
Solving x2 ≡ a (mod p). [Note, if 26=p 6 | a, pi | d=x2−a, y = [x−d/(2x)]p2i , then y2 ≡ a (mod p2i).

p=2 needs 2i+1|d. And a∈(Z∗
2k

)2 iff 8|a−1.] Let t df
= (p−1)/2 = 2k(2s−1), (b2/a)2

i≡1≡−r2i .
(E.g., i=k, b=as, r ∈ (Z∗p)2s−1 \ (Z∗p)2.) Then (x2/a)2

i−1≡1 for x=b or x=br. Also, 2 /∈ (Z∗p)2 if k=1.
Indeed, t!

∏
i≤t(−1)i =

∏
i≤t i(−1)i ≡ (

∏
i≤t/2 2i)

∏
i<t/2(p−(2i+1)) = (

∏
i≤t/2 2i)

∏
i<t/2 2(t−i)

=
∏
i≤t 2i = t! 2t. So, 2t ≡ (−1)t(t+1)/2 = (−1)(p

2−1)/8 which is −1 iff p = ±3 (mod 8).

Rational reconstruction. Let n, b, r′, t′, k,−s′ ∈ N+, (for t′<0 take b′=n−b); r′=t′b+s′n≤k<n/t′,
gcd(s′, t′)=1. Let {(ri, si, ti)}i df

= EEA(n, b). For j with rj≤k<rj−1, let (r, s, t) df
= (rj , sj , tj).

Assume t<0. Then (r′, s′, t′)=(R,S, T ) df
= (rj−1, sj−1, tj−1)−(r, s, t)q, with q such that r>k−R≥0.

Proof: Note that r′−R<r, T>0. Combining r=tb+sn, R=Tb+Sn gives rT−Rt=n(sT−St)=n.
Also, n|(rt′−r′t)=n, as rt′≤kt′<n, |r′t|≤k|t|<kn/rj−1<n. Same way, (s′T−St′)n=(r′T−Rt′)
and r(r′T−Rt′) = r′(Rt+n)−R(r′t+n) = (r′−R)n. So, (r′T−Rt′)/n=(r′−R)/r<1, and
(Rt′−r′T )/n<1−r′T/n<1. Thus s′T=St′ and (r′, s′, t′) = (R,S, T ), as gcd(s′, t′)= gcd(S, T )=1.

Mertens theorem. |
∑k

i=2 g(i)−
∫ k+.5
1.5 g(x)dx| ≤ v, where v is the total variation of g′

8 . For g= ln,

v< 1
12 , as g′= 1

x is monotone. So, ln(k!) = x ln x
e |
k+.5
1.5 +ε, ε< 1

12 . We estimate |Zn|/|Z∗n| =
∏
p|n

p
p−1 as

O(ln k), k df
= ‖n‖ by proving

∑
p:θ(p)≤lnn(− ln(1−1

p))�
∑

p<k
1
p � ln(‖k‖) (� means “=O(1)+”). Let

c(x) df
=

lnx
dxe for prime dxe, else c(x) df

= 0. For k=
∑

i sip
i, si<p we have νp(k!)=

∑
i siνp(p

i!)=
k−

∑
i si

p−1 =

k
p−1−

t
ln p , t≤ ln(k+1). So, h(k) df

=
∫ k
1 c(x)dx �

∑
p≤k

ln p
p−1=

∑
p≤k

(νp(k!) ln p)+t
k � ln(k!)

k +O(ln k)π(k)
k � ln k.

By gh =
∫
g dh+

∫
hdg for g(x) df

=
1

lnx , we get 0 �
∫ k
1
c(x)dx
lnx −

∫ k
1
h(x)dx
x(lnx)2

�
∑

p≤k
1
p − ln ln k.
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