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ABSTRACT

In this paper we obtain improved upper and lower bounds for
the best approximation factor for SPARSEST CUT achievable
in the cut-matching game framework proposed in Khandekar
et al. [9]. We show that this simple framework can be used
to design combinatorial algorithms that achieve O(logn) ap-
proximation factor and whose running time is dominated by
a poly-logarithmic number of single-commodity max-flow
computations. This matches the performance of the algo-
rithm of Arora and Kale [2].

Moreover, we also show that it is impossible to get an
approximation factor of better than Q(y/logn) in the cut-
matching game framework. These results suggest that the
simple and concrete abstraction of the cut-matching game
may be powerful enough to capture the essential features of
the complexity of SPARSEST CUT.
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1. INTRODUCTION

The problem. The SPARSEST CUT problem is the follow-
ing: Given a graph G = (V, E), find a partition (S,S) of
the vertices which has the minimum edge expansion. The
|E(SS)|
min{|S|,[S]}
Interest in this problem derives both from its numerous prac-
tical applications such as image segmentation, VLSI layout
and clustering (see the survey of Shmoys [13]), and from
its theoretical connections to spectral methods, linear/semi-
definite programming, measure concentration and metric
embeddings. In this paper, we provide fast algorithms for
this problem using the framework proposed in Khandekar et
al. [9] (KRV). This framework reduces the NP-hard SPARS-
EST CUT problem to the computation of a poly-logarithmic
number of single-commodity max-flows while, at the same
time, keeping the approximation factor poly-logarithmic. We
also prove lower bounds on the best approximation factor
that can be obtained in this framework.
The cut-matching game. At the heart of the results
of KRV lies the following two person game, denoted by
G(n), which starts with an empty graph on n vertices (as-
sume n is even): in each round, the cut player chooses a
bisection (S,S) of the vertices and in response the match-
ing player chooses a perfect matching that pairs each vertex
in S with a unique vertex in S. The game ends when the
(multi)-graph consisting of the multi-set union of the per-
fect matchings has edge edge expansion at least 1, i.e., every
subset T of at most n/2 vertices has at least |T'| edges leav-
ing it. The goal of the cut player is to minimize the number
of rounds of play, while the matching player tries to draw
the game out for as many rounds as possible. KRV show
that any strategy for the cut player that guarantees termi-
nation in ¢ rounds yields a O(t)-approximation algorithm
for SPARSEST CUT. Moreover the resulting algorithm runs
in O(t(Tec + Ty)) where T, is the time to implement the cut
player and Ty is the running time of a single commodity
max-flow computation on a n-vertex graph. They also give
a quasi-linear time implementation of a cut player strategy
that achieves t = O(log® n), thereby obtaining an O(log?n)

edge expansion of a cut (S,5) is defined to be



approximation algorithm for SPARSEST CUT whose running
time is dominated by O(log®n) single commodity max-flow
computations. Subsequently, Arora and Kale [2] gave an
algorithm that achieves an approximation ratio of O(logn)
while still running in time dominated by poly-logarithmic
single commodity max-flow computations. Their algorithm
worked in a more general framework (than the KRV frame-
work) for designing primal-dual algorithms for SDPs.

This work. In this paper we investigate what is the best
approximation factor for SPARSEST CUT achievable in this
framework of KRV. We start by observing that rather than
the number of rounds, a better measure of performance
in the cut-matching game is the ratio of the number of
rounds to the expansion of the union of matchings pro-
duced. This quantity, which we refer to as expansion ratio,
upper bounds the approximation ratio achieved by the al-
gorithm. Thus, rather than reducing the number of rounds,
we can increase the expansion of the union of matchings.
We give two simple modifications of the cut-finding proce-
dure of KRV that result in an expansion of 2(logn), while
maintaining number of rounds equal to O(log® n). These re-
sult in simple and easy to analyze combinatorial algorithms
for SPARSEST CuUT that match the Leighton-Rao approxi-
mation ratio of O(logn) [11], while using single-commodity
max-flows rather than multi-commodity flows. In theoreti-
cal terms, single-commodity max-flows can be computed in
time roughly O(m + n'®) by a result of Goldberg and Rao
[7]. The central motivation in KRV was to design fast algo-
rithms with provable approximation guarantees for SPARS-
EST CUT that could compete with practical heuristics such
as METIS in running time. They also noted certain similar-
ities of the resulting algorithm with METIS. The algorithms
in this paper add to this mix, in terms of the potential for
both practical improvements over METIS, as well as a rig-
orous justification of METIS-like heuristics.

The cut-finding procedures we propose are quite similar
to those of KRV. Given a set of matchings, they start with
a suitably chosen initial distribution on the vertices, and
compute the probability distribution that results from run-
ning a random walk on the graph consisting of the union of
the matchings. They sort the vertices according to their fi-
nal probabilities and output the median cut. The difference
lies in the kind of random walk. In KRV, the walk mixed
along each matching in turn (which we refer to as a round
robin walk), whereas our walks more closely resemble the
natural random walk on the graph of matchings and allow
for more effective bounds on the spectral gap. The analysis
of the resulting cut-finding procedures is similar to that of
KRYV in that it makes use of a potential function related to
the mixing of the walk on the current union of matchings:
However, bounding the change in potential function is now
much trickier. The advantage is that we can exploit the di-
rect connection of the mixing of the walk to the spectral gap
of the graph.

Turning to lower bounds, we prove an Q(1/log n) bound on
the rounds to expansion ratio for the cut-matching game. It
follows that this framework cannot be used to design an al-
gorithm for SPARSEST CUT with approximation ratio better
than Q(y/logn). By contrast, the best lower bound known
for the approach in Arora et al. [3] is Q(loglogn) as proved
in Devanur et al. [6] via an involved and technical argu-
ment. This suggests that the cut-matching game provides
an attractive, concrete framework in which to study the com-

plexity of finding sparse cuts. An intriguing question here
is whether this lower bound is tight and whether there is
an efficient cut player strategy that achieves a O(y/logn)
bound. Towards this goal, it is encouraging to note that the
algorithm of Arora et al. [3], which achieves a O(y/logn)
approximation, also outputs, as a certificate of expansion, a
union of large matchings.

The proof of the lower bound relies on the following com-
binatorial statement that is related to the iso-perimetric in-
equality for the hypercube: Given a bisection of the vertices
of the d-dimensional hypercube, there is always a pairing of
vertices between the two sides such that the average Ham-
ming distance between paired vertices is at most O(v/d). As
far as we know, this natural property has not been studied,
and is worth exploring further.

Finally, we mention that a combinatorial study of the cut-

matching game was done in [10], where it was shown that
there is a cut-finding procedure, albeit not known to be ef-
ficient, which would terminate in O(logn) rounds. In the
same report, the connection between the approach of Arora
et al. [3] and KRV was made explicit and it was shown
that any integrality gap, gap(n) example for the approach
of Arora et al. [3] can be used to prove a gap(n) lower
bound on the number of rounds required by any cut-finding
procedure.
Organization. The two cut-finding procedures appear in
Section 3 and the lower bound appears in Section 4. Proofs
of the more technical lemmata are deferred to the Appendix.
In the remaining of this paper, we denote by ¢(G) the edge
expansion of a graph G, i.e., the minimum edge expansion
over all cuts of G. We start by reviewing the framework of
KRV.

2. REVIEW OF KRV FRAMEWORK

Certifying expansion. One way to certify that a graph G
has no sparse cut is to appeal to the expander flow formalism
of Arora et al. [3]. This consists of constructing a graph H
of known expansion on n vertices and embedding it as a flow
in G such that the flow routed through each edge in G is at
most unit. Then the expansion of H is a lower bound on the
expansion of GG. Indeed, the seminal result of Leighton and
Rao [11] may be viewed as a multi-commodity flow based
algorithm to embed the scaled complete graph #“gn[(n in
any n-vertex graph G or produce a cut in G of expansion
at most a.. The expander flow formulation of the O(y/logn)
factor approximation in Arora et al. [3] established that for
every graph G, either one can find, using an SDP, a cut of
expansion at most «, or there is an Q(a//logn) expander
H(G) that one can embed as a flow in it. An efficient im-
plementation of this algorithm was given by Arora, Hazan
and Kale [1], showing how to combinatorially solve this SDP
in time comparable to that of computing multi-commodity
flows.

Converting a cut player strategy into a SPARSEST CUT
algorithm. KRV show that a cut player strategy pro-
ducing an expander in t(n) rounds can be converted into
a O(t(n)) approximation algorithm using single-commodity
max-flows. Here is how: Given a bisection (St,E), the
matching player performs a single-commodity max-flow com-
putation in an attempt to route a perfect matching between
S; and S; with minimum congestion c¢; and outputs the
matching and the min-cut obtained. It is not hard to show
that the expansion of the min-cut is at most é . After t(n)



rounds, the algorithm outputs the worst such cut, which
has expansion le At this point, the union of the match-
ings returned by the matching player has constant expan-
sion and can be embedded in G with congestion equal to
S e < emaxt(n ) This implies that G must have expansion

at least Q<

Tt(n) Hence, the cut that was output is

within O(¢(n)) of the optimaL Moreover, the running time
of the algorithm is O(t(n)(Tc + T¥)), where T, is the time
required by the cut player to compute his response in each
round, and T is the time for a single commodity max-flow
computation.

The cut-finding procedure Ckry. Let us recall the cut
player strategy Ckrv of KRV. Given a set of perfect match-
ings (Mi,..., M) on n vertices, such that their union is
not an expander yet, the goal of Ckry is to find a non-
expanding cut. The procedure starts with a random bisec-
tion on m vertices, which can be thought of as assigning to
a randomly chosen set of half of the vertices a “charge” of 1
and to the other half a charge of —1. It then iterates through
each matching in turn to “mix” the charge across the match-
ings. At time j, Ckrv averages the charge across the edges
of M;. The total charge is always zero. More precisely, after
j — 1 steps, let uj_1 be the vector whose i-th coordinate in-

dicates the charge on vertex ¢. Then u; := <§ + %7-> ;1.

After all the ¢ matchings have been processed, Ckry sorts
the vertices by the charge remaining on them, indicated by
the coordinates of vector u:, and then outputs a bisection
whose two parts are the first half and the second half of
vertices in this order respectively.

Intuitively, the reason this procedure finds a bisection con-
taining a non-expanding cut is the following: Suppose (S, g)
is a cut across which there are very few edges, say none.
Then the averaging procedure using matching edges never
transfers any charge across this cut. Also, the initial random
bisection will create a ©(y/n) charge differential between S
and S ie, for all j, |Z7,ES ( ) — Zie§ uj(i)| = @(\/ﬁ)
Hence, in the bisection output after mixing and then sort-
ing based on uy, the two sides of the bisection will have non-
trivial correlations with S and S respectively. Thus, the
matching added in the next iteration will add some edges
across the sparse cut (S,5). It is remarkable that strategy
Cxryv, after O(log? n) of such simplistic steps, is able to en-
sure that there is no non-expanding cut with constant prob-
ability.

3. UPPER BOUNDS

3.1 Preiminaries

Graphs, Random Walks and Eigenvalues. For a sym-
metric matrix M € R™*", let L(M) € R"™" be its combi-
natorial Laplacian which is defined as L(M):i =3 _;; Mij,
and L(M);; = ij if © # j. The eigenvalues of a sym-
metric matrix M € R™*™ are denoted by \i(M) < --- <
An(M). In the following, we identify a graph G with its
adjacency matrix and let L(G) denote the combinatorial
Laplacian of the graph G. Note that L(G) is symmetric
and positive semi-definite. For all graphs G, we then have
A1 (L(G)) = 0, with corresponding eigenvector 1. The fol-
lowing is a fundamental relation between A2(L(G)) and the
expansion of a d-regular graph [5].

THEOREM 3.1
d-regular graph G:

(Cheeger’s Bound). For an undirected

B(G) > Dha(L(G)

All graphs considered in this paper are undirected, they may
have parallel edges but have no loops, and are assumed to
have an even number of vertices. Some of the graphs will
have weighted edges. We extend the definition of expansion
to these edge-weighted graphs by replacing the cardinality of
the cut with the sum of the weights of the edges in the cut.
It is also possible to show that Cheeger’s Bound holds in the
same form for such weighted graphs, if we let the degree of
a vertex be the sum of the weights of the edges incident to
it.

In the remainder of this section, we describe and analyze
our two new cut player strategies. Before doing so, let us un-
derstand why the procedure Ckrv described in the previous
section cannot guarantee edge expansion more than O(1) at
termination. Suppose the union of matchings (M, ..., M),
have no edges crossing some bisection (S,S). Now suppose
that the round-robin walk on matchings M, ..., M; mixes
the charges on each side of (S, S) perfectly (or very well).
The next cut selected by Ckry is necessarily (S, §) More-
over, presented with any perfect matching crossing Ckry,
when Ckrv mixes across that perfect matching, the charge
at each vertex becomes zero, and Ckryv will terminate. So
at termination, the edge expansion across bisection (S, S) is
1.

3.2 The Cut-Finding Procedure C,,

After j rounds of the cut-matching game, we have seen
matchings M, ..., M; and the cut player must pick a bisec-
tion of the graph G; :=%1_, M;.

Ideally we would like to analyze the following cut player
strategy:

e Pick the initial vector of charges u as in the previously
described cut-finding strategy Cxrv.

e Repeat for t iterations: At the j-th iteration, given the
graph G, apply ¢ steps of the lazy natural random
. N\t
walk on G to u, i.e., compute y := (%L) u
e Finishing up: As in strategy Ckrv, at every iteration,
sort the coordinates of y and output the median cut.

Can we analyze this new strategy along the lines of the
analysis of strategy Ckrv in KRV? The broad outline of the
analysis there was to introduce a potential function measur-
ing how “well mixed” the walk is after j iterations, and show
that the new matching My significantly reduces this po-
tential function. The round robin nature of the random walk
greatly facilitates this analysis, since the process through
j+1 iterations is exactly the process through j iterations fol-
lowed by averaging across matching Mjy1. Therefore com-
puting the potential reduction in the j+1-th iteration simply
boils down to analyzing how much the potential drops due
to averaging across matching M 1.

Things are much more complicated for the lazy natural
walk in the procedure sketched above. This is because the
process through j + 1 iterations no longer has such a sim-
ple decomposition: all steps of the random walk include the
possibility of using edges from the matching M;yi1. The



actual analysis of the random walk is based on the ma-
trix inequality ||(ABA)*||r < ||A*B*A*||p, which facili-
tates the desired decomposition. To make all this work
out we have to modify the actual random walk as follows:
fix a large d and let N; := ﬁ[ + d%rlMtA A single step
of the modified random walk after ¢ iterations is given by
Rt = NtNt—l LR NQNlNQ e Nt_th. The t-th iteration
consists of applying this random walk d 4+ 1 times. Intu-
itively each step of the random walk R; corresponds to a
step of the natural random walk. It might be possible to
show that the analysis of the cut player strategy with this
modified random walk directly implies an analysis with the
natural random walk. We leave this as an open question.
The random walk Cpat. Let d + 1 be such that it is equal
to 2 for some integer k > 0 to be fixed later. d + 1 will
be the duration of the game. Fix a matching player M.
Let M, be the perfect matching on [n] output by M at
round ¢ when presented by the cut (St,gt) by Cnat- The
following probability transition matrices (in R™*™), defined
recursively, are used by the cut-finding procedure: Ry := I.
For1 <t<d+1,

Ri := N¢Ry_1 Ny,

where N; = #‘11] + #Mt. Note that, for all t , R; is a

symmetric doubly stochastic matrix with largest eigenvalue
1 (corresponding to the all 1s eigenvector 1). Define:

W, .= RIH

The cut-finding procedure, Cnat, for step ¢t + 1 is as follows.
Let (Ma, ..., M) be fixed for some ¢ > 0.

1. Pick a random unit vector us1; € S*~! L 1 indepen-
dent of all previous choices.

2. Compute y¢y1 := Wiugqs.

3. Sort the entries of yi11 = (y1,...
<<y

sYn) as yip <o <

Yinsz < Yinsa

4. Let S¢y1 = {2_1, ...yl 2} and Siy1 = [n]\St+1, and
output (St+17St+1)4

Analysis

THEOREM 3.2. Cuat achieves an expansion of Q(logn) in
O(log?®n) rounds against any matching player M with con-
stant probability.

As in KRV, we measure the progress of Chat by a simple
potential function which is the sum of squares of all the
eigenvalues (or Frobenius norm), except the largest one, of
the walk matrix used to mix the charge. Formally, if for a
symmetric matrix X, we let Tr1[X] denote the sum of all
the eigenvalues of X except the largest one, then the poten-
tial function for the analysis is Tri[W2] = S AN2(Wy) =
[W:—1117||%.. Now we analyze the reduction in the poten-
tial by comparing the potentials at time ¢ and t + 1 respec-
tively. Let M;41 be the perfect matching across (Si+1, Si+1)
obtained at the (¢ + 1)-th step. The following lemma proves
that once we fix (Mi,..., M), for every perfect matching
M +1 across the bisection (St+],§t+]), the potential reduces
by a multiplicative factor of 1— <, for some fixed constant

logn?
¢ > 0, in expectation over the choice of ui1.

LEMMA 3.3 (POTENTIAL REDUCTION).
Let (M,...,M;) be fixred. Then there is a constant ¢ > 0
such that, for any perfect matching M1 across the bisection
(St+1,§t+1) (which is selected using Ust1),

C

Eu,,, [Tri[W2 4] < (1 — ) Ty [W7).

logn

PROOF. Recall Wiy = RI*! and Ry := Niy1RiNiy1.
Hence, by the matrix inequality in Theorem A.2 in the Ap-
pendix, it follows that

T [W2a] = Ty [(NtHRtNtH)?d“]
<Tr [Nfﬁ#Rfd“ijl“] —Tr, [fof‘*wf] .

Here the last equality follows from Fact A.1 in the Appendix
and from the definition of W;.

Now, fofl is just a power of a lazy walk over a matching
and it must be equal to a similar lazy walk (1 —A)T+ AM¢11
with constant probability A of making a transition. A simple
calculation, detailed in Fact A.3 in the Appendix, shows that
A> et

Using this, one can write:

Tr [fof‘*wf] = Tr [(I = A(I — Myg1)) W2
= Tr [W?] — NTr [L(Mep1)W7] .
The decrease in potential Tr1 [W7] — Try [W74] is
ATy [L(Mi)WE] = A Z [ws — wyll?,
{i,J}EM¢ 41

where w; is the i-th row vector of W;.

Now we need to show that the above potential reduction is
large in expectation when M;41 is a matching across the bi-
section (S¢+1,S¢+1) given by the cut-finding procedure Cnas.
Notice that Cnat picks this bisection by projecting the vec-
tors {w; }icv onto a random line u, in the hope that vectors
which are far apart when projected onto u may also be far
apart before projection and hence contribute a large quan-
tity to the potential reduction when matched. This intu-
ition is formalized by the following lemma, which is based on
the Gaussian nature of projections and appears in the same
form in KRV. The proof follows from the Projection Lemma
(Lemma B.2 in the Appendix) applied to {v; := w; — %1}

LEMMA 3.4. There is a constant ¢’ > 0 such that

Eut+1 Z

{i,5} €M1

C/

[wi —w;|*| > - Try [WY]

~ logn

Notice that A > %. Hence, it follows from the lemma
that

2 (1-e®) 2
Euyy [Tri[Wii]] < (1 ~ Tiegn Tra [W7).
This completes the proof of Lemma 3.3. [

This implies that starting with a potential of n—1, the po-
tential drops at a rate of roughly (1—c¢/logn) in expectation.
Hence, combining the recursive application of the previous
lemma with Markov’s Inequality, we obtain the following
corollary.



COROLLARY 3.5 (TOTAL POTENTIAL).
With constant probability over the choices of (u1,...,04+1),

)d+1 O(n).

Hence, for d = O(log® n), the potential drops below =, and
we have that An—1(W7;) < L.

Now, differently from KRV, we embed R411 (and not the
walk W1 itself) in Ggy1 to show that ¢(Gaq1) = Q(log n).
In particular, we use the bound on )\n_l(Wfﬂ) to show a
lower bound on the spectral gap of the 1-regular weighted
graph Rgy1. A simple application of Cheeger’s Bound then
yields the final result.

Tri[Wi,4] < (1 ~ Togm

LEMMA 3.6  (ESTIMATING EXPANSION).
Constider the graph Gqy1 on the vertex set [n] formed by the
union of matchings (M, ...,
?(Gay1) > Q(logn) with constant probability.

PROOF. By the argument above: A,_ 1(Wd+1) =

Mo(L(Ra))* ™2 < L. Hence, Ao(L(Ras1)) (

)
logn)

we

By Cheeger’s Bound, this implies that ¢(Rg4+1) =

Finally, as Rgq4+1 embeds in G441 with congestion
have ¢(Gar1) > 4L ¢(Rav1) = Qlogn). O

Hence, with constant probability, after d = O(log® n) rounds
one can ensure that the graph obtained by the union of
matchings (M, ..., Mgy1) has expansion at least Q(logn).
This completes the proof of Theorem 3.2.

d+17

Running time

Note that we do not need to compute W; explicitly, as we
only use W to compute Wiu;. Hence, at iteration ¢ we only
need to perform O(2tlog® n) matrix-vector multiplications.
As each matrix is a step of a lazy random walk along a
matching, each of these operations takes time O(n). As t
varies from 0 to O(log? n), the total running time throughout
the game of the cut-finding procedure Cnat is O(n log6 n) =

3.3 The Cut-Finding Procedure Cey,

Preliminaries. Matrix Exponential

DEFINITION 3.7 (MATRIX EXPONENTIAL).
For a matriz X € R™ ™ the matric exponential e
defined as the following Taylor Series:

= 7

of X is

If X is symmetric, then X has an ortho-normal basis of
eigenvectors and, hence, X and e are simultaneously diag-
onalizable. Thus, for all i: Ai(eX) = M),

A basic identity eXe¥ = X+ that is true for scalar expo-

nentiation, holds for matrix exponentiation only under the
condition that X and Y commute. The following theorem
shows that something weaker is true in general, and it turns
out to be sufficient for our purpose.

THEOREM 3.8
X, Y € R™"™ be symmetric matrices.
TrleXeY].

(GOLDEN-THOMPSON INEQUALITY). Let
Then, Tr[e*TY] <

It should be noted that this is only true for two matrices.

Mg41). Then, ford = O(log? n),

Finding the Cut

Fix a matching player M. Let M; be the perfect match-
ing on [n] output by M at round ¢ when presented by the
cut (S’t,gt) by Cexp. In the same way Cnat considered the
transition matrix of a walk across the matchings to produce
the next bisection to present Cexp makes use of the matrix
Wy = eféL(G’f) = 67% i—1 LM, i), We note that, for all ¢,
W, is a doubly stochastic positive semi-definite matrix.
The bisection finding procedure for Cexp is exactly the
same as tlhat described in Subsection 3.2 for Chat if we take
W, = e~ 2 L(Gy),
Overview. It is worthwhile pointing out that Ckrv can also
be seen as using matrix exponentials. In particular, it is not
difficult to show that e™"=™) js the matrix representing
a kind of slowed down lazy random walk along matching

M. As (%)1 = % for ¢ > 1, the Taylor Series of the

exponential yields: e~ "(/=M) — %l + #M Hence,
the Cxrv mixing procedure is close to the walk

eI =M) =n(I=M¢_1) | =n(I=M1)
for small n. Our second cut-finding procedure mixes the
charge using the matrix ¢ ~7~(Mi+-+M0)) o1 the union of
matchings to find a non-expanding cut. If it were true that
e M= (My+-+My)) o o—n(I-Me)g—n(I=M¢_1) .. e*’I(I*Ml)7
then it would establish that the two walks are almost the
same. In fact, even under the weaker condition that

Tr e—n(t17<M1+»--+Mt)>] < Ty [e—n(I—Mt),,,efnUfMl)]
we could extend the analysis of Cexp to Ckrv and improve
Ckrv’s approximation guarantee. Unfortunately, we cannot
show this to be true.

We also note that the random walk in the cut-finding pro-
cedure of KRV is best thought of as a “discrete gradient de-
scent” method while the random walk based on matrix expo-
nential updates as a “continuous gradient descent” method
with the same “loss” functions, i.e., those defined by the
matchings.

Analysis

THEOREM 3.9. Cexp achieves an expansion of Q(logn) in
O(log®n) rounds against any matching player M with con-
stant probability.

The structure of the proof is the same as for Cpat. Us-
ing the exponential walk means that we need to apply the
Golden-Thompson Inequality to analyze the potential reduc-
tion. Moreover, our certificate of expansion is also different.
The potential function is again Trq [W7].

LEMMA 3.10 (POTENTIAL REDUCTION).
Let (Mi,...,M;) be fixed. Then there is a constant ¢ > 0
such that, for any perfect matching M1 across the bisection
(Si+1,Se41) (which is selected using uiy1),

Eu,., [T [W2]] < (1 _
Proor. We have:

TI'[Wt2+1] =Tr [e_ZHl LM, )} <Tr [WQ _L(Mt“)]

T 2).
logn) ra [Wr]

< Tr (W] - (1*76_2) Tr [WZL(Mis1)] .



The first inequality follows from the Golden-Thompson In-
equality (3.8) and the second inequality follows from Fact
A.4 in the Appendix. Hence, the decrease in potential at
round ¢t + 1 is:

1—e2

Try [W7] — T [W2] < ( ) Tr [W7L(Mis1)] .

Let w; denote the i-th row of W;. Then:

Try [WF] = Tr W] < (1_76_2) >

{i,5}€M¢ 41

[[wi — wy]|%.

Now we need to show that the above potential reduction is
large. As in the analysis of Cpas, this is a simple application
of the Lemma B.2 with {v; := w; — L1}, We get:

Eu,, [Tri[W2]] < T [W7) (1 - (%))

= Tr, V7] (1 -0 (lo;n))

By recursively applying the lemma above and by Markov’s
Inequality, we obtain the following.

O

COROLLARY 3.11  (TOTAL POTENTIAL). With constant
probability over the choices of (u,...,uaq),

Try [W3] < (1 - lo;n)d O(n).

LEMMA 3.12 (ESTIMATING EXPANSION). Consider the

graph Gq on the vertex set [n] formed by the union of match-
ings (M1, ..., Mg). Then, for d = O(log?n),

¢(Ga) = Q(logn)
with constant probability.

PROOF. Let G4 be the union of matchings (M, ..., My)
obtained through the cut-finding procedure Cexp. From Corol-
lary 3.11 it follows that for d = O(log®n), An—1(Wy) =
An_1(e”EGD)) < 1 By Theorem 3.1, ¢(G:) > M%QD
Hence:

A2(Ga) > —log(An—1(e”L(GDY) __logn

2 - 2 2

#(Ga) >
O
This completes the proof of Theorem 3.9.
Running time

We approximate the exponential e~ 3L(GY) by truncating its
Taylor series as it is also done in Arora and Kale [2]. All we
need to compute is e~ 3Gy for some random unit vector

u. We define the approximation vy as

j=0""

For vi, to be a good approximation for the purposes of the
algorithm we require that

2
HVk _ C_%L(Gt)uHQ < 1o} (Trl[Wt]) )
logn

Arora and Kale [2] show that this inequality is satisfied for

2
k> max{%t,ﬂ(logn)} .

Finally, to compute v; we just need to perform k matrix-
vector multiplications. Each of these takes time O(tn) as G
is t regular. As t < O(log®n) and by the bound on k, we
get a running time of O(nlog® n) = O(n) for the procedure
Cexp-

4. LOWER BOUND

In this section we prove the following lower bound for the
cut-matching game.

THEOREM 4.1. There is a matching player M* such that
the ezpansion ratio for any cut player is at least Q(v/logn).

This result establishes a limit on the upper bound arguments
in the framework of the cut-matching game, i.e., that there
do not exist cut players, even computationally unbounded
ones, which can achieve a rounds to expansion ratio bet-
ter than Q(y/logn) against M”*. In this section we focus on
the description and the analysis of M™ as claimed by the
theorem.

Main Lemma. The main technical result of this section
is the following claim about the hypercube. The lower bound
is a simple consequence of this result.

LEMMA 4.2 (MAIN LEMMA). Given a unit embedding

d
of the d-dimensional hypercube <\‘;—$, \7—3) , for any bisec-

tion of its vertices, there exists a perfect matching of the
vertices across the bisection such that the average ¢3-distance

of matched vertices is O <%)

Notice that here a matching just indicates a pairing of the
vertices and has no relation with the edges of the hypercube
graph.

The Main Lemma will be shown to be a consequence of
the vertex iso-perimetry of the hypercube. Intuitively, if the
vertex iso-perimetry is large, no two large sets of vertices
can be a large distance apart. The proof shows how to ap-
ply the same reasoning to show the existence of a “short”
perfect matching across any bisection. Moreover, as the ¢
distance is just a scaling of the Hamming distance on the
hypercube, a corollary of the lemma is the following combi-
natorial statement.

COROLLARY 4.3. For any bisection of the vertex set of
the d-dimensional hypercube, there exists a perfect match-
ing of the vertices across the bisection such that the average
Hamming distance between matched vertices is O(\/d).

This simple combinatorial fact, which, to the best of our
knowledge, was not known before, opens a number of ques-
tions about the existence of similar, possibly stronger state-
ments about the hypercube or other polytopes. We discuss
this in Section 5.

4.1 Proof Idea

A matching player M could keep the game G(n) going for
Q(+/logn) rounds if, at each of the first Q(y/logn) rounds,

M is able to exhibit a cut with expansion less than i in

the graph formed by the union of the matchings thus far.



A simple way for M to do this would be to pick a fixed
cut (D, D) at the beginning of the game and keep this cut
as sparse as possible round after round. However, if the
cut player guesses one bisection containing or equal to D,
any perfect matching that M adds across this bisection will
make the cut (D, D) have constant expansion immediately.

To overcome this problem, the matching player M™ first
identifies the vertex set [n] with the vertex set of a hy-
percube with d coordinates, {—1,1}?. (Assume n = 2%.)
Then, rather than trying to keep one bisection sparse, it
tries to keep d = logn “orthogonal” bisections sparse on
an average. The natural choice for such orthogonal bisec-
tions for the hypercube vertex set are those induced by the
coordinate cuts. Formally, denote this set of bisections by
D .= {(Dl, Dl)7 ey (Dd7 Dd)} Here, D; := {(xh Ceey CE’d) €
{-1,1}% | &; = 1}, and D; := {—1,1}*\D;. The orthog-
onality makes it possible to add edges across one (D;, D;)
without increasing the expansion of other bisections in D
by too much. The Main Lemma formalizes this intuition by
showing that at any iteration ¢, and for any choice of a bisec-
tion (S, St) (by any cut player), there exists a matching M;

across (S, S¢) which increases the average expansion over D

by at most O (\/b%gn) This implies that Q(y/log n) rounds

are necessary before the union of matchings has a constant
expansion.

To establish this lemma, we first encode the task of find-
ing a matching across the given bisection with minimum
23 length as a min-cost perfect-matching LP. Then, we show
that the dual of this LP can be interpreted as a non-expanding
embedding of the hypercube into ¢;. This allows us to use
the hypercube vertex iso-perimetry to upper bound its op-
timal value.

4.2 Preiminaries

Cut vectors
For any cut (S,5) of [n], we define the cut vector s € R"
by:
(o) = [ 1 ifi€S
TI= —1 ifi¢ S
Hence, for any cut (S, 5):
FSL(G)%s = 4|E(S,S)|.

\ertex iso-perimetry of the hypercube
For any graph G = (V, E), let 7(G) denote the vertex iso-
perimetry number of G. v(G) is the minimum ratio among

all cuts S C V, with |S| < %7 of the number of neighbors
of S outside of S to that of the size of S. That is

+(G) = min {ieV\S:HjeS:{i,j}eE}.

scv, |s)< Yl S|

The following is a standard fact about the vertex iso-perimetry

of the hypercube [5].

FacT 4.4. y(Hy) = © (%)

4.3 Proof of Theorem 4.1

Let n := 2% for a positive integer d. Let Hy denote the
d-dimensional hypercube. This is the graph with V(Hg) :=
{=1,1}¢ and {i,j} € E(Hy) if and only if 7 and j differ

in exactly one coordinate. At the start of the game, M™
picks an arbitrary bijection f : V. — Hg. Let Ug be the
unit embedding of Hg, i.e., Uy := % and, for all v € V,

f(:l) of Uy. Each dimension cut in

denote by u, the point
Hg corresponds to a cut in V' through the mapping f. In
particular, we denote by D; the cut {v € V : f(v); = +1},
and D; := VA\D;. This defines a set D := {D1,...,Dq} of
bisections of V.

Fix an arbitrary cut player C which at every round presents
a bisection to the matching player M™ to which M™ must
add a perfect matching. Let G, := ([n], E¢) denote the graph
formed by the union of matchings M, ..., M, for some in-
teger t > 0. Go := ([n],0). Define a potential function
®; :=Ep,—p [%] to be the expected expansion in
G of a cut sampled uniformly at random from D. Note that
the matching player M™ is not random. These expectations

are just averages and it is convenient to use this language
for the proof.

FACT 4.5. &, = & S thayenm, lun — u|?
PROOF.

1, Di 75, L(G:)Zp,
& = Ep»p {M}:EDWD {M}

4|D;|

{hk}EE, i=1

1
:%Z

{h,k}eE:

Jun — u?.

Notice that in the last inequality we used the definition of
the cuts D1, ..., D4 as the coordinate cuts of Hy. [

This shows that ®; equals the sum of the squared length
of the edges of G: in the hypercube representation Uy of
V, scaled by 2n. Hence, for any ¢ > 1, we can rewrite the
increase in potential at round ¢ as:

== Y w—wlP= Y flw—

{t.JY€E\Ey 1 {i.5YeM:

At every iteration ¢, given C’s choice of (S, 1), M* adds the
matching M; across (S¢, St) which minimizes } -, 5y ¢y, [[0i—
u;||?>. This only requires a minimum cost matching compu-
tation on the complete bipartite graph induced by (St, St).
The Main Lemma (Lemma 4.2) can now be restated as fol-

lows.

LeEMMA 4.6 (MAIN LEMMA). For all bisections (S, S),
there exists a perfect matching M across (S,S) such that

Z{i,j}EM Jw; —w||* =0 (%) .

The proof of this Lemma will be given at the end of the Sec-
tion. Here we see how the Main Lemma implies the theorem.



PrOOF OF THEOREM 4.1. By the Main Lemma, the po-

tential increase in one round is: ®;—®;_1 = O %) Hence

o = O (\%) This implies that Ep,—p [%] =

B . ith 00D
(0] (\/E) Hence, there exists a cut D; with ID; ] =

O (%) This shows that ¢(G:) = O <\/LE> As the game
stops after ¢ iterations only if ¢(G¢) is constant, we must

have t = Q) (\/8) =Q (\/log n) Moreover, this also shows
that ﬁ = Q(Vd) = Q(/Togn) for all t. [

We now proceed to prove the Main Lemma.

PROOF OF MAIN LEMMA 4.6. Let ¢;; := |Ju;—u,||*. Con-
sider the LP relaxation of Figure 1 for computing the mini-
mum cost perfect matching across the cut (S, 5).

Minimize >, ¢ ic5 CijTij

Subject to
Vi e S, Zjeg Tij =1
vj es, 2ies Tij =1
ViesS, jeSs, Tij > 0

Figure 1: LP for Bipartite Min-Cost Matching

By the integrality of the bipartite perfect matching poly-
tope (see [12]), the objective of this program is the minimum
of > 1 jyem 1 —uy || over all perfect matchings M across

(S,S). In Figure 2 we consider a formulation of the dual of
this LP.

Maximize ZiES Yi — Zj€§ Y5
Subject to

VieS,jeS,

VieV,

Yi — Yj < Gy
y; € R

Figure 2: The dual of the LP for Bipartite Min-Cost
Matching

A feasible solution for this LP can be seen an embedding
{yi}ic[n) of [n] on the real line such that no pair ¢, j with
i€ Sandj € S andy; > y; can be further away in ¢
distance than its ¢2 distance in the hypercube embedding
Uy. We now prove the following two properties of solutions
to the dual LP:

1. If {yi}ic[n is a feasible solution of value Y, then for

any ¢ € R, {yi = yi + c}ic[n Is a feasible solution of
value Y =Y.

2. In any optimal dual solution, we must have, for all
pairs i, j € [n], |y — y;| < cij = lus —uy*.

Proof of Property 1: The shifted solution is feasible as for
allie S,5€8:

Yi—yi=yite—yi—c=yi—y; <cij

The value of this solution is:

V'=>"yi=> yi=> (witc)—> (yj+0)

icS jes icS jes
:Zyi+%—2yj—%:2yi—2yj:}’
i€S j€S icS jes

Proof of Property 2: Notice that the costs c¢;;’s respect the
triangle inequality as the ¢2-distance on the hypercube is a
metric. To prove the statement, we need to handle the three
remaining cases:

1. i€ S,j € S. Assumey; > y; without loss of generality.
As the solution is optimal, it is not possible to increase
y; to obtain a larger dual objective. This implies that
there must exist & € S such that y; — yr = cjx. But
we must have cit > yi —yr = (yi — ¥;) + (Y5 — y) =
Yi — Yj + Cjk. As ¢, < Cij + Cjk, We have y; —y; < cij.

2. 1€ 8,5 €S. This is handled as in the previous case.

3. i€ S,j € S such that y; > y;. Because the solution is
optimal there must exists j' € S and i’ € S such that
Yy —y; = ¢y and y; — Yy = c;7. But, by the dual
constraint, we must have c¢;/ ;» > vy —yi = (y; —v;) +
(Y5 —yi) + (Yi —yir) = ¢jrj +y; — yi + ¢ By triangle
inequality, c;7j» < cjr; + ¢ji + cir, 50 that y; —yi < cjs
as required.

Application of vertex iso-perimetry of Hq: Now we use these

properties of an optimal dual solution together with the

vertex iso-perimetry of the hypercube to obtain an upper

bound on the dual optimal. By Property 1, we can trans-

late any optimal dual solution preserving optimality. Hence,

we may consider an optimal solution {i}ic[, such that
n

at most 7 vertices are mapped to positive value and at

most 5 are mapped to negative values. Notice that, as

max; ; |[u; — u;||? = 4, we have y € [—4,4] for all k € [n].
Now define sets R1, ..., Riq C [n] as follows:

Rizz{ke[n]:yke(igl,ﬂ}.

Similarly, for the negative side we can define L1, ..., Laq4:

L; = {ke n] :yx € [fé,f%)}

We also define A; := id:i R; and B; := Uid:i L;. By our
assumption on {yi}ic(n) we know that, for all 4, | A, |B:| <

? Consider now any k € A; for i > 2. Consider any h ¢ A;
such that [ju, — ug|® = 3, ie., us is a neighbor of uy in
the hypercube graph. Notice that h must lie in L;—1, as, by
Property 2, |yx — yn| < % and h ¢ A;. Hence, all vertices
which are outside of A; and adjacent to A; in the hypercube
must belong to L; 1. Because |A;| < %, by the vertex iso-
perimetry of the hypercube, there are at least y(Hqg)|As|
such vertices and, for i > 2:

1
|Lia]| > Q (%) |Adl.

This implies that for i > 2,

etz (-0 )



Since |A1| < g,

wst(en(E)

The same reasoning can be applied to B; to deduce that

Bl < % (1 40 (%))_(H) .

Now notice that the cost of the dual solution {yx}rcn) is
upper bounded by

1 4d 4d
y (Zz’|Li| + ¢|R¢I>
i=1

=1

IA

1 4d 4d
p (Z FUEDS |Bi|>
=1 =1

- ()
_ go(\/ﬁ)zo(%)l

But, by strong duality, the primal optimum equals the the
dual optimum. Hence, we complete the proof by noticing

that
n
2 i —wl =0 (ﬁ) ‘

{igyeM

O

5. OPEN PROBLEMS

The main remaining open question is whether it is possi-
ble to construct a cut player running in almost linear time
and achieving an expansion ratio of O(v/logn). Another di-
rection of study is to show that the natural random walk
which inspires Cnat can actually work without the modifica-
tions required by our analysis. It may be possible to show
that the natural random walk approximates the exponential
random walk sufficiently well for the same analysis to apply.
Along the same lines, it is, for example, possible to see Cnat
as an approximation to Cexp. We will include the details in
the full version of the paper.

Finally, the Main Lemma used in the proof of the lower
bound raises the following interesting questions, which, to
our knowledge, are unresolved: What is the bisection of the
hypercube which maximizes the minimum over all pairings
of vertices across the bisection of the average Hamming dis-
tance between paired vertices? Is it possible to derive similar
£3-distance results for polytopes other than the hypercube?
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APPENDI X
A. MATRIX INEQUALITIES

The following facts follow from the definition of the trace
function. They are proved in [4].

Fact A.1 (CYCLIC SHIFT INVARIANCE OF TRACE).
Let X, Y € R"*™. Then, Tr[XY] = Tr[Y X].

THEOREM A.2 (SYMMETRIC REARRANGEMENT).
Let X, Y € R™™ be symmetric matrices. Then for any
positive integer k,

Tr [(XYX)2’“] <Tr [XQkYQkXQk .



The following claim uses the fact that, for a matching M,
M? = I to simplify the expression for a power of a lazy
random walk across a single matching.

4d+4
FACT A.3. Let\:=1—1 (17 = ) . Then, N} =

a+1
I— AT — Myy).

ProoF. For this proof, let N := Nyy1, M := M;41. Note
that since M2 = I, (I— M)? = 2(I— M). Hence, (I — M)’ =
277Y(I — M) for 5 > 1. We use this observation below to
complete the proof of the fact.

4d+4 1 At
N = (I—m([—M))
4d+4
1 (4d+4
= I+ I1-M
> v g (M -y
I-M

- I+

&2 [4d+4
2 D”m( 7

j=1

4d+4
oM (o2
2 d+1

The following fact is a matrix version of the simple scalar
inequality e™** < (1 — (1 — e %)z) for all z € [0,1] and
€ (0,1).

O

FACT A.4. Let X € R™™™ be symmetric matriz such that
0=<X =<1 ande € (0,1). Then,

e < (I —(1-e9)X).

B. PROJECTIONLEMMA

The results in this section essentially appear in KRV. We
include them here for completeness.

Fact B.1 (GAUSSIAN BEHAVIOR OF PROJECTIONS).
If v is a vector of length | in R™ and u is a random vector
in S™71. Then

1. Eu [(v,u)?] = g7

2. For x <m/16, Pry [(V,u}2 >zl /m] < e ®/4,

LEMMA B.2. Let {v;}I=; be vectors in R"™* such that

2. For alli, ||vi||*> < B for some constant B.
3 D=3 HV1||2 > —poblf(n)'

Let v be a random unit vector in R"~' and for all i set
u; := (vi,r). Let S be the partition of [n] such |S| = n/2
and for alli € S and j € S u; > u;. Consider any matching
M of the indices [n] across (S,S). Then,

1
Ec.| > lvi—vl? :Q(logn)¢>

{i.j}eM

PROOF. Define the event

for some constant ¢ > 0. Let & := ﬂ” &;;. By the Fact B.1

we have that Pr[€;;] < n~%*. Hence, by a union bound,
Pr[€] < n=¢/%*2. Then:

E. Soodvi=vilf| =

{ijteM

“log | Y (w—w)? €| Prie]

clogn e

Let a be the real number such that u; > a > u; for all
i € S7j e S. Hence7 for u == (u1,...,un), Dpqti =
i1 vi),r> = 0. Hence,

Y {vir _<
> (wi—wy)? =Y (wi—

{i.iyeM i=1

= |ul)®-2a (Z ui> + na®
=1

= |lul* +na® > |lul.

Hence, we have

n—1
E. E [lvi — ij2 > o E. [Hu”2 | 5] - Pr[€].
4 gn
{i,jreM

To obtain a lower bound on the r.h.s., notice that

Bl = 3 Bofu) = 30 0l 2
i} 4 T L1 n— 1
=1 i=1
Since |u;|? < B for all 4, ||ul|*> < Bn. Hence,

Ex [[ul® | €] -Prle] > EdfJul’] - Ex [[lul® | €] - Prf]

> ® — Bn~ /43
- n-—1 '

Since & > poly(n) , by picking c to be a large enough constant,
one obtains
)

E. [|ul* | £] - Pr[g] > 1)

Hence, we can complete the proof of the lemma by conclud-
ing that

> ® .
— 2clogn

E:| > vi—vlP

{i,jteM



