.

Theinvestigationin [10] evaluateshemeritsof theB-A model
and its applicability to the Internet. The authorsconclude
that, while the B-A family of modelsdo succeedn produc-
ing powerlaws, the modelitself is not representate of the
dynamicsthat drive Internetevolution: its growth processes
(preferentialconnectvity) do not matchthoseobsenedin the
Internet. Also, they presengvidenceto suggesthat AS-level
degreedistribution is not a pure power-law, thoughit is still
highly variable. Basedon theseobsenations, togetherwith
evidencein [30] which links degreeto size,[10] suggestshat
other (perhapssimpler) mechanismalecidethe evolution of
theInternet.

Thework in this papershawvs thatpreferentiakconnectvity, or
indeedary dependencen degreein makingconnectiordeci-
sions,is not necessaryor power-law degreedistributionsto
emepge. Furthermorepur paperis the first modelthat mod-
elshighly variabledegreedistributionsaswell asthe sizeand
growth of autonomousystemghemseles.

3. A SIMPLE GROWTH MODEL
In this sectionwe first motivateour modelusingobsenations
regardingtheratesof growth of ASesandhostsovertime. We
thenanalyzethe modelandexploreits properties.

3.1 Exponential Growth

We startby assessinthe growth of the numberof ASesin the
Internet. For this, we look to a history of routing numberal-
locationsmadepublicly available by the Internetregistrars.
Theseagencies(ARIN, RIPE, and APNIC) are collectively
responsibldor assigningall Internetrouting numbers. Each
publishesa table of every AS numbef and IP block it allo-
catesandthe datetheallocationwasmade.

The strengthsanddravbacksof variousdatasourcedor AS
trackingarediscussedn [15].

2RIPE doesnot publishAS numberallocations thoughmary
of theseallocationshave beenrecordecby ARIN.

Using thesetables,we can measureghe numberof AS num-
bersallocatedat ary point in time. The resultis shavn in

Figurel, on (a) a linear scaleand (b) a semi-logscale. Here
we assumethat allocationsprovide a good estimatefor rate
of growth in total numberof ASes(sincewe areprimarily in-

terestedn the overall rate of growth). Fitting a line to this

logscaleplot shaws that, over the recentpast, AS numbers
have indeedbeenallocatedat an exponentiallygrowing rate.
We estimatethe rate of growth by the slopeof the linear re-

gressiorfit to the curve, or approximately8.7 x 10~ (units
areln(ASes)/day).

Theregistriesprovide a goodrecordof AS births, but it is in-

accuratdo usetheir recordsof allocatedP blocksto estimate
growth of hostsin the Internet,becausemostIP blocks are
notfully utilized. The bestestimateof the numberof Internet
hostsseemsto be that of the widely cited InternetSoftware
Consortiums “Internet Domain Surwey” (IDS) project. The
hostcountthey develop is basedon a reverseDNS process;
detailscanbefoundat[17].

Using the numberspublishedby IDS, we plot hostgrowth in

Figure2 (again, (a) is linear scale,and(b) is semi-logscale).
Althoughthelinear regressionof the whole curve fits reason-
ably well, we note that the slope of the curve startingabout
1996is noticeablydifferentfrom the slopebeforethat point.

Using the linear fit shavn in the figure, we estimatethe the
moreconserative growth rate(theratepost-1996Yo beabout
1.1 x 10~2 (unitsareln(hosts)/day).

We emphasizahat while hostcountmay well underestimate
the actualnumberof hostson the Internet,we are primarily
interestedn estimatingthe rate of growth representetby the
slopeof thecurve.

Figuresl and?2 provide stronghistoricalevidenceof exponen-
tial growth both in size of the Internetand numberof ASes.
Next we constructa simple evolutionary model which relies
ontheobsenationthatbothmeasuregrow exponentially

3.2 Model Developmentand Analysis

We wish to constructa modelwhich builds on the obsera-
tionsthatthe numberof ASesandthe numberof hostsin the
Internethave both grown exponentiallyin therecentpast.Let
N (t) bethetotal numberof ASesandM (¢t) bethetotal num-
ber of hosts(or ‘mass’) in the system. The simplestgrowth
modelconsistentvith the obsenationsin the previoussection
is mathematicallydescribedy linearequations

dN dM

praial 3 —PM+a 1)

Hereq is therateof creationof nev ASesandp is therateof
creationof new nodes.Whenanew AS is createdthe hostis
giventhatnew label, explainingthe¢N termin theleft equa-
tion in (1). (We assumethat thereis no memging of ASes;
morecover, weassumehatlinks donotaffectgrowth processes,
andthathostsandlinks never disappearFor a modelthatin-
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Figure 2: Growth in the number of Inter net Hosts

cludesAS memers,see[15].) Solvingfor N andM gives

N(t)
M(t)

N(0)e™, )
AeP* + BN(t), 3)

with A, B beingsimplefunctionsof the initial data,andthe
parameterg andgq. (At the specialpointp = ¢ the coefi-
cientsdiverge(A = B = o0), reflectingthattheexactsolution
is actuallyalinearcombinatiorof e?* andt e”*.) Thustheav-
erageAS size(s) = M (t)/N(t) couldexhibit the following
asymptoticoehaiors:

finite whenp < g,
(8) m<{InN whenp = g, 4)
NP=ad/a \whenp > q.

In [15] we show thattheaverageAS sizegrows overtime (and
with ), in agreementith measuremenshaving thatp > q.

Let N, (t) bethe numberof ASeswith s nodes.Unlike N ()
and M (t), Ns(t) is arandomvariable; however in the large
timelimit it becomesighly localizedaroundts averagevalue.
Undertheassumptiorthat N, (¢) is equalto its expectationjts
sizedistribution satisfiegherateequation

dN,
dt

=p|(s—1)N,_1 — sN,] + qNs 1 ®)

whered,,1 is the Kronecler deltafunction. Thefirst termon
theright-handsideaccountgor growth thatproceedsvith rate
p: whenanodeis addedo anAS with s — 1 nodesthenumber
of ASeswith s nodesincrease$y one;similarly whenanode



is addedto an AS with s nodes,the numberof ASeswith s

nodesdecreaseby one. The secondterm on the right-hand
sideof Eq. (5) accountdor birthsof new ASes(with sizeone)
which take placewith rateq.

We alreadyknow N(t) = N(0) e?*. SolvingEgs.(5) recur
sively andexpressingn termsof N ratherthant yields

N, =n,N+>_ Cy;N /1 (6)

=1

wheren; is the fraction of ASeswith s nodes. The coefi-
cientsC,; dependninitial conditionswhile ns areuniversal.
Asymptotically only the lineartermn,N matters. To deter
mine this dominantcontribution, we insert N, (t) = nsN(t)
into Eq. (5). We arrive at therecursiornrelation

(s + ;%) na = (5 = Dnac )

for s > 2, while for s = 1 we haveni = q/(¢ + p). The
solutionto recursion(7) reads

g F(s)I‘<2+%).
q+p F(s+1+g)

®)

Asymptotically theratio of gammafunctionssimplifiesto the
power law,

ns~Cs %, ©)

with @ = 1+ ¢/p andC = ﬁr(ug). Thatis, the

modelyields an AS size distribution exhibiting a powerlaw
tail with exponent—(1 + ¢/p).

4. AS DEGREE FORMATION

Theprevioussectionshavedthata power-law sizedistribution
emepgesin the presenceof exponentialgrowth of ASesand
hosts. In this sectionwe extendthis ideato incorporateAS
degree.

The key assumptiorwe make is thatasan AS grows, it will

establishinks with other ASes. We show thatif link forma-
tion occursin roughproportionto anAS’sgrowth, thenthe AS
degreedistribution will shav high variability. More precisely
if at eachtime stepa nev nodeis addedto an AS it forms
an inter-AS link to someother randomlychosenAS with a
fixed probability, then AS degreedistribution will shav high
variability. Furthermorethis needonly bein “rough propor
tion;” for example,the resultstill holdsif connectionproba-
bility varieswith thelog of the AS size.

Any suchlink formation processs simple sinceit only de-
pendson growth, it is flexible sincethereareno influencing
agentsotherthansize,andno global knowvledgeof otherAS
degreess requiredto male link formationdecisions.

We embodythe growth model of Section3.2 andthe afore-
mentionedink formationprocessn the following algorithm.
Recallthe notationfrom Section3.2wheret is time and N (¢)
is thenumberof ASesin thesystem Let M;(t) bethenumber
of hostsin AS 4, andt; bethetime AS i is introducednto the
system.

Thisalgorithmrequireghreeinputparametersp andgq arethe
growth ratesin the numberof hostsand ASes, respectiely,
andz is somefixed probability of aninterAS edgeforming
with eachunit of hostgrowth. At eachtimestept two kinds
of eventsoccur: somenew ASesareborn,andexisting ASes
grow. Startingatt = 1:

i. Calculatehetotalnumberof ASesaccordingo N (t) =
N(0)e?. In oursimulationswe useN (0) = 1.

ii. Introduce|N(t)|] — |[N(t — 1)| new ASeswith out-
degreeof 1, wherethe neighboringAS is chosenuni-
formly atrandom.

iii. ForeachAS i in existencebeforetimet,

(a) Calculatethe numberof total hostswithin AS 4
accordingo M;(t) = Ae?* ) 4 BN (t). In our
simulationsveuseA = 1,B = 0.

(b) Insert|M;(t)] — | M;(t — 1)| new hostsinto AS
i. Eachnew hostcreatesan interrAS edgewith
probabilityz, andif anedgeis createdtheninvoke
a select operationto determineto whom the new
AS-to-ASlink is created.

The select operationis left unspecifiedo emphasizehe flex-
ibility of the link formationprocessandits dependencenly
ontheAS size. We consideronly the simplestselectionoper
ation,whereatamgetAS is choseruniformly atrandom.

Even thoughthis is a randomconnectionprocess ASesthat

arelargerin sizewill generallyhave higherout-degree.Thus,

like the underlying size distribution, the degree distribution

that resultswill tendto be highly variable. We shawv in the

following sectionsthat a highly variable degree distribution

doesresult,andthatthis distribution fits well whencompared
agpinstdistributionsobseredin thelnternet.

5. VALID ATION

We validateour analysisandsimulationresultsagainstempir
ical degreedistributionsin thefollowing sections.

5.1 Empirical Data Sources

Therearea numberof sourcedrom which we candrav AS-
level degreedistribution. We infer empirical degreedistribu-
tion throughtwo distinct methods,appliedto threedifferent
sources.

Thefirst methodis to infer AS degreesfrom BGP tables.For
this purposewe useBGP tablesfrom the RouteMews project
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Figure 3: DegreeDistrib utions Inferr ed from 4 Sources.

[27] collectedin April 2001andFebruary2002. An entryin
a BGPtableconsistsof an|P block representedy its prefix,
followedby asequencef ASes(anAS path)thatmustbetra-
versedto reachan IP addresswithin thatrange. We caninfer
anadjacenyg in the AS-level graphfor a pair of ASeswhen-
ever they appearin successiorwithin any path. While this
inferencemethodtypically avoidsfalsepositives(adjacencies
which are not actually present,but appearto be present),it
suffers from falsenegatives, sincenot all AS adjacenciesire
adwertisedacrossBGP[10].

A secondmethodfor determiningAS degreesis to annotate
a routerlevel mapwith eachrouters associatecautonomous
system. Nodesin the routerlevel graphare labeledusingIP
addressesln the overlay producedby annotatingthe router
level graph,eachnodeis furtherlabeledwith its assocatedS.
The approachis detailedin [9]; we summarizethe approach
here.An IP is associatedvith anautonomousystemby per
forming alookupin BGPtables.First, find thelongestmatch-
ing prefix of anIP addressvithin theBGPtable;thelastentry
in the pathvectoris the numberof the AS which ownsthatIP
addressA completeinspectionof every edgein theannotated
routerlevel graphrevealsaninter-AS edgewherever ary pair
of nodesarelabeledwith distinctAS numbers.

This methodhasnumerousadvantageover AS mapsinferred
from BGP tablesdirectly. It providesan AS map at a finer
granularity;aggrejatedASesarerevealed asaremultiplelinks
betweermASes.However, this methodsuffersfrom thefollow-
ing drawback.Any singleBGPtableis potentiallyincomplete
andcanbe limited by pathhiding from parentASes(in order
to reducemessagend table sizes). Setsof BGP tablesare
usedto reducethe magnitudeof this problem,with the belief
that more BGP tablesreveal moreinformation. However, no
AS canobsene the existenceof anotherAS which is hidden
by its parents.

We draw on routerlevel mapsgatheredfrom the Mercator
project[16] in August2001,andanothemprovidedby the Skit-

Source ASes| Edges| Date Method
RouteViews | 10854 | 47847 | 04/01 BGP
RouteViews | 12875| 57385| 02/02 BGP
Mercator 3478 | 13590 | 08/01 | AS Overlay
Skitter 9206 | 38334 | 01/02 | AS Overlay

Table 1: Summary of Data Sources
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Figure 4: Predicted Degree Distrib ution under the Con-
stant Connectivity Model.

terproject[29] gatheredn Januar2002. Statisticsdatesand
sourceof all four datasetaresummarizedn Tablel.

Thedegreedistributionsplottedin Figure3 shaw thatall meth-
odsandsourcegield similar results.For subsequentompar
isons we usethedistribution dravn from theautonomousys-
tem overlay constructedrom the Skitter datasetollectedin
January2002asa baselinefor comparisoragainstsimulation
results.

5.2 ConstantConnectvity Models

Section3.2 shavs that the size distribution that resultsfrom
our model hasa powerlaw tail. However, sincethe growth
modeldoesnot directly describedegree,we turn to our simu-
lationto determingheinfluenceof sizeandgrowth ondegree.

The simulationis executedusing the algorithmin Section4
usingratesp = 1.1 x 1072 andg = 8.7 x 10~* estimated
in Section3. The degreedistribution predictedby our model
is plotted against obsened degree distributionsin Figure 4.
We found empirically that usingfixed connectionprobability
z = 0.10 resultsin verticesof our simulatedgraphshaving
aroughly commensurateveragedegreeto that of the Skitter
dataset. Wherethe discrepang doesoccur the generalten-
deng is for our modelto underestimatéhe degreeof smallto
mediumsizedASes,while overestimatinghe degreeof larger
ASes.



DataPoints Avg. Conductance
SizeRange Mercator | Skitter | Mercator | Skitter
2-10 1404 4254 0.49 0.87
11-100 1429 3502 0.24 0.60
101-1000 359 1050 0.13 0.31
1001-10000 38 131 0.11 0.21
10001-100000 1 10 0.20 0.25

Table 2: Conductanceof ASes

Figure 4 shaws that the predicteddegreedistribution is rea-
sonablysimilar to that of the Skitter dataset. Discrepancies
canpotentiallybe removedby refiningthe decisionprocesses
usedto form AS to AS connectionsn the model. In the fol-
lowing section,we explore a refinedmodelthat accountsor
the sizeof the AS whendeterminingtherelationshipbetween
growth andlink formation.

5.3 Size-BasedConnectvity Models
Therelationshipbetweemredictedandempiricaldistributions
shavnin Figure4 suggesthatthereis roomfor otherpractical
influencesninter-AS link formation. Herewe discussanap-
proachthattakesinto accountthe actualsize of the AS when
choosingto createnew links.

We presupposéhefollowing notion: asanAS grows, theratio
of its degreeto its sizewill shrink, andso a constantproba-
bility whendecidingto createnew links may not bestrelate
degreeto size. Intuitively, the ratio betweenthe degreeof an
AS andits sizeis analogougto surface-to-wlumeratio. In
graph-theoretiterms thisratiois oftenreferredto asthe con-
ductanceof a subgraph.Thus,we definethe conductancef
anautonomousystem; with size M; anddegreed; to be f\i/[_l,

Obsenationsof conductancareestimatedrom Mercatorand
Skitterdatasetsliscussedh Sections.1,andshavnin Table2.

This tableshavs thatasanautonomousystemgrows, the av-

erageconductancehrinks. While the actualconductancef

ASesof a given sizevariesconsiderablythis trendholdson

average NotethatASesof sizel areexcludedfrom thesmall-
estrangesincean AS of sizel must have conductancef at
leastl, andso may biasobsenations. Also, averageconduc-
tancein the largestASesappearto breakthis trend. We be-
lieve thatthis maybeanartifactof noisefrom asmallnumber
of datapoints.

We believe thatthis decreasén conductancés natural,driven

by the decreasinghecessityto add inter-AS links asan AS

grows. For example,aspreviously mentionedan AS of size
1 musthave a minimum degreeof 1 (otherwiseit is not con-
nectedto other ASes,andhencecannotbe a part of the AS-

level map). We speculatehatit is more often the casethat
hostsare addedto a closednetwork to increasethe capacity
andrangeof the network itself, ratherthanto connecto other
ASes,andsoaconnectiomprobabilitythatdecreaseasanAS

growsis reasonable.
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0.5 R Skitter - 1
1t > |

log(Pr[X > x])
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Figure5: Validation of the Size-BasedConnectivity Model.

Theratiosandrangesn Table2 shav conductanceliminish-
ing in an approximatelylogarithmic fashionas AS size in-

creasesTo betterfit the dataobsenedin Table2, we applied
a logarithmic correctionfactorto implementa “diminishing

probability” function, L. This function takesthe size of the
autonomousystemi/;, anda fixed probability z asparame-
ters,andreturnsa probabilityvalue:

T whenM; < 10,

1
otherwise. (10)

__r
logy0(M;)

As before,we usethe simpleselect operationwhich returnsa
neighboringAS choseruniformly atrandom.

The distribution that resultswhen applying the diminishing
probabilityfunctionis plottedagainstSkitterdatain Figure5,
usingz = 0.20, the value providing the bestfit. The two
curves are nearly identical, sharinga similar slope,and are
virtually indistinguishablethroughoutthe entire body of the
distribution.

6. CONCLUSIONS

In thispapemwe have exploredamodelfor how highly variable
degreedistributionsmayarisein the AS graph.lIt is instructive
to comparethis modelwith the B-A model.

LiketheB-A model,we assumehathighvariability hasarisen
viaa“rich getricher” phenomenonesultingfrom anexponen-
tial growth process However the B-A modelassumegrefer-

ential connectivity, meaningthat new nodesprobabilistically
preferto connectto well-connectedexisting nodes. Besides
requiringthat eachAS be aware of the degreeof eachother
AS (astrongassumptiorof globalknowledge) theB-A model
strongly constraingthe resultingconnectionpattern. This is

restrictve; asdiscussedn [25], mary graphrealizationsare
consistentvith agivendegreesequenceanddifferentrealiza-



tions may have very differentproperties.In fact, [24] shavs
thatthe AS graphexhibits a high degreeof clustering,an ef-
fect thatis not capturedby the particularconnectionpattern
createcby the B-A model.

In contrast,the assumptiorin our modelis that AS sizes are
the underlyingcauseof high variability, andthata large AS
will naturallytendto have a large degree. From this stand-
point, our modelallows for amuchwider rangeof connection
patternghanthe B-A model,sincethedegreeof anAS grows
as a function of its size, but the choiceof which AS to con-
nectto canbe specifiedindependentlyasa separateselection
operation.In this papemwe have exploredthe selectionopera-
tionin whichgrowing ASeschoosepeeringpartnersiniformly
atrandom;howeverwe expectthatary choiceof peeringpart-
nersthatis madewithoutregardto degree(andincludingthose
thatexhibit a high degreeof clustering)will likely shov char
acteristichigh variability.

Ourresultsdemonstrat¢hata simpleandnaturalmodelincor-
poratingexponentialgrowth aloneis sufiicient to drive botha
highly variableAS sizedistribution anda highly variableAS
degreedistribution. We motivatedthis model with datasets
that demonstrateexponentialgrowth both in the numberof
hostsand the numberof ASes, and validatedthe model by
comparingthe degreedistribution our modelpredictsagainst
obsereddegreedistributionsdravn from BGPtablesandAS
overlay maps. We also provide an analysisof the powerlaw
tail of the AS sizedistribution that resultswhenour methods
areemployed.

We have integrated this model into the publicly available
BRITE [6, 22] topology generationframewnork. In future
work, we intend to investigate selectionoperationsthat in-
corporateeal-world considerationsuchaslocality, clustering
and performanceoptimization,to provide an even morereal-
istic AS growth model. As part of this effort, we are mining
AS time-seriedataextractedfrom BGP logsto betterunder
standtheunderlyingnatureof AS growth, interconnectiorand
meiging overtime [15].
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