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ABSTRACT
Recentstudiesobserve that vertex degreein the autonomous
system(AS) graphexhibits a highly variabledistribution [14,
21]. The most prominentexplanatorymodel for this phe-
nomenonis the Barab́asi-Albert (B-A) model [5, 2]. A cen-
tral featureof the B-A model is preferentialconnectivity —
meaningthat the likelihooda new nodein a growing graph
will connectto anexisting nodeis proportionalto theexisting
node’s degree. In this paperwe askwhethera moregeneral
explanationthan the B-A model, andabsentthe assumption
of preferentialconnectivity, is consistentwith empiricaldata.
We aremotivatedby two observations: first, AS degreeand
AS sizearehighly correlated[10]; andsecond,highly vari-
ableAS sizecanarisesimply throughexponentialgrowth. We
constructamodelincorporatingexponentialgrowth in thesize
of the Internetand in the numberof ASes,andshow that it
yieldsa sizedistribution exhibiting a power-law tail. In such
a model,if anAS’s link formationis roughly proportionalto
its size, then AS out-degreewill also show high variability.
Moreover, our approachis moreflexible thanprevious work,
sincethe choiceof which AS to connectto doesnot impact
high variability, thuscanbe freely specified. We instantiate
sucha modelwith empiricallyderivedestimatesof historical
growth ratesandshow thattheresultingdegreedistribution is
in goodagreementwith thatof realAS graphs.�
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1. INTR ODUCTION
Many aspectsof theInternet’sstructurearerelativelyunknown.
Thesegapsin our knowledgeposeproblemswhenattempting
to constructrepresentative network topologiesfor simulation
andmodeling.In addition,filling thesegapsmayshedlight on
theforcesbehindtheInternet’s growth andthewaysin which
thenetwork mayfail.

One aspectof the Internet’s structurethat has drawn great
interestis the autonomoussystem(AS) graph(the graphin
whichverticesrepresentASesandedgesrepresentAS-ASpeer-
ing relationships). A particularly surprisingaspectof these
graphsis thatvertex degreegenerallypossessesa highly vari-
abledistribution [14, 21].

In discussingpropertiesof theAS graph,it is usefulto draw a
distinctionbetweenhigh variability andpower-law tails. High
variability is aqualitativenotion,referringto aprobabilitydis-
tribution showing non-negligible valuesover a wide rangeof
scales(typically at leastthreeordersof magnitude).On the
otherhand,adistribution ����� � with power-law tailshasthefor-
mal propertythat: ���
	��
��	����
with ����� , and where ���
	��������
	�� meansthat �����! �"$#���
	��&%'�(�
	��*),+ .
Someauthorshave arguedthatAS vertex degreeis well mod-
eled as having power-law tails [14, 21]. Othershave sug-
gestedthat vertex degreedoesnot clearly exhibit power-law
tails, althoughit is highly variable [8]. Sincesuchhighly-
variabledistributionsdo not arisein simple randomgraphs,
andsincepower-law tails do provide a simple (albeit crude)
approximationfor thebehavior of thetruedistribution,anum-
ber of papershave proposedmechanisms(morecomplicated
thanpurely randomconnection)that may give rise to power-
law degreedistributionsin graphs[5, 19,18].

The most prominentmodel attemptingto explain the emer-
genceof power-law degreedistributionsis theBarab́asi-Albert
model(or B-A model)[5, 2]. In fact,it hasbeenconsideredin
anumberof papersasamodelfor AS graphs[3, 7,26,23,31].
TheB-A modelassumesthenetwork is formedthroughincre-
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mentaladditionof nodes.In thesimplestform of themodel,a
new nodeformsa connectionto anexisting nodewith proba-
bility proportionalto theexisting node’s degree. This prefer-
entialconnectivity leadsto a “rich getricher” phenomenonin
whichhighdegreenodestendto increasein degreefasterthan
low degreenodes.

In this paperwe examinewhetherexplanationsmoregeneral
thantheB-A modelmaysuffice to explainhighly variable de-
greedistributionsin the AS graph. We aremotivatedby two
observations. First, the authorsin [10] point out that AS de-
greeis stronglycorrelatedwith AS size(measuredin number
of nodes)— and that AS size also shows a highly variable
distribution. Second,we observe thatduringthelast10 years
or so, the Internethasundergoneexponentialgrowth in both
numberof nodesandnumberof ASes.Undersuchconditions,
we show herethathighly variableAS sizes(and,presumably
as a consequence,highly variableAS degrees)may readily
arisedueto exponentialgrowth alone.

We explore theseobservationsin this paperby constructinga
simplegrowth modelfor AS graphs.Our modelmakesthree
assumptions:(1) exponentialgrowth in thenumberof hostsin
thenetwork; (2) exponentialgrowth in thenumberof ASesin
the network; and(3) an approximatelyproportionalrelation-
shipbetweenAS sizeanddegree.Theresultingmodelshows
thathighly variableAS degreesmayeasilyarisewithoutpref-
erentialconnectivity, andin factwithoutany globalknowledge
of network stateby individualASes.Indeed,in ourmodel,the
methodsby which ASesselectpeeringpartnerscanbe freely
unspecified.

In our model, - (the total numberof hosts)and . (the to-
tal numberof ASes)aredescribedby thesimplelineargrowth
equations/0.21'/035476(. and /8-�19/03:4<;=-?>�6�. , where 6
and ; arethegrowth parameters.We show that in theasymp-
totic time limit, this modelleadsto a stationarysizedistribu-
tion with power-law tails. We thenshow that if thesegrowth
rulesareusedto constructagraph,suchthataseachAS grows
it forms links to otherASesin approximateproportionto its
own size, then the resulting degree distribution also shows
highvariability.

We validatethe degreedistributionsproducedby this simple
modelusingempiricalmeasurementsof AS degreedistribu-
tions.For thispurposeweusemeasurementsfrom BGPtables
storedat Routeviews [27], aswell asoverlay mapsproduced
by mappingroutersfrom the Mercator[16] andSkitter [29]
datasetsto their correspondingASes.We find that theresult-
ing degreedistributions in our simulatedgraphsare in good
agreementwith empiricaldata.

We concludethat,for topologygeneration,it is not necessary
to incorporatepreferentialconnectivity in order to generate
highly variableAS degreedistributions. This leavesthedoor
openfor morepracticallyjustifiedbasesfor forming inter-AS
links, e.g., basedon economicand geographicalconsidera-
tions.

In summary, in thispaperweexploreamodelfor theAS graph
that is moregeneralthantheB-A model,andis basedon em-
pirical observationsof Internetgrowth dynamics.It allows for
inter-AS connectionsto be formedin a way that neednot be
basedon AS degree. We show that it yields highly-variable
degreedistributions,andthat its outputsagreewell with em-
pirical measurementsof AS graphdegreedistribution.

2. RELATED WORK
Until recently, Internettopologieshave beengeneratedusing
randomandhierarchicalmodels.Amongthemoresignificant
of theseis work dueto Zeguraet al. [32]. Thatpaperproposes
generatingsmallerdomain-likenetworksandconnectingthem
togetherto createahierarchicalstructurewhosepropertiesare
specifiedby input parameters.Unfortunately, theserandom
and hierarchicalapproachesfail to capturemany significant
attributesof Internettopologyaswell asthepower-law models
[31, 23] discussedbelow.

Sinceattentionwasdrawn to power-lawsin Internettopologies
by [14], modelingefforts have shifted to reproducingthese
power-law properties.Themostnotableeffort in thisdirection
hasbeenthe Barab́asi-Albert preferentialattachmentmodel
[5]. This model was first formulatedand solved by Simon
[28] andfurther developedby Price [11, 12]. In this model,
thenetwork is formedthroughincrementaladditionof nodes.
Themodel’s key assumptionis thata new nodeformsa con-
nectionsto anexisting nodebasedtheexisting node’s degree.
The probability that a new nodewill connectto an existing
node@ is proportionalto ACB
@ED*4,F0GH1'IKJLF9J , where F0G is thede-
greeof node @ . Theresultingrateat which nodesacquirenew
edgesis givenby M'F0GN19M(3O4PF0GN10Q(3 , where3 is thetimeelapsed
from thestartof theprocess.Theresultingdegreedistribution
exhibits apower-law tail, with afixedexponentof RS4UT .
Laterwork hasbuilt uponandextendedtheB-A model. The
sameauthorsin [3] extendedthemodelto allow re-wiring, in
which edgesmay alsobe deletedor moved at eachtimestep;
this allows the exponentto vary. The work in [26] investi-
gatesthecasewhereonly a subsetof all nodesin thenetwork
areavailable for connection. With only slight modifications
to the B-A model they show that a power-law degreedistri-
bution emerges. Additionally, a “generalizedlinear prefer-
ence”modelis proposedin [7] thatbettermatchesthecluster-
ing behavior andpathlengthsof empirical Internetmeasure-
ments. Theseextensionshave improved the flexibility of the
B-A model,albeitwith a correspondingincreasein complex-
ity.

The generationof power-laws throughrandomgraphmodels
hasalsoreceived considerablerecentattention.An overview
of existing modelsappearsin [1], alongwith a methodwhich
generalizesall of them; this family of modelsis analyzedin
[20]. In thesemodels,nodesare periodically addedto the
graphwith someprobability andareinitially assignedan in-
weight andout-weightof V . At eachtimestep,3 , with some
fixedprobability, anew directededgeis createdbetweennodes@ and W . Theprobabilityof selectinganedgefrom @ to W is in
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proportionto X ’s out-weightand Y ’s in-weight, respectively.
Then,theout-weightof X andthein-weightof Y areincreased
by Z ; hence,atevery timestepthetotal in-weightin thesystem
is exactly [ . Thisgeneralmethodcangenerategraphswith ar-
bitrary degreedistributions,but arenot proposedasrealistic
modelsfor thedynamicsof Internetgrowth.

In contrastto theapproachesabove which focuson reproduc-
ing statisticalproperties,anotherfamily of modelsexplores
theimplicationsof optimization-basedalgorithmsfor network
structure.Onesuchmodelhasbeensuggestedin [13]; it as-
sumesthatnodesarriveuniformly at randomwithin someEu-
clideanspace,andthenewly creatededgesattemptto balance
thedistance\ from its new neighbourwith thedesireto min-
imize the averagenumberof hops ] to othernodes. A new
node X forms an edgeto Y by minimizing the weightedsum^`_ \8acb8de]fb . Theresultingdegreedistributionexhibitsapower-
law tail. A secondoptimization-basedmodel is describedin
[4]; thispaperexploresa similarheuristicbut at theISPlevel.

Theinvestigationin [10] evaluatesthemeritsof theB-A model
and its applicability to the Internet. The authorsconclude
that, while the B-A family of modelsdo succeedin produc-
ing power-laws, the model itself is not representative of the
dynamicsthat drive Internetevolution: its growth processes
(preferentialconnectivity) do not matchthoseobservedin the
Internet.Also, they presentevidenceto suggestthatAS-level
degreedistribution is not a purepower-law, thoughit is still
highly variable. Basedon theseobservations,togetherwith
evidencein [30] which links degreeto size,[10] suggeststhat
other (perhapssimpler) mechanismsdecidethe evolution of
theInternet.

Thework in thispapershows thatpreferentialconnectivity, or
indeedany dependenceon degreein makingconnectiondeci-
sions,is not necessaryfor power-law degreedistributionsto
emerge. Furthermore,our paperis the first model that mod-
elshighly variabledegreedistributionsaswell asthesizeand
growth of autonomoussystemsthemselves.

3. A SIMPLE GROWTH MODEL
In this sectionwe first motivateour modelusingobservations
regardingtheratesof growth of ASesandhostsover time. We
thenanalyzethemodelandexploreits properties.

3.1 Exponential Growth
Westartby assessingthegrowth of thenumberof ASesin the
Internet. For this, we look to a history of routing numberal-
locationsmadepublicly availableby the Internetregistrars1.
Theseagencies(ARIN, RIPE, and APNIC) are collectively
responsiblefor assigningall Internetrouting numbers.Each
publishesa tableof every AS number2 and IP block it allo-
cates,andthedatetheallocationwasmade.

1Thestrengthsanddrawbacksof variousdatasourcesfor AS
trackingarediscussedin [15].
2RIPEdoesnot publishAS numberallocations,thoughmany
of theseallocationshavebeenrecordedby ARIN.

Using thesetables,we canmeasurethe numberof AS num-
bersallocatedat any point in time. The result is shown in
Figure1, on (a) a linearscaleand(b) a semi-logscale.Here
we assumethat allocationsprovide a good estimatefor rate
of growth in total numberof ASes(sincewe areprimarily in-
terestedin the overall rate of growth). Fitting a line to this
logscaleplot shows that, over the recentpast,AS numbers
have indeedbeenallocatedat an exponentiallygrowing rate.
We estimatethe rateof growth by the slopeof the linear re-
gressionfit to thecurve, or approximatelygfh iejkZLlfmon (units
are p�q (ASes)/day).

Theregistriesprovide a goodrecordof AS births,but it is in-
accurateto usetheir recordsof allocatedIP blocksto estimate
growth of hostsin the Internet,becausemost IP blocks are
not fully utilized. Thebestestimateof thenumberof Internet
hostsseemsto be that of the widely cited InternetSoftware
Consortium’s “Internet Domain Survey” (IDS) project. The
hostcount they develop is basedon a reverseDNS process;
detailscanbefoundat [17].

Using thenumberspublishedby IDS, we plot hostgrowth in
Figure2 (again, (a) is linearscale,and(b) is semi-logscale).
Althoughthelinearregressionof thewholecurve fits reason-
ably well, we note that the slopeof the curve startingabout
1996is noticeablydifferentfrom the slopebeforethat point.
Using the linear fit shown in the figure, we estimatethe the
moreconservativegrowth rate(theratepost-1996)to beaboutZ0hcZrjSZLlfm�s (unitsare p�q (hosts)/day).

We emphasizethat while hostcountmay well underestimate
the actualnumberof hostson the Internet,we areprimarily
interestedin estimatingthe rateof growth representedby the
slopeof thecurve.

Figures1 and2 providestronghistoricalevidenceof exponen-
tial growth both in sizeof the Internetandnumberof ASes.
Next we constructa simpleevolutionarymodelwhich relies
on theobservationthatbothmeasuresgrow exponentially.

3.2 Model Developmentand Analysis
We wish to constructa model which builds on the observa-
tions that thenumberof ASesandthenumberof hostsin the
Internethave bothgrown exponentiallyin therecentpast.Lettku [�v bethetotalnumberof ASesand w u [�v bethetotal num-
ber of hosts(or ‘mass’) in the system. The simplestgrowth
modelconsistentwith theobservationsin theprevioussection
is mathematicallydescribedby linearequations\ t\0[PxUy t{z \8w\0[|xk} w~d y t h (1)

Here y is therateof creationof new ASesand } is therateof
creationof new nodes.Whena new AS is created,thehostis
giventhatnew label,explainingthe y t termin theleft equa-
tion in (1). (We assumethat there is no merging of ASes;
moreover, weassumethatlinks donotaffectgrowthprocesses,
andthathostsandlinks never disappear. For a modelthat in-
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Figure 1: Growth in the number of AutonomousSystems.
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Figure 2: Growth in the number of Inter net Hosts

cludesAS mergers,see[15].) Solvingfor � and � gives�k�
����� �k���0�����E��� (2)���
����� �S��� ����� �k�
����� (3)

with �r� � beingsimplefunctionsof the initial data,andthe
parameters� and � . (At the specialpoint ����� the coeffi-
cientsdiverge( �U� � �P� ), reflectingthattheexactsolution
is actuallya linearcombinationof � � � and ��� � � .) Thustheav-
erageAS size �����¡ ����
���&¢��£�
��� couldexhibit the following
asymptoticbehaviors:

�����*¤ ¥¦§ ¦¨ finite when��©ª�8�«�¬ � when�e�U�8��®­ �'¯ �±°
²±� when��³ª�8´ (4)

In [15] weshow thattheaverageAS sizegrowsover time(and
with � ), in agreementwith measurementsshowing that��³ª� .
Let �¶µ��
��� bethenumberof ASeswith � nodes.Unlike �£�
���
and ���
��� , �¶µ(�
��� is a randomvariable;however in the large
timelimit it becomeshighly localizedarounditsaveragevalue.
Undertheassumptionthat �¶µ(�
��� is equalto its expectation,its
sizedistributionsatisfiestherateequation

· �¶µ· � ���r¸c�N�º¹¼»��E�¶µ ¯�½ ¹k�¾�¶µ&¿ � �(�{ÀLµÂÁ ½ (5)

where ÀLµÂÁ ½ is theKronecker deltafunction. Thefirst term on
theright-handsideaccountsfor growth thatproceedswith rate� : whenanodeis addedto anAS with �=¹!» nodes,thenumber
of ASeswith � nodesincreasesby one;similarly whenanode
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is addedto an AS with Ã nodes,the numberof ASeswith Ã
nodesdecreasesby one. The secondterm on the right-hand
sideof Eq.(5) accountsfor birthsof new ASes(with sizeone)
which takeplacewith rate Ä .
We alreadyknow Å£Æ
Ç�ÈÊÉ|ÅkÆ�Ë0ÈfÌ�ÍEÎ . Solving Eqs.(5) recur-
sively andexpressingin termsof Å ratherthan Ç yields

ÅCÏºÉ�ÐÑÏÂÅ7Ò ÏÓÔ±ÕÑÖo× Ï Ô Å£Ø ÔHÙ(Ú Í (6)

where ÐÑÏ is the fraction of ASeswith Ã nodes. The coeffi-
cients× Ï Ô dependon initial conditionswhile ÐÑÏ areuniversal.
Asymptotically, only the linear term ÐÑÏ±Å matters.To deter-
mine this dominantcontribution, we insert Å Ï Æ
Ç�ÈÊÉ|Ð Ï ÅkÆ
Ç�È
into Eq.(5). Wearriveat therecursionrelationÛ ÃKÒ ÄÜÞÝ ÐÑÏ`ÉßÆNÃºà¼á�ÈEÐÑÏ Ø Ö (7)

for Ããâåä , while for Ã�É�á we have Ð Ö É�Ä9æfÆ�ÄÊÒ Ü È . The
solutionto recursion(7) reads

ÐÑÏ`É ÄÄºÒ Ü7ç ÆNÃ�È çéè äêÒ ÍÙoë
çéè ÃÞÒUáÞÒ ÍÙoëéì (8)

Asymptotically, theratioof gammafunctionssimplifiesto the
power law, ÐÑÏ`í × Ã'Ø�î�ï (9)

with ð|ÉñáÊÒPÄ'æ Ü and × É ÍÍ&ò Ù çéè äêÒ ÍÙ ë . That is, the

modelyields an AS sizedistribution exhibiting a power-law
tail with exponentàrÆ�áÞÒ¼Ä9æ Ü È ì
4. AS DEGREE FORMATION
Theprevioussectionshowedthatapower-law sizedistribution
emergesin the presenceof exponentialgrowth of ASesand
hosts. In this sectionwe extend this idea to incorporateAS
degree.

The key assumptionwe make is that asan AS grows, it will
establishlinks with otherASes. We show that if link forma-
tion occursin roughproportionto anAS’sgrowth, thentheAS
degreedistributionwill show high variability. More precisely,
if at eachtime stepa new nodeis addedto an AS it forms
an inter-AS link to someother randomlychosenAS with a
fixed probability, thenAS degreedistribution will show high
variability. Furthermore,this needonly be in “rough propor-
tion;” for example,the resultstill holds if connectionproba-
bility varieswith thelog of theAS size.

Any suchlink formation processis simple sinceit only de-
pendson growth, it is flexible sincethereareno influencing
agentsotherthansize,andno global knowledgeof otherAS
degreesis requiredto make link formationdecisions.

We embodythe growth modelof Section3.2 and the afore-
mentionedlink formationprocessin the following algorithm.
Recallthenotationfrom Section3.2whereÇ is timeand Å£Æ
Ç�È
is thenumberof ASesin thesystem.Let ó£ô&Æ
Ç�È bethenumber
of hostsin AS õ , and ÇEô bethetimeAS õ is introducedinto the
system.

Thisalgorithmrequiresthreeinputparameters:Ü and Ä arethe
growth ratesin the numberof hostsand ASes,respectively,
and ö is somefixed probability of an inter-AS edgeforming
with eachunit of hostgrowth. At eachtimestepÇ two kinds
of eventsoccur: somenew ASesareborn,andexisting ASes
grow. Startingat Ç
É<á :

i. Calculatethetotalnumberof ASesaccordingto ÅkÆ
Ç�È
ÉÅ£Æ�Ë0È&Ì Í�Î . In our simulationswe useÅkÆ�Ë0È*É<á .
ii. Introduce ÷øÅkÆ
Ç�ÈHù¶àú÷ûÅ£Æ
Ç¡à<á�ÈHù new ASeswith out-

degreeof á , wherethe neighboringAS is chosenuni-
formly at random.

iii. For eachAS õ in existencebeforetime Ç ,
(a) Calculatethe numberof total hostswithin AS õ

accordingto ó®ô±Æ
Ç�È
ÉUü:Ì Ù9ý Î Ø Î�þ�ÿ8Ò�� ÅkÆ
Ç�È . In our
simulationswe use ü�É á'ï�� ÉUË .

(b) Insert ÷ûó ô Æ
Ç�ÈHù¡à ÷ ó ô Æ
Ç*àªá�ÈHù new hostsinto ASõ . Eachnew host createsan inter-AS edgewith
probability ö , andif anedgeis created,theninvoke
a select operationto determineto whom the new
AS-to-ASlink is created.

The select operationis left unspecifiedto emphasizetheflex-
ibility of the link formationprocessandits dependenceonly
on theAS size.We consideronly thesimplestselectionoper-
ation,wherea targetAS is chosenuniformly at random.

Even thoughthis is a randomconnectionprocess,ASesthat
arelargerin sizewill generallyhave higherout-degree.Thus,
like the underlyingsize distribution, the degreedistribution
that resultswill tend to be highly variable. We show in the
following sectionsthat a highly variabledegreedistribution
doesresult,andthatthis distribution fits well whencompared
againstdistributionsobservedin theInternet.

5. VALID ATION
We validateour analysisandsimulationresultsagainstempir-
ical degreedistributionsin thefollowing sections.

5.1 Empirical Data Sources
Therearea numberof sourcesfrom which we candraw AS-
level degreedistribution. We infer empiricaldegreedistribu-
tion throughtwo distinct methods,appliedto threedifferent
sources.

Thefirst methodis to infer AS degreesfrom BGPtables.For
this purposewe useBGPtablesfrom theRouteViews project
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[27] collectedin April 2001andFebruary2002. An entry in
a BGPtableconsistsof an IP block representedby its prefix,
followedby asequenceof ASes(anAS path)thatmustbetra-
versedto reachanIP addresswithin that range.We caninfer
an adjacency in the AS-level graphfor a pair of ASeswhen-
ever they appearin successionwithin any path. While this
inferencemethodtypically avoidsfalsepositives(adjacencies
which are not actually present,but appearto be present),it
suffers from falsenegatives,sincenot all AS adjacenciesare
advertisedacrossBGP[10].

A secondmethodfor determiningAS degreesis to annotate
a router-level mapwith eachrouter’s associatedautonomous
system.Nodesin the router-level grapharelabeledusingIP
addresses.In the overlay producedby annotatingthe router-
level graph,eachnodeis furtherlabeledwith its assocatedAS.
The approachis detailedin [9]; we summarizethe approach
here.An IP is associatedwith anautonomoussystemby per-
forminga lookupin BGPtables.First,find thelongestmatch-
ing prefixof anIP addresswithin theBGPtable;thelastentry
in thepathvectoris thenumberof theAS which ownsthatIP
address.A completeinspectionof everyedgein theannotated
router-level graphrevealsaninter-AS edgewherever any pair
of nodesarelabeledwith distinctAS numbers.

ThismethodhasnumerousadvantagesoverAS mapsinferred
from BGP tablesdirectly. It providesan AS map at a finer
granularity;aggregatedASesarerevealed,asaremultiplelinks
betweenASes.However, thismethodsuffersfrom thefollow-
ing drawback.Any singleBGPtableis potentiallyincomplete
andcanbe limited by pathhiding from parentASes(in order
to reducemessageand table sizes). Setsof BGP tablesare
usedto reducethemagnitudeof this problem,with thebelief
that moreBGP tablesrevealmoreinformation. However, no
AS canobserve the existenceof anotherAS which is hidden
by its parents.

We draw on router-level mapsgatheredfrom the Mercator
project[16] in August2001,andanotherprovidedby theSkit-

Source ASes Edges Date Method
RouteViews 10854 47847 04/01 BGP
RouteViews 12875 57385 02/02 BGP
Mercator 3478 13590 08/01 AS Overlay
Skitter 9206 38334 01/02 AS Overlay

Table1: Summary of Data Sources
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Figure 4: Predicted Degree Distrib ution under the Con-
stant Connectivity Model.

terproject[29] gatheredin January2002.Statistics,dates,and
sourcesof all four datasetsaresummarizedin Table1.

Thedegreedistributionsplottedin Figure3 show thatall meth-
odsandsourcesyield similar results.For subsequentcompar-
isons,weusethedistributiondrawn from theautonomoussys-
tem overlay constructedfrom the Skitter datasetcollectedin
January2002asa baselinefor comparisonagainstsimulation
results.

5.2 ConstantConnectivity Models
Section3.2 shows that the sizedistribution that resultsfrom
our modelhasa power-law tail. However, sincethe growth
modeldoesnot directly describedegree,we turn to our simu-
lation to determinetheinfluenceof sizeandgrowth ondegree.

The simulationis executedusing the algorithm in Section4
usingrates�����
	��
��������� and ������	 ����������� estimated
in Section3. Thedegreedistribution predictedby our model
is plotted against observed degreedistributions in Figure 4.
We found empirically thatusingfixed connectionprobability� ����	���� resultsin verticesof our simulatedgraphshaving
a roughlycommensurateaveragedegreeto thatof theSkitter
dataset.Wherethe discrepancy doesoccur, the generalten-
dency is for ourmodelto underestimatethedegreeof smallto
mediumsizedASes,while overestimatingthedegreeof larger
ASes.
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DataPoints Avg. Conductance
SizeRange Mercator Skitter Mercator Skitter
2-10 1404 4254 0.49 0.87
11-100 1429 3502 0.24 0.60
101-1000 359 1050 0.13 0.31
1001-10000 38 131 0.11 0.21
10001-100000 1 10 0.20 0.25

Table2: Conductanceof ASes

Figure 4 shows that the predicteddegreedistribution is rea-
sonablysimilar to that of the Skitter dataset.Discrepancies
canpotentiallyberemovedby refiningthedecisionprocesses
usedto form AS to AS connectionsin the model. In the fol-
lowing section,we explore a refinedmodelthat accountsfor
thesizeof theAS whendeterminingtherelationshipbetween
growth andlink formation.

5.3 Size-BasedConnectivity Models
Therelationshipbetweenpredictedandempiricaldistributions
shown in Figure4 suggestthatthereis roomfor otherpractical
influenceson inter-AS link formation.Herewediscussanap-
proachthat takesinto accounttheactualsizeof theAS when
choosingto createnew links.

Wepresupposethefollowing notion:asanAS grows,theratio
of its degreeto its sizewill shrink, andso a constantproba-
bility whendecidingto createnew links may not bestrelate
degreeto size. Intuitively, the ratio betweenthedegreeof an
AS and its size is analogousto surface-to-volume ratio. In
graph-theoreticterms,this ratio is oftenreferredto asthecon-
ductanceof a subgraph.Thus,we definethe conductanceof
anautonomoussystem with size !#" anddegree$%" to be &(') ' .
Observationsof conductanceareestimatedfrom Mercatorand
Skitterdatasetsdiscussedin Section5.1,andshown in Table2.
This tableshows thatasanautonomoussystemgrows, theav-
erageconductanceshrinks. While the actualconductanceof
ASesof a given sizevariesconsiderably, this trendholdson
average.NotethatASesof size * areexcludedfrom thesmall-
estrangesincean AS of size * must have conductanceof at
least * , andsomaybiasobservations.Also, averageconduc-
tancein the largestASesappearto breakthis trend. We be-
lieve thatthismaybeanartifactof noisefrom asmallnumber
of datapoints.

We believe thatthisdecreasein conductanceis natural,driven
by the decreasingnecessityto add inter-AS links as an AS
grows. For example,aspreviously mentioned,an AS of size* musthave a minimum degreeof * (otherwiseit is not con-
nectedto otherASes,andhencecannotbe a part of the AS-
level map). We speculatethat it is moreoften the casethat
hostsareaddedto a closednetwork to increasethe capacity
andrangeof thenetwork itself, ratherthanto connectto other
ASes,andsoaconnectionprobabilitythatdecreasesasanAS
grows is reasonable.
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Figure5: Validation of the Size-BasedConnectivity Model.

Theratiosandrangesin Table2 show conductancediminish-
ing in an approximatelylogarithmic fashionas AS size in-
creases.To betterfit thedataobservedin Table2, we applied
a logarithmic correctionfactor to implementa “diminishing
probability” function, + . This function takes the sizeof the
autonomoussystem! " , anda fixedprobability , asparame-
ters,andreturnsa probabilityvalue:

+.-/,102! "4365
7 , when ! "98 *�:�0;< =2>�?A@CB ) 'AD otherwise.

(10)

As before,we usethesimpleselect operationwhich returnsa
neighboringAS chosenuniformly at random.

The distribution that resultswhen applying the diminishing
probabilityfunctionis plottedagainstSkitterdatain Figure5,
using , 5 :�E FG: , the value providing the bestfit. The two
curves are nearly identical, sharinga similar slope,and are
virtually indistinguishablethroughoutthe entire body of the
distribution.

6. CONCLUSIONS
In thispaperwehaveexploredamodelfor how highlyvariable
degreedistributionsmayarisein theAS graph.It is instructive
to comparethismodelwith theB-A model.

LiketheB-A model,weassumethathighvariability hasarisen
via a“rich getricher” phenomenonresultingfrom anexponen-
tial growth process.However theB-A modelassumesprefer-
ential connectivity, meaningthat new nodesprobabilistically
prefer to connectto well-connectedexisting nodes. Besides
requiring that eachAS be awareof the degreeof eachother
AS (astrongassumptionof globalknowledge),theB-A model
strongly constrainsthe resultingconnectionpattern. This is
restrictive; asdiscussedin [25], many graphrealizationsare
consistentwith agivendegreesequence,anddifferentrealiza-
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tions may have very differentproperties.In fact, [24] shows
that theAS graphexhibits a high degreeof clustering,an ef-
fect that is not capturedby the particularconnectionpattern
createdby theB-A model.

In contrast,the assumptionin our model is that AS sizes are
the underlyingcauseof high variability, andthat a large AS
will naturally tend to have a large degree. From this stand-
point,ourmodelallows for a muchwider rangeof connection
patternsthantheB-A model,sincethedegreeof anAS grows
asa function of its size,but the choiceof which AS to con-
nectto canbespecifiedindependently, asa separateselection
operation.In this paperwe have exploredtheselectionopera-
tion in whichgrowingASeschoosepeeringpartnersuniformly
at random;howeverweexpectthatany choiceof peeringpart-
nersthatis madewithoutregardto degree(andincludingthose
thatexhibit a high degreeof clustering)will likely show char-
acteristichighvariability.

Ourresultsdemonstratethatasimpleandnaturalmodelincor-
poratingexponentialgrowth aloneis sufficient to drive botha
highly variableAS sizedistribution anda highly variableAS
degreedistribution. We motivatedthis model with datasets
that demonstrateexponentialgrowth both in the numberof
hostsand the numberof ASes,and validatedthe model by
comparingthe degreedistribution our modelpredictsagainst
observeddegreedistributionsdrawn from BGPtablesandAS
overlay maps. We alsoprovide an analysisof the power-law
tail of theAS sizedistribution that resultswhenour methods
areemployed.

We have integrated this model into the publicly available
BRITE [6, 22] topology generationframework. In future
work, we intend to investigate selectionoperationsthat in-
corporatereal-world considerationssuchaslocality, clustering
andperformanceoptimization,to provide an even morereal-
istic AS growth model. As part of this effort, we aremining
AS time-seriesdataextractedfrom BGPlogs to betterunder-
standtheunderlyingnatureof AS growth, interconnectionand
merging over time [15].
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