Solving z* = a (mod p). [Note, if 2#p fa, p’ | d=2®—a, y = [x—d/(2x)],2:, then y =a (mod p?).
p=2 needs 21*!|d. And a€(Z},)? iff 8la—1.] Let ¢ & (p—1)/2 = 25(25—1), (b?/a)* =1=—12

; s *\2a8— * L — — * —
(E.g., i=k, b=a’,r € (Z3)? %\(Zp')Q.) Then (:v%/a)2 =1 for :.U—b or x=br. Alse, 2¢ (Zp) if /Tc—l.
Indeed, t! Higt(_l)l = Higt i(-1)'= (Higt/2 2i) Hi<t/2 (p—(2i+1)) = (Higt/z 2i) Hi<t/2 2(t—1)
= J1;< 20 = t12%. So, 2! = (—1)!+D/2 = (~1)¥*~D/® which is —1 iff p = +3 (mod 8).

Rational reconstruction. Let n, b, 7", ', k, —s' € NT_ (for t'<0 take b/=n—b); r'=t'b+s'n<k<n/t,
ged(s’, t')=1. Let {(r, si,ti) }; & EEA(n,b). For j with rj<k<r;_1, let (r,s,t) & (r;, s;,t;).
Assume t<0. Then (r/,s',t")=(R,S,T) & (rj—1,8j—1,tj—1)—(r, s, t)q, with ¢ such that r>k—R>0.
Proof: Note that '—R<r, T>0. Combining r=tb+sn, R=Tb+Sn gives rT—Rt=n(sT—St)=
Also, n|(rt’—r't)=n, as rt’ <kt'<n, |r't|<k|t|<kn/rj_1<n. Same way, (s'T—St')n=(r'"T—Rt")
and r(r'T—Rt") = r'(Rt+n)—R(r't+n) = (r'=R)n. So, (r'T—Rt")/n=(r'—R)/r<1, and
(Rt'—r'T) /n<1—1'"T/n<1. Thus §'T=St" and (v, s',t") = (R, S,T), as ged(s',t')=ged(S,T)=1. O
Mertens theorem | Zz 5 9(i fl 5 z)dz| < v, Where v is the total variation of g . For g— In,
v<75, as ¢'=1 is monotone. So, In(k!) = a:ln |’fJg5—|—5 e<75 12 We estimate |Z,|/|Z}| = Hp‘n o7 as
O(lnk), k&£ HnH by proving 3,4, <inn (— In(1 ,))vZ < p =< In([[E]}) (= means “=O(1)+”). Let
c(r) & l[nﬁ for prime [2], else c(x) £0. For k=", s;p’, s;<p we have v,(k!)=3", s;v,(p'l)= he Z %=
k n vp(k!) In In(k! O(Ink)m(k
ki 1< In(k+1). So, h(k) & [Fe(x) dx < ZM; By o ot nl) 4 Olnkin( )V1nk:
k
By gh = [gdh+ [hdg for g(z) & -1, we get 0 < [} koe)de _ 1 Z(ﬁ)gﬁf\zp%p lnlnk: O
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