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Abstract

We consider type systems that combine universal types, recursive types, and object types. We study type inference
in these systems under a rank restriction, following Leivant's notion of rank. To motivate our work, we present several
examples showing how our systems can be used to type programs encountered in practice. We show that type inference
in the rank# system is decidable fdr < 2 and undecidable fok > 3. (Similar results based on different techniques
are known to hold for System F, without recursive types and object types.) Our undecidability result is obtained
by a reduction from a particular adaptation (which we call “regular”) of the semi-unification problem and whose
undecidability is, interestingly, obtained by methods totally different from those used in the case of standard (or finite)
semi-unification.
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1 Introduction
1.1 Background and Motivation

Type inference, the process of automatically inferring type information from untyped or partially typed pro-
grams, plays an increasingly important role in the static analysis of computer programs. Originally devised by
Hindley [Hin69] and independently by Milner [Mil78], it has found its way into the design of several recent pro-
gramming languagée's Type inference may or may not be possible, depending on the language and the typing rules.
If it can be carried out, type inference turns untyped programs into strongly typed ones. Modern languages such as
Haskell [PIJHH 93], Java [GJS96], and ML [MTHM90] were all designed with strong typing in mind.

Despite its many benefits, the Hindley/Milner type system has several limitations, preventing perfectly safe pro-
grams from being typed. One such limitation is encountered when inferring types for recursive definitions. The
standard rule for typing recursive definitions, in-aalculus with a fixpoint constructor likiéx, is the following:

Eu{x:7}FM:7
EtF (fixeM): 7

(Monorec)
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1According to Hindley, the underlying ideas of type inference were already used by Curry and Feys in the 1950's [Hin97, pages 33-34], and
perhaps by Polish logicians in unpublished work in the 1920's [Hin97, page 104]. Be that as it may, the explicit connection between Robinson's
first-order unification, published in 1965, and inference of simple types is due to Hindley and Milner. This is an instance of a more general and very
productive connection, encountered again later between other forms of unification and other forms of type inference.



wherer is a simple type. Many recursively-defined functions in practice are inherently polymorphic, requiring the
following rule instead:

Eu{z:0}FM:0o

(Polyree) o tfx»00) - o

wheres = Vt; - - - Vt,,.7 is a type scheme anda simple type. Nevertheless, (Monorec) is used in practice, because
typability becomes undecidable when (Polyrec) is added together with appropriate rules (Inst) and (Gen) to instantiate
and generalize type schemes.

The difference between (Monorec) and (Polyrec) was recognized early on [Myc84] and examined in depth in
several papers [Hen93, KTU93a]. There are recursive definitions which, after appropriate recoding, can be typed
by (Monorec) together with a rule (Let) for the usual polymorghtowf ML. This is the case of mangimultaneous
recursive definitions in practice, which can in principle be decoupled by a compiler before typing them with (Monorec)
and (Let)> However, no such recoding is possible in the case of many other recursive definitions and polymorphic
(Let) provides no help in typing them; for such recursive definitions, the stronger polymorphism of (Polyrec) cannot
be traded for the weaker polymorphism of (Let).

Type inference with (Monorec), but without polymorphic (Let), has the same complexity as type inference for the
simply-typedA-calculus, which can be made to run in linear time and is therefore very efficient in practice [PW78,
Hin97]. Just like first-order unification, it sTIME-complete [DKM84]. Type inference in ML may require exponential
time only in the presence of polymorphic (Let) [KMM91, KTU94] and this happens only in the case of programs that
are arguably pathological [McA96].

Towards filling the huge gap between efficient type-inference with (Monorec) and undecidable type-inference with
(Polyrec), one of our research goals is to formulate typing rules strictly more powerful that (Monorec). In this report,
we combineuniversal typesandrecursive type#n order to define such typing rules, and we seek precise conditions
under which type inference remains feasible or at least decidable.

An earlier attempt towards the same goal was made by Jim [Jim95], who also proposed typing rules that are strictly
more powerful than (Monorec). Jim's approach is based onathie 2 intersection typesvith which type inference
remains decidable and i=XPTIME-complete.

We illustrate several of the issues we tackle in this report with three examples.

ExaMPLE 1.1. (Transposition of a Matrix) The rule (Monorec), after appropriate adjustment to the syntax of ML,
cannot type the following ML program. This is also a simple example of a recursive definition that cannot be decoupled
in an attempt to type it again with (Monorec). The program computes the transpose of a matrix given as a list of rows,
i.e., the matrix is represented by a list of equal-length lists:

let val mapl = map

fun map2 f ([]) =1
| map2 f ([J:) = I
| map2 f (Ist) = (f hd Ist)::map2 f (f tl Ist)
in
map2 mapl [[1,2],[3,4]]
end
If typable, the output of this program would f&,3],[2,4]] . However, the ML type checker reports a “cir-

cularity” when trying to unify the return types of the functiond : Vt.list(¢t) — t andtl :Vt.list(t) — list(t) as
enforced by (Monorec).
Based on a system odink-2 recursive type®ne of our algorithms infers the following type forap2:

map?2 : th.(Vtg.(list(tl) — to) — list(list(t1)) — lz’st(tg)) — list(list(t1)) — list(list(t1))

2The question of when and how (Polyrec) can be replaced by (Monorec), possibly with the help of polymorphic (Let), is periodically raised
on the sml-list and comp-lang-ml mailing lists — by spurts dating back to at least the early 1990's. Consider for example the exchanges between
September 20 and October 15, 1991, between April 20 and April 30, 1993, between July 20 and August 21, 1995, and later again.



This is a rank-2 type becaus¥t” is on a path that passes to the left of exactly ores” (exhibited as a longer
arrow). We use a more powerful version of (Monorec) adapted for higher-rank types, which we call (Monofix).
O

ExXAMPLE 1.2. (Transposition of a List of Matrices) This is based on the program in example 1.1, where a rank-2
recursive type is inferred fanap2. Thus, ifmap2with its rank-2 type is passed as an argument to the funotian3,
the resulting typing for the program is at rank-3.

let fun map3 f g [] =1
| map3 f g Ist = (f g (hd Ist))::map3 f g (tl Ist)
in
map3 map2 mapl [ [[1,2].[3,4]], [[5.6,7].[8,9,10]] ]
end

Following the same logic, it is possible to write recursive definitions for which the typings are at rank 4, &c.
O

The discussion so far shows that it is possible to combine universal types and recursive types in order to type
recursive definitions that are not typable in the Hindley/Milner system. Our analysis in this report shows when it is
possible to do this without losing decidable type inference.

Whereas functional languages such as Standard ML and Haskell have successfully incorporated type inference in
their design, type inference for object-oriented languages is considerably less developed and has yet to achieve the
same degree of practical importance. Towards this goal, and without too much effort, our analysis can be extended to
a language with objects, in the formulation proposed by Abadi and Cardelli inctroailculus [AC96]. Specifically,
we also consider type inference when we combine universal types and recursive types togetbbjasittypes
Our extension does not include other notions (such as “subtyping”) that are fundamental for any OO type system.
Nevertheless, we consider our present extension only preliminary to the addition of other notions suitable for an OO
type system.

Although subtyping is a key feature for any OO type system, it does not coexist naturally with recursive types. Even
simple and perfectly sound examples fail to type check as a resuétaafssaryestrictions imposed by the subtyping
rule for object types (where subtypingustbe invariant) and recusive types (where subtypiagdgo be covariant).
Relaxing the subtyping rule for object types to be covariant, in an attempt to subtype interesting recursive types, results
in anunsoundype system [AC96].

ExampPLE 1.3. (Stack) The following example (in the syntax of thealculus) is typable at rank-1 of our system.
stack = [isempty = true,
top = ¢(s)s . top,
pop = <(s)s,
push = ¢(s)Az.((s . pop := s) . isempty := false) . top := z]
The algorithm for our rank-1 system, augmented with object types, infers the following type for “stack”:
stack : Vt;.uto.[isempty : bool, top : t1, pop : ta, push : 1 — o]
Recursive types must be used in order to type terms like stask(1)push(2)top. The type inference method
in [Pal95] can type this example but with a less informative type, while the method in [PJ97] cannot type this ex-
ample at all, because of restrictions introduced by subtyping.

Examples requiring rank-2 (or higher) types involving object types can be constructed by passing stack (with the
rank-1 type shown above) to a function that uses it polymorphically. O

This report is organized as follows: section 2 introduces some basic definitions; section 3 presents an algorithm to
infer rank-1 types; section 4 shows that type inference with recursive types and polymorphic recursion is undecidable;
section 5 extends the decidability result of section 3 to rank 2; section 6 proves that type inference at rank 3 is
undecidable and section 7 extends this undecidability result to any rank beyond 3. All these sections include a brief
description of the problem and of the technique used to show the decidability/undedidability result. The proofs for
most of the theorems, and all the required lemmas, can be found in appendix A.
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Contributions of This Paper

The main contributions of this paper are the following:
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e The introduction of the first (to the best of our knowledge) unification-based algorithm combining objects,

functions and constants that types interesting examples encountered in practice. Examples that were otherwise
untypable (or typable with less informative types) are typed by our algorithm using recursive types.

Identification of an appropriate unification problem for the analysis of inferring finite-rank recursive types.
This unification problem is a generalization of finite (i.e., standard) semi-unification, which weegalbr
semi-unification The instances of regular semi-unification are exactly those of finite semi-unification, but sub-
stitutions in the regular case are allowed to map variables to regular (not necessarily finite) terms, corresponding
to recursive (not necessarily finite) types.

For k < 2, type inference with rank-recursive types islecidable using theacyclic restriction of regular
semi-unification. We prove that the problem of inferring rank-2 recursive types is polynomial-time equivalent
to finding regular solutions for instances of acyclic semi-unification, for which we have an always-terminating
algorithm.

Many of the ideas already used to handle the finite case of acyclic semi-unification [KTU94] are used again in
the regular case of the same problem. As a result, whether an instance of acyclic semi-unification has a regular
solution (and, therefore, whether a program is typable with rank-2 recursive typeE)AsIME-complete.

For everyk > 3, type inference with rank-recursive types isndecidable This is based on a sequence of re-
ductions from (unrestricted) regular semi-unification, which we prove undecidable, to the problem of typability
with rank-3 recursive types. The latter can be reduced further to the problem of typability withkreedursive
types, for everyt > 4.

Interestingly, the undecidability of regular semi-unification calls for methods entirely different from those used
for the undecidability of finite semi-unification [KTU93b]. For the result in this paper, we use a reduction from
the word problem for finitely generated monoids, which we have adapted from a similar encoding of the same
word problem into “feature algebras” in computational linguistics [DR92].

Future Work

Investigate the lack of a substitution-based principality property and how to deal with it in practical implemen-
tations.

Our various type systems do not have a substitution-based principality property (we have simple counter-
examples). This is the property that for each typable term, there is a type/typing from which all other types/typings
are obtained by the operation of substitution. This lack is not a peculiarity of our systems: It is common to all
type systems (most notably, System F) involving universal types at rarikd he importance of a substitution-

based principality property in practice is discussed in [Jim96].

Investigate the relationship between our systems, based on universal types and recursive types, to derive types
for recursive definitions and the systems proposed by Jim, based on intersection types [Jim95].

Investigate conditions under which subtyping (possibly restricted) and related notions (e.g., matching) can be
added to our typing rules without turning type inference into an undecidable problem. The use of variance
annotations in the style of [AC96] is one way of including a restricted version of subtyping.



2 Type Systems

Lett, s, t’, s’,... range over a countably infinite set of type varialitgar andg, ¢/, ... range over a finite set of type
constants). The types of the systems considered in this report are all subsets of an inducti¥® set

7% = TVaruQU{(oc — 7)|o,7 € T®} U{(ut.0) |o € T}y U {[t; : ."'] | 7 € TOP)}
U{(Vt.o)|o € T°%}

Our type systems are classified by the rank of the types they derive. Informally, we say that-asypek+ if no
path from the root to a quantifier passes to the left of more arrows. In other words, if there exists a path from the
root to a quantifier that passes to the leftiodrrows then the type is at least raff-+ 1). This notion is similar to
that defined for System F [Lei83]. We extend it to include recursive types and object types. Fok évdrydefine
the hierarchyr’® as follows,

T = TVaruQU{(oc — 7)|o,7 € TP} U{(ut.0) |o € TO®Y U {[t; : '] | 7 € TOPY
T,?_fl = T,?bu{(o—>7')|0€T,?b,TGT,?fl}U{(Vt.aﬂaéT,?fl
We also defindy™~ = T and for everyk > 0, the set )y = TP% ™ U{(0 — 7)|o € TP, 7 € TP ).

Therefore, ifo € T,?b’_ theno has neither quantifiers on top nor to the right of any of its main arrows.

As usual, types are deemed equa) (modulo renaming of bound variables and reordering of adjacent quantifiers.
By convention,— associates to the right and the scope of ho#ndV extends as far to the right as needed.

Note that no quantifier is allowed to appear inside a recursive type or an object type. As a result, the hierarchy
{T°°} is not a full classification oT™°?, i.e., 7" is strictly larger thar J,»., 7).

Letz,y, z, ... range over a countably infinite sedr of term variablesg, ¢/, ... over a finite seC of term constants
andM, N, P, ... over the set& " or £Obfix,

M,N € £% := ¢|FIX|z| \e.M|MN|[l; =¢(z)M;""||M .| M.l < ¢(z)N
M,N € £O%% .— ¢|z| e M|MN |fixa.M |[l; = ¢(z)M;"S"] | M . 0| M .0 < ¢(z)N

Observe that we usBIX as a distinguished constant (and therefore as a corlsi&ais also a member af) in
contrast tdfix which is used as a constructor. Parentheses are introduced wherever needed to desambiguate the parse
of a term. Occasionally we drop the supersctitand writeZ (or T},) to emphasize that we only consider the subset
of terms (or types) without objects.

Throughout this report we assume that —unless stated otherwise—évery °>fx satisfies theinique-naming-
condition That is, for every: € Var occurring inM, there is at most one binding of(either\-bound orfix-bound)
andz is not bound and free at the same time.

The various type systems presented in this report are defined in terms of fragménaigmAntis simply a set of
typing rules that can be combined with other fragments to form a type system. For convenience, weedaifimeter-
ized fragmentsvherefk (the parameter) corresponds to the rank of the fragment. In addition, we define the mapping
type : C — T; that assigns a closed type to everg C. In particular, we setype(FIX) = Vt.(t — t) — t.

A substitutions a mapping from the set of type variables to the set of types. We only need to consider substitutions
with finite supports. As a result, we sometimes wiie, o), (t,7)} to denote a substitution that maps the type
variabless andt to the typesr andr, respectively, and every variable Tivar — {s, ¢t} to itself. The metavariables
S, 5, ... are reserved to range over substitutiofdf o andr are types then we write(t := 7) for the typeS(o)
whereS = {(¢,7)}.

Atype T is contractivein the type variable, writtent | ¢, if eithert is not free inr or 7 can be unfolded as a type
having— or [ ] as its top type constructor [AC93].

A type environmernis a finite mapping from the set of term variabl\és to the set of types. LeE, E’, ... range
over the set of type environments and definen(E) = {z|Jo.(z : 0) € E} andran(E) = {o|Jz.(x : 0) € E}. If
Eis atype environmentthefi — {y} = {(z : o) | (z : 0) € Eandz # y}.

3To simplify the notation, we will refer to both a substitution and its lifting (i.e. a mapping from types to types) using the same metavariable.



A judgements a relation between type environments, terms and types writténtasM : o or ask o = 7 (in
which case only types are related). LBt.7’, ... range over a set of judgements.
A pre-derivationis formally defined by the following syntax,

D = &E|(Dy,....Dn)/T (n>0)

For convenience, we defirfeto be the empty pre-derivation but we normally write pre-derivations/ikenstead
of £/ 7. For the sake of clarity, we occasionally present pre-derivations in inverted tree form as shown by the following
example,

1)'1 ,Z)'Q .o ,Z).n
J

For any pre-derivatioD = (D, ...,D,,)/J we defineroot(D) = J and say that7 is below any judgement in
D1, ..., D, and, conversely, that any judgementin, ..., D,, is above7.

If Sis atype system we writ§ > 7 if there exists a pre-derivation where only the rulesafre used. In this case,
the pre-derivation rooted &f is called aderivation

. Ob, fix—
3 Type Inference in A"

We analyze type inference for the syst&fl>™*~ = AC U A} U A* U AY U AP U ABX~| This is the system
that assigns rank-1 types to terms in the langua@defi. It includes the familiar system of recursive types already
considered by other authors and adds quantifiers and object types. Sound subtyping of recursive object types is very
restrictive in a calculus were methods can be selected and updated [AC96]. As a result, we do not consider subtyping
in this work.

One part of our algorithm is based on first-order unification, adjusted so thattue checkin the process of
unification does not abort the computation but rather introdyedding. However, this is not what is novel in our
approach. Rather, what is new is the way constraints are collected and combined so that types can be inferred using a
unification-based mechanism. Our work differs from [EST95] in that constraints sets are solved as early as possible
and types (as opposed to constraint types) are inferred. The lack of subsumption reduces the typing power of our
system but simplifies the type inference problem allowing us to construct a closed type and use constraint sets solely
for the purpose of type inference.

Operations on objects can be classified as bedtfginflictedapplied to self) onon-self-inflictedfrom the outside).

Because of the recursive nature of the type inference algofithself-inflicted operations need to be collected and
solved only after the complete object is seen. For this purpose, our algorithm uses a set of constraints to record every
operation applied directly to self. Constraints collected on a certain object are solved whenever self is discharged in
accordance to the (Object) rule (see appendix B). Similarly, constraints are collected fok-thamged variables on

which object operations are performed and solved whenever a variable is discharged in accordance to the (Abs) rule.

ExAMPLE 3.1. LetM = [z = 1,getx= ¢(s)s . x,gets= ¢(s)s] be an object term. Algorithrl infers the type

o = pt1.[z : int,getx: int, gets: t;] for M working bottom up and solving the constraints as explained above. The
table in figure 1 lists all the subterm occurrencedbffrom left to right) and the values returned by the algorithm on
each step. The substitutichis obtained from the unification @§ andint (see below). The purpose of the procedure
Equate is to validate that the constraints collectedivare solvable.

S = Unify(Equate({pt1.[z : int, getx: t3 : gets: ¢1] < [z : ¢5]}))
= Unify({[z : int] = [z : ¢3]})
= {(ts,int)}

4The type of any location (method) that can be read and updated must be invariant for the system to be sound.



Subterm Environment Type Constraints
1 %) int %]
s {s:t1} t %]
Sex {s:t1} t3 {t1 <[z : 3]}
s {s:ta} to 1%)
M %) S(pty.[x @ int, getx: ts, gets: t1]) %)
Figure 1. Example 3.1.
Subterm Environment Type Constraints
x {z:t1} t 2]
x. L {z:t1} t3 {t1 <[ :t3]}
. l+1 {z:t1} int {t1 < [¢:int]}
T {z: ta} to 1%)
T é’ {x . tQ} t4 {tQ S [é’ : f,4]}
[a=zd+1,b=x.0] {z:t1} [a:int b : ty] {t1 < [€:int], 1 < [0 : t4]}
Mja=z.0+1,b=1z.0] %] o %]

Figure 2. Example 3.2.

Informally, Equate checks that every method on the right-hand-side of a constraint is present on the left-hand-
side, i.e., in the actual object. For those methods occurring on both sidasmith@rocedure is called to force the
consistency ofisesanddefinitions O

The following example shows how constraints are collected and solvedifound variables denoting object terms.

EXAMPLE 3.2. LetM = \x.Ja =z .¢+1,b=x.{] be aterm. The table in figure 2 shows the values returned by
algorithmTI for each subterm occurrence bf from left to right. The final type returned by algorithfh(the type of
M)iso =Via.[l:int, ¢ : t4] — [a:int, b : t4]. This type is obtained by collecting and solving the constraints,for
after discharging the variablefrom the environment. O

A constraintis a binary relation over the set of types that we writeras 7 for o, 7 € TO". A constraint sefs
simply a finite collection of constraints. Given a constraintBetefinedom(R) = {¢t € Tvar|Jo.(t < o) € R}. If
S is a substitution thel§(R) is defined to be the s¢tS(7) < S(o) |7 < o € R}.

Definition 3.3 (Merge Object Types).Let 7 = [¢; : 7;°“'] ando = [¢; : 0,;7<”] be two object types. Fdr € 1N .J
define,

Y(r,0) = (S([: : 7' 45 2 07<771]), 9) i S = Unify({y = o }),
) fail if Unify({7x = o }) = fail.
O

Definition 3.4 (Projection of R). Let R be a set of constraints. The projectionfofoverr is defined as the least set
satisfying,
II,(R,V) D {r<o|rgTVarandr <o e R} U
{t<o|terV(r)—Vandt<oceR}U
{t<o|t' <o’ €ell,(R,V)andt <o €l (R,V)}

whereV is an arbitrary subset dfvar. Notice that constraints over type variabledirare not projected. O



Intuitively, if a variablex is assumed to have the typec TVar during type inference, thdr,, is a function returning
the (possibly empty) set of constraints that need to be solved when&vdischarged. Constraints of the formnx o
wherer is not a type variable are also collected. These constraints are introduced as a result of applying substitutions
to constraint sets.
Algorithm TI solves the constraints in an on-line manner. Every time a variakb®(nd org-bound) is discharged
from the environment, its constraints are projected and solved.

For example, ifC' = {t; < [€ : ta],ta < [0 : t4],t3 < [0 : t5]} thenIly, (C) = {t1 < [€: ta],t2 < [€: t4]}.

Definition 3.5 (Canonical solution forR). A substitutionS is the canonical solutionof a constraint seR if the
following conditions hold’

1. (R, S1) = Simplify(R, @).
2. Sy = Unify(Equate(R')).
3. 5= SQ o Sl.

For conciseness we write5“solvesR” whenever the substitutiof is the canonical solution of a constraint $&t If
S solvesR then for every substitutiof’, the substitutiors’ o S is a solution ofR. O

Definition 3.6 (Partition of a constraint set). Let R, R, andR; be constraint sets. The p&diR;, R») is apartition
of Rif R =R; URy andR; NRe = @ and alsadlom(R1) Ndom(Rz) = &. O

Theorem 3.7 (Type Inference inA®*7). Type inference iM®>%*~ is decidable. For every closed terd ¢
£0°8x algorithm TI stops. When it stops it either returig, p, @), wherep is the inferred type foi\/, or reports
failure. O

Theorem 3.8 (Soundness)For every closed € £O%f* and everyp € TOP if TI(M) = (2, p, @) then it follows
thatA?b’ﬁx_ > M:p. O

4  Type Inference in Afix

We consider the systeff* = A U A} U A U AY U Afix and show that type inference is undecidable. This is
used in later sections to derive other undecidability results. The undecidability of type inferexi¥e domes from
the inclusion of theAfi* fragment that contains a single rule capable of typing instancgslgforphic recursion at
rank-1

Eu{z:o}F-M:0o

(POYX) o fxadl) o

ceTy

The undecidability result is obtained by repeated reductions from the word problem over semigroups. We start
by showing the undecidability of the word problem over monoids, i.e., semigroups with an identity element. Next,
we reduce the undecidability of a decision problem we @gular semi-unificatiorfrom the undecidability of the
word problem over monoids. Finally, we prove that type inferenc€fiis equivalent to the regular semi-unification
problem by showing that a terd/ is typable inAfx if and only if a corresponding regular semi-unification problem
has a solution.

41 TheWord Problem

Definition 4.1 (Semigroup). A semigroup(A4, -) is a mathematical system composed of a set of elem&faswhich
a binary operationis closed and associative. O

5Algorithms Unify andSimplify are defined in appendix C.



Definition 4.2 (Monoid). A monoid(A4, -) is a semigroup with a distinguished elemert A suchthat-a = a-e =
aforall a € A. In other words, a monoid is a semigroup with an identity element. O

Elements of monoids (or semigroups) are callenids If o and are words we normally write,5 as opposed to
- (.

Definition 4.3 (Word problem). Given a semigroupy = (4, -), a finite set of constraint®& = {«; = (1, ...,a =
B} for somek > 0 and the equation = 3, theword problemis the decision problem that determineaifepresents
the same element ghsaccording toF. O

For example, considering the monoid operation to be concatenation and takinda,b}* and £ = {aaa =
a, aab = bb},% the problem that decides whethgib represents the same elementagaab is an instance of the
word problem. In this particular example the answer is “yes” given that,

aaaaab = (aaa)aab = aaab = a(aab) = abb

The word problem for semigroups is undecidable in the general case [Pos47, Gur66]. However, if the set of
constraintstl is empty & = 0) then the problem reduces to pattern matching and becomes decidable. It is also
decidable if the seF is just a singleton.

Clearly, the word problem is also a decision problem when the underlying mathematical structure is a monoid
instead of a semigroup. In fact, the word problem remains undecidable in this case too.

Lemma 4.4 (Word problem for monoids). The word problem for monoids is undecidable. O
Proof. See [Gur66]. O

4.2 Undecidability of Afx

The terms we use in this section are defined over the signgtere{ F'} U ) containing a single ternary function
symbol F and a set of constan€3. We write 7> for the set of terms defined ov&rand a countably infinite set of
variablesX.

Any termt¢ € 7> can be seen as a function between a (possibly infinite) set of paths and an ele@ent\of
More precisely, ift € 7= thent : dom(t) — X U X wheredom(t) C {L,M,R}*.” Let,m, ... range over the set of
finite paths{L, M, R}*. For convenience, we consider any teras a total function by settingr) =L if 7 & dom(¢).

If ¢is a term in7T> we write t|,, for its subtree rooted at(). Thatis, ift’ = t|, then for everyr’ € dom(t)
there is ar such thatrr’ € dom(¢) andt(rn’) = ¢'('). In addition, for every € 7= we define thenterior of ¢ as
int(t) = {m | 7L, 7R € dom(t)}, and theexteriorof ¢ asext(t) = dom(¢) —int(¢). We say that is anco-term whenever
we want to emphasize thabm(t) may be an infinite set.

Definition 4.5 (Finite terms). Atermt € T is finite if and only if dom(¢) is a finite set. The subset of finite terms
is denoted byr ;. a

Definition 4.6 (Regular terms). A term¢ € 7> is regular if and only if it has a finite number of different subterms
(each possibly with infinitely many occurrences). The subset of regular terms is dendtgg. by O

By definition, every finite term is also a regular term because with a finite domain we can only have finitely many
different subterms. Hence, the different sets of terms are related as fdl}ﬁvms T, CT”

We need to extend the notion of substitutiorerterms . Asubstitutiors is a mapping between the set of variables
and the set ofo-terms , i.e.,S : X — 7. Any substitutionS is lifted to a mappings : 7> — 7> such that,

(S(z))(me) If # =mmandt(m)=z€ X,
t(7) otherwise

(S)(#) = {

In order to simplify the notation, we will refer to a substituti§rand its lifting S using the same lettef. The context
will always make clear which mapping we are referring to.

6As usual, we writeB* for the Kleene closure of some sBt
"The symbold_, M, R stand for “left”, “middle” and “right” respectively.



Definition 4.7 (Semi-Unification). An instance of semi-unification is a finite set of inequalities of the fé@rm-
{t1 < uy,...,tn < u,} wheret;,u; € 7}% fori € 1..n. A substitutionS is a solution ofl” if and only if there are
substitutionsSy, ..., S, such thatS; (S(t1)) = S(u1), ..., Sn(S(tn)) = S(un). O

The solution of a semi-unification instance carfibée, regular or generaldepending on whether the range of the
substitutionsS; (i € 1..n) andS, that conform the solution, is a subset®y,, 7,7, or 7> respectively?

reg

Definition 4.8 (Regular semi-unification problem). For every semi-unification instand& the regular semi-unifi-
cation problermis the decision problem that determines wheihéas aregular solution or not. O

Lemma 4.9 (Undecidability of regular semi-unification). The regular semi-unification problem is undecidablgl

Theorem 4.10 (Type inference in\fx). For every instancd™ of semi-unification, we can construct a tetfr ¢
L8 such thatMr is typable inAf* if and only if I' has a regular solution. Hence, it is undecidable whether an
arbitrary term in £ is typable inAf*. O

5 Type Inference in Afx~

We show that type inference in the systaf*~ = AC U A} U A U AY U Afi*~ is decidable. Decidability of
type inference imgi* is shown via a reduction to the problem of type inferenca‘j’ﬁ’ﬁx’, for which an algorithm
is presented in section3.

This reduction from rank-2 to rank-1 comprises 2 steps. First, we show that type inference in thez\s?éfem
equivalent to type inference in a more restricted system we\é“éﬂ’T. Types inferred in the latter system belong to
a setl]. The hierarchy{T} } is defined as:

T, = Tp
T,L_1 = TkTU{(O'l—>...—>O’n—>7')|0'iGTkaOFiél..n,TGTOT}U{(Vt.O')|U€TkT+1}

It follows thatifo € T,I theno has no quantifiers to the right of an arrow. In particulas, & T2T theno has quantifiers
only on top and to the left of a single arrow.

Theorem 5.1. Let M be an arbitrary term in the languagéf*. M is typable in/\g""T if and only if M is typable
in Afx—, O

In the second part of the reduction, a series of transformations are applied to A/ternC®*, such thatM is
typable inAg"‘ if and only if its translation is typable inn;. Clearly, if a term is typable i, then it is also typable

in A9>f*~_ Definitions for all the transformations, namely—CD(), combine(), wrap(), ()™ and()?# can be found
in section A.4 of the appendix.

Theorem 5.2. Let M € £B* satisfy the unique-naming condition. We can effectively translatato M’ ¢ L,
specifically,

M’ = BI—CD((combine (wrap((M)%))?)

such thatM is typable inA*~ if and only if M is typable inA ;. O

8A semi-unification problem where the solutiongenera) i.e. not regular, is not an interesting problem since it is undecidable whether two
non-regulamo-terms are equal or not.

9In the extended abstract accepted to LICS'99, decidabilitgx‘;if_ was obtained via a reduction to a problem we called Acyclic Semi-
Unification. Both reductions are plausible. However, we believe that a reduction to the same probi@h~ is more convinient since an
algorithm to infer types in this system is also included. For simplicity, the reduction presented in this section is for #fi#ishat it should be
easily extendible to terms i6%P-fx because quantifiers cannot occur inside object types.
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Definition Type

I = (fix I.(Az.if null z then O elsel + I(tl z))) (Vt.list(t) — int)

I = Az.if null z thenOelsel + i(tl x) (Vt.list(t) — int)

L = M. Ax.if null 2 then O elsel + I(tl z) (Vt.list(t) — int) — (Vt.list(t) — int)
I = (FIX L) (Vt.list(t) — int)

Figure 3. From fix to FIX.

(map, squarelist, complement) = (Af.Az.if null z then x elsecons (fx, map f (tl z)),
Az.map (A\y.y X y) x,
Az.map (Ay.not y) x)

Figure 4. Mycroft's example.

6 Type Inference inA3

We show that type inference in the systam= A U A3 U A% U AY is undecidable. This result is achieved by
reduction from the type inference problem in the systefi introduced in section 4. Becaudg is a subsystem of
A?"‘, the undecidability of the former implies the undecidability of the latter.

The underlying syntax foAf* and A3 is £8* and £, respectively. The former system definefixapointas a
constructor while the latter defines it as an operator, i.e. a constant ofityge— ¢t) — t. A rank-1 system
is not powerful enough iFIX is defined as an operator because its application to a function may require a type
beyond that rank. Informally, the reason is that in order to BEX as an operator we need to “abstract over”

a recursive function and if the original definition is typable at rank-1 then its abstracted counterpart may only be
typable at rank-2. For example, assuming thigthen-else, null ,...} C C andtype maps these constants to the
standard types, figure 3 shows how the rank of the fundtiooreases wheRIX is used. Because the type bfis
(Vt.list(t) — int) — (Vt.list(t) — int), the type ofFIX must be instantiated t@Vv¢.list(t) — int) — (Vt.list(t) —

int)) — (Vt.list(t) — int) for the application FIX L) to type check. Clearly, the type to whi®#IX needs to be
instantiated is at most rank-3 if the original recursive definition is typable at rank-1. Although the furintfaure 3

is typable without (Polyfix), e.g. it is typable in ML, there are functions that can only be typed in the presence of
polymorphic recursion. One such example is from [Myc84] and is shown in figufe 4.

Definition 6.1 (). Let : £8% — £ be the mapping defined by the following equation,

x if M =z,
c if M =c,
B(M) = { (Azap(N)) if M = (\a.N),
(Az.2) Ayy)w(N)w(P)) if M = (NP),
(FIX (\z.3b(N))) if M = (fixz.N).
O

Lemma 6.2 (Reduction fromAfx). For any termM € £*, types € T) and environment E such thatn(E) C Ty
we haveA™ > E = M : gifand only if A3 > E - (M) : o. O
Theorem 6.3 (Undecidability of A3). Type inference in the systekg is undecidable. O

Proof. A consequence of the previous lemmaAlf is decidable then we have a way of constructing types\fér
usingy. This is impossible since type inferenceffi* is undecidable. O

101n this example, we choose to define the three functions simultaneously. Of course, the compiler can decouple the three functions resulting in
an example that can be typed using (Monorec) and (Let).
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7 Type Inference inA;, for k& > 3

We show that type inference in the systam= A° U A} U AU A} is undecidable for alk > 3 by reduction
from the type inference problem ik;. Because\y, is a subsystem 0&2"*, the undecidability of the former implies
the undecidability of the latter.

We argue by contradiction assuming that if type inference is decidaldlg,atthen it is decidable at ;. However,
it is undecidable fok = 3, hence by induction oh it must be undecidable for all > 3.

Definition 7.1 (p). Lety : £L — L be a mapping on the set of terms defined inductively as follows,

c if M = C,

FIX if M =FIX,
o(M) =1z if M =z,

(Az.o(N)) if M =(\z.N),

((\=2)p(N)p(P) if M = (NP).

O

Lemma 7.2 (Reduction fromAy). For any termM € L, typeo € T} and environmenf suchran(E) C T}, we
have thatA\, > E+ M : oifandonly if Ay 1> E+ (M) : 0. O

Theorem 7.3 (Undecidability of Ay for k& > 3). For every k, if type inference is undecidable for then it is unde-
cidable forAx. For everyk > 3, type inference i\, is undecidable. O

Proof. Immediate from the previous lemma.Af, ; has decidable type inference then we have a way of constructing
types forA; usinge. This is impossible since type inferenceAp is undecidable. Moreover, sindg is undecidable
thenA, must be undecidable for &l > 3. O
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A Proofs
A.1 Definitions

e Var: set of term variables ranged by y andz.

e N C P: the termN is a subterm, possibly with multiple occurrences upittenaming, inP.

e N C,.. P: thetermN is a subternoccurrenceof P.

e 7,7, Z: denote finite (possibly empty) sequences of term variablgarin

e 7 < 2 the sequencg is a prefix of the sequencgi.e. there exists § such thatry = 2.

e BV(M): the set oboundvariables in}/. We assume there is at most one binding of ewegyVar.
e \-BV(M): the set ofA-bound variables i/ .

e fix-BV(M): the set offix-bound variables id/.

e FV(M): the set offreevariables inM. We assume thav(M) NFV(M) = @.
A.2 Proofsfor section 3

The main result of this section is the soundness proof for algorithiret AS™ %~ = AT UA} UAK UASP U AfIX—
where the fragmen\§’ contains a single rule (Con3tdefined next.

(Consp) type(c) = 0,0 < T1,0 € T, 7 € T)

Erc:7
Note that the rule (Congis derivable inA9*%*~ using (Const) followed by (Inst) but not inY>#*~ because of the
absence of (Inst).

Lemma A1 If AQ*®*~» B+ P : pthen for every substitutiof and every environment’ such thatdom(E) N
dom(E') = @, we haveA ™™ S(E) U E' - P : S(p). O

Proof. Easy induction on derivations. We show the case for the special rule (J:olfisE + ¢ : p thentype(c) = o
ando < p. Sincep < S(p) then it follows thato < S(p). Hence, by (Cong} and the restriction oz’ we have
S(EYUE'Fc:S(p). O

Definition A.2 (Equality between Substitutions). Let S and.S” be two substitutions. We writ§ = S’ if S andS’
are equal as (finite) sets of pairs. That isidfn(S) = dom(S’) and for everyt € dom(S) we haveS(t) = S’(¢). O

Lemma A.3. LetU = U; UU, be a unification instance (i.e., a finite set of equations between ty[J&¥)n Suppose
S1 = Unify(U1) and Sy = Unify(S1(Uz)). If S = Unify(U) then it follows thatS = S o 5. O

Proof. LetU; = {01 = 03, ...,0n-1 = op} andUs = {1y = 7o, ..., n—1 = T } fOr some natural numbersandm.
Suppose tha$; = Unify(U;) and thatSe = Unify(S1(Us)), i.e. .S; andSs are the most general unifiers (or mgu's) of
U, andS; (Us), respectively. Therefore,

Si(o1) = Si(o2),- -, S1(0n-1) = Si(on)
S2(81(m1)) = S2(S1(72)), -+, S2(S1(Tm—1)) = 52(S1(7m))

It follows that.S>(S1(0:)) = S2(S1(0s+1)) and.S2(S1(75)) = S2(Si(rj41)) fori € I.n—1landj € 1.m — 1. It
suffices to show tha® = S5 o S;. BecauseS is the mgu ofJ then it must beS; o S; = S’ o S for some substitution
S’. Assume that there existg & dom(S’) such that ¢ dom(S) andS’(t) = p for some typep. Let us now look at
the following cases:
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1. ¢ € dom(S7). ThenSi(t) = p’ andSz2(p’) = p. However, sinceS(o;) = S(oi4+1) fori € 1.n—1 and
t ¢ dom(.S), then this implies tha$; is not the mgu ot/;. Contradiction.

2.t € dom(S2) andt ¢ dom(S1). ThenSy(t) = p. However, sinceS(r;) = S(7;41) for j € 1.m —1 and
t ¢ dom(S), then this implies thafs o S; is not the mgu ofJ; or, in other words, thaf, is not the mgu of
S1(Uz). Contradiction.

We conclude that no sughe dom(S’) exists and thereforf, o S; = S’ o S = S as required. O

Lemma A.4. Let (R1, R2) be a partition of a constraint sé®. SupposeS; solvesR, and S, solvesS; (Rz). If S
solvesR then it follows thatS = S5 o 5. O

Proof. Proceduresimplify (see appendix C) imposes no order on how constraints are processed. Therefore, it follows
from the hypothesis and the definitions that®’, S’) = Simplify(R), (R}, S]) = Simplify(R1) and (R}, S}) =
Simplify(S](R1)) thenEquate(R’) = Equate(R}) U Equate(R5). Hence, by lemma A.3, it must = S5 o S; for
S, S; andS; the canonical solutions f&®, R, andS; (Rz), respectively. O

Definition A.5 (Partial Order over Substitutions). Let.S andS’ be substitutions. We writ§ < S’ if the following
conditions hold:

1. dom(S) C dom(S").

2. Foreveryt € dom(S), if S(t) = ps.[l; : 7,°T] thenS'(t) = ps.[¢; : S'(r;)’€”] with I C J andr, arbitrary
types fork € J — I; if S(¢) is not a (recursive) object type thétft) = S’(¢). O

Lemma A.6. For all substitutionsSy, S and S if S; < S; anddom(S) N dom(S;) = @ then it follows that
So Sl S S o SQ. O

Proof. Clearly,dom(S o S;1) C dom(S o .S3) sincedom(S o S1) = dom(S) U dom(S;) C dom(S) Udom(Ss) =
dom(S o Sy). If t € dom(Sy) thenS; (t) = Sa2(t) and alsoS(S;(t)) = S(S2(t)). If t & dom(Sy) butt € dom(S)
then it follows from the hypothesis that¢ dom(S3) and thenS(t) = S(S1(¢t)) = S(S2(t)). Hence, for every
t € dom(S o S1) we haveS(S(t)) = S(S2(t)). Consequently, we havgo S; < S o Ss. O

The next lemma is used in the proof of lemma A.8. In essence, this lemma states that witdiiever P :
S(p)andS < S’ thenS'(E) + P : S’(p) for every termP and typep. Conditions 3 and 4 exclude “ill-formed”
derivations that are never constructed by algorithni-or example, a derivation containing instances of (Var) such as
EU{z:t}Fa:[l:[]]isruled outbecause 8 = {(¢,[l: []])} andS" = {(¢, [l : [],I' : []])} thenS(FU{z :t}) F
x:S([1:[]) butnotS"(EU{z:t})Fz:S([l:][]]).

Lemma A.7.

Hypgtt)hﬁesis: Let P ¢ £%* be an arbitrary term. Lef and S’ be substitutions such that the following conditions hold
inAg>

1.5<89,
2. S(E) - P: S(p),

3. For every instance of (Var) such &E’) F = : S(p’) in a derivation ending with the judgement 2, we must
have also by (Var), thak’ - z : p’.

4. 1f p e TvarandS(p) = ps.[t; : '] and S (p) = ps.[¢; - S'(r;)’’) for I C J then(z : p) € E for some
T Coce M.

Conclusion: The judgement Y>>~ 1 §’(E) - P : §'(p) is also provable. O

Proof. By induction on derivations irAOOb’ﬁ"_.

15



Lemma A.8 (Strong Soundness)For everyP € £O%fx and every € TP if TI(P) = (Ep, p, Rp) thenAJ> >~
Sp(Ep) - P : Sp(p) whereSp is the substitution that solvégp. O

Proof. By induction on the structure @?. For simplicity, we ommit the prefiAgb’ﬁx’ in all our judgements.
1. P=c. ThenEp = Rp = Sp = @ and sincaype(c) = q it follows from (Const) thats - ¢ : g.
2. P=x.ThenEp = {z:t} andRp = Sp = @. By (Var)we have{z : t} F z : ¢.

3. P = A\z.M. By induction hypothesisTI(M) = (Ea,7,Ry) and Sy (Eayr) B M Sy (1) where Sy,
solvesR)s. Supposer € dom(E,s) and letoc = Ep(x). Since(R,R,) is a partition of Ry, Sy solves
R, S solvesR, andSp solvesS(R), then by lemma A.4, it follows tha$y, = Sp o S. Consequently,
Sp(S(En)) F M : Sp(S(r)) and by (Abs) we haveéSp(S(Ey — {z})) F Az M : Sp(S(ec — 1)). If
x ¢ dom(E),) theno = t for t a fresh type variable. The proof for this case is obtained in a similar way.

4. P = MN. By induction hypothesisii(M) = (En, 71, Rar) andSy (Enr) = M : Sp(71) whereS), solves
R, and alsoTi(N) = (En, 72, Ry) andSy(En) F N : Sy(72) whereSy solvesRy. SinceSp solves
SRy URN) thenSy, < SpoSandSy < SpoS. Hence, from the induction hypothesis and lemma A.7,
SP(S(E]\/[)) M : Sp(S(Tl)) andSp(S(EN)) FN: SP(S(TQ)) Moreover,Sp(S(ﬁ)) = SP(S(TQ)) —
Sp(S(t))andSp(S(E)) = Sp(S(Enm))USp(S(EN)). By (App) it follows thatSp(S(E)) F MN : Sp(S(t))
as required.

5. P = fix .M. By induction hypothesisTI(M) = (Eu,7,Ra) and Sy (En) B M 2 Sy (1) whereSy,
solvesR ;. Supposer € dom(Fys) and letc = Ep(z). Since(R,R.) is a partition ofR s, Sy solves
Ru, S solvesR, andSp solvesS(R), then by lemma A.4, it follows thaty, = Sp o S. Consequently,
Sp(S(Em)) F M : Sp(S(1)) and sinceS(7) = S(o) we haveSp(S(En)) = M : Sp(S(0)). By (Monofix)
we haveSp(S(Ey — {z})) F fix .M : Sp(S(0)). If x € dom(E),) theno = ¢ for ¢ a fresh type variable.
The proof for this case is obtained in a similar way.

6. P = [l; =c(x)M;""]. If I = @ thenEp = Rp = Sp = @ and by (Object)z F [] : []. Assume that
I # @, then by induction hypothesis we havE M) = (E;,7;,R;) andS;(E;) - M; : S;(r;) wheresS;
solvesR; for everyi € I. Let Sk be the substitution that solvés = S, (|J; R;). It follows for everyi € I
thatS; < Sg o S1. From the induction hypothesis and lemma A.7 we héix€S1(F;)) = M; : Sr(S1(m:)).
Becauses, (as defined in algorithil) solvesR/, thenS = S50.5, is a solutioriR!, as well, and sincép solves
S(R’) then it follows thatSgz = Sp o S and thenSg o S; = Sp o S. Hence,Sp(S(F;)) - M; : Sp(S(1;)).
LetS’ = So{(s,0)}. By constructionS < S” and by lemmas A.1 and A3p(S'(E;)) F M; : Sp(S'(m:)).
Therefore, sincé&p(S(E—{z})) = Sp(S'(E—{z})) andSp(S(c)) = Sp(S’(0)), then it follows by (Object)
thatSp(S(E — {z})) F [l = ¢(2)M;"€"] : Sp(S(0)) as required.

7. P = M .¢;. By induction hypothesis[i(M) = (Ea, 0, Ry ) andSa (En) B M 2 Sy(o) whereSy, solves
R

(@) o € Tvar. SinceSys solvesRy; andSp solvesRy U {o < [¢; : ]} then it follows thatSy, < Sp
andSp(o) =[---,¢; : Sp(t),---]. Hence, by lemma A.7, the induction hypothesis and (Select) we have
SP(E]\/[) F M.Ej : Sp(t).

(b) o & Tvar. By (Select) and the induction hypothesisyit [¢; : Tiid] andj € I'thenSp(Eym)F M. ¢ :

7i(t :== o).

8. P =M .!; < ¢(z)N. By induction hypothesiSi(M) = (En, 01, Rar) andSy (Ear) F M : Syr(o1) where
S solvesR y, and alsorl(N) = (En, 02, Ry) andSy(En) F N : Sy(o2) whereSy solvesR y.

(@) o1 € Tvar. By definition, Sp solvesS(Ra U Rn U {01 < [¢; : 02]}) and thenSy < Sp o S and

Sy < Sp o S. From the induction hypothesis and lemma A.7 we h8wéS(Ey)) E M : Sp(S(o1))
andSp(S(En)) F N : Sp(S(02)). Itis easy to verify thabp(S(Fp)) C Sp(S(E — {z})) —sincer ¢
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FV(M)— and thatSp(S(En)) C Sp(S(E)). By constructionSp(S(o1)) = [ ,4; : Sp(S(02)),- -]
and then by (Updateyp(S(E — {z})) F M . {; <= s(z)N : Sp(S(o1)).

(b) o1 & TVar. Theno, = pt.[¢; : Tfef] —wheret may or may not occur free in thg's— andj € I.
BecauseS, solvesR! thenS = S5 o S, is a solutionR/, as well, and sinc&p solvesS(R’) then it
follows that Sz = Sp o S and thenSi o Sy = Sp o S. Hence, from the induction hypothesis we
have Sp(S(En)) F M : Sp(S(o1)) and Sp(S(EN)) F N : Sp(S(o2)). Clearly, Sp(S(c1)) =
Sp(S(e1)) andSp(S(ah)) = Sp(S(o2)). Let S’ = S o {(s,01)}. By construction,S < S’ and by
lemma A.1, lemma A.7 and the equations just shown, we t#veS(Ey)) - M : Sp(S(o})) and
Sp(S'(EN)) F N : Sp(S'(d4)). From the fact that: ¢ dom(E),) and the rule (Update) we prove
Sp(S(Em —A{z}))F M .¢; =s(z)N : Sp(S(0})) as required.

O

Theorem A.9 (Soundness) For every closed € £O%fx and every € TO® if TI(M) = (@, p, @) then it follows
thatA?b’ﬁx_ > M:p. O

Proof. A consequence of lemma A.8 for the case whBfe= Rp = Sp = &, and the fact that every derivation
in AS®f*~ is also a derivation im$>%*~_ If Fv(p) = #'then a proper rank-1 type can be derived by successive
applications of (Gen), obtaining?>™~ > & + M : vi.p. O

A.3 Proofsfor section 4

For the purpose of the analysis to follow we restrict the paths defined in section 4 to be elements of the monoid
generated from the sét, R}, i.e. the monoid\ = ({L,R}*,-). Every termt € 7* induces a binary relatiory; on

{L,R}*.

Definition A.10 (Strong equality between paths).Givent € 7> andn;,m € {L,R}* we writem; =~ o if and
only if t|zr, = t|xr, for every pathr € {L,R}*. O

This definition says that two paths are strongly equivalent with respect to a fixed teand only if, no matter
what subtree of we consider (for alir), the trees denoted by the two paths are identical. We can also think of a weaker
notion of equality where we only compare paths that, starting from the root of the tree, denote the same subtree.

Definition A.11 (Weak equality between paths).Givent € 7= andr, ma € {L,R}* we writemr; ~; 7 if and only
if t|x, = tlrs- O

It is easy to verify that for alt € 7> andry, 7 € {L,R}*, if m; ~ m thenm; ~; m, but not conversely.

Lemma A.12 (Congruence of). For everyt € 7=, the binary relation~;, is a congruence relation ofiL, R}*
relative to concatenation. O

Proof. We need to show that for every, 7], ma, 75 € {L,R}* if m; = 7} andmy = «) thenmmy ~; mjmh. For
an arbitrary pathr in {L,R}* we havet| ryr, = (tlrr)|me = (tlrn;)lms = tlxnl)my = tlnn;ny- BeCAUSET is an
arbitrary path we conclude that o ~; 7} 7). O

EXAMPLE A.13. If we taket = F(F(z,u,y),u, F(x,u,y)) wherez,y € X andu € 7= then we have ~; R but
L % R.
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<
x
<

From the picture we can also see thatis not a congruence relation, because even thaugh L andL ~; R, it is

not the case thatL ~; LR. O
Becausex, is a congruence relation relative to concatenation we can formubgent monoidf M modulo~;

asQ(t) = {[n]¢| 7 € {L,R}*} where[r]; = {r' € {L,R}*|n’ =~ 7}. In other words()(t) is the set whose elements

are theequivalence classesodulo=; of {L, R}*. The fact that)(¢) is also a monoid is a consequence of the previous

lemma. We now proceed to show that the quotient moig(id) is finite whenevet has only finitely many distinct

subtrees (i.e., whenevers regular).

Lemma A.14. For everyt € T, Q(t) is a finite monoid if and only ift|. | 7 € {L,R}*} is a finite set of terms. O

Proof. Let us start with thef part first. If the set of subtregg|, | 7 € {L,R}*} is finite then we can enumerate it
using some initial segmeiitof the positive integers. Thus, we gt |7 € {L,R}*} = {u;|i € I}. Because this
is a set we have that farj € I, if i # j thenu; # ;. Everynr € {L,R}* induces a functiorf, : I — I such that
f=(i) = jifand only if u;|» = u;. Stated differently, every path induces a function between trees where the image of
a tree is the subtree that results from traversing that path. Moreover,
fro=fr, <= foralliel
Wilmy = Uilr, <= forallm e {L,R}"
twm, =tlrr, <= by definition of~;
T Rt T2
Thus, if two paths belong to the same equivalence class then they induce the same function and vice-versa. Because
there are exactly7!| possible functions mappingto itself and paths in the same equivalence class induce the same
function, it must be thal(¢)| < |I|. Since by hypothesitis finite thenQ(t) must be finite as well.

For the converse, if the sétis infinite (i.e., there infinitely many different subtrees) then by definitior:pthere
must be infinitely many equivalence classes. Heff¢) must be an infinite set. O

Definition A.15 (I',.). LetI', be a semi-unification instance consisting of the following three inequalities:
(1) F(@aOa@) S F(J),<>,F($1,A,J)2))
(2) x
(3) x

I

IAIA

Z2

wherex, x1, 22,0, &, A € X. We purposely avoid naming the variabf@s> andA to avoid cluttering the notation
later. All that matters aboW¥ is that if S is a solution of ;, then it forcesS(x) andS(F(z1, A\, z2)) to be equal. [

Other authors have shown [AC93] that every Trfg can be finitely (but not uniquely) represented using a recursive
binder like.. For the sake of the argument, let us defifig, as the least set satisfying the following equation,

Treg = X UQU {F(w1,ws,ws) | wi,ws, ws € Treg} U{puz.w|w € Treg}
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Conversely, it has also been shown that every T'., can mapped to a singtec T,Eg. Hence, in the discussion that
follows we use elements froffi.., to denote elements Eg.

No finite substitution can be a solutionIig. This is easy to verify by a simple inspection of the first two equations.
Equation (1) forcess = F(z1, A, z2) and equation (2) requiréS(zy, 2\, z2) = x1 which has no solution i .
However, if we definev = puz.F(z, A, z) then the substitutio® = {(z, w), (z1,w), (x2,w), (V,w)} is a solution
wheresS; is just the identity for € 1..3. The termw has the property that = F'(w, A\, w) since both terms and
F(w, A, w) represent the same regular tree. Hence, applying the substitutions,

F(w’ A7w) = F(w7A’F(w7A’w))
Flw, AN, w) = F(w, A w)
Flw, A, w) = F(w,A,w)

The following lemma characterizes any substitutibtihat is a solution of',, and shows that the relations of strong
and weak equivalence between path§ () are the same.

Lemma A.16 (Solutions ofT",.). If S is a solution ofl",. then the following properties hold:
1. {L,R}* C dom(S(x))
2. The relationsvg(,) and~g(,) on{L, R}* coincide. O

Proof. The proof proceeds by induction on the length of a gath For the first part, ifir| = 0 (i.e. 7 = ¢) then

it is immediate. Ifir| = 1 then by inequality (1) irT', we haveS(x)|| = S(x1) andS(z)|g = S(x2) which
implies that the pathis,R € dom(S(z)). Proceeding inductively, suppose that for everg {L,R}* if |7| = k then

7w € dom(S(x)), we need to show thatr andRx are indom(S(x)). But by inequalities (2) and (3) we know that
S(z) < S(z1) andS(z) < S(z2) which implies that for everyr € {L,R}* if # € dom(S(z)) thenm € dom(S(x1))
andr € dom(S(z2)). Moreover, by inequality (1) we have thatif € dom(S(x1)) thenLw € dom(S(z)) and if

7w € dom(S(x2)) thenRm € dom(S(z)). This concludes the induction and the proof thatR}* C dom(S(z)).

For the second part we only need to show thatif~g,) 72 thenm; ~g,) 7. Thus, we have to prove that for
everyr € {L,R}* if S(z)|r, = S(2)|r, thenS(z)|zr, = S(z)|rx,. If |7| = 0 then the result is immediate. Suppose
that for everyr € {L,R}* if |7| = k thenS(z)|rr, = S(x)|rr,. Then, by inequality (2) we hav&(z1)|rr, =
S()|xm, @ANAS(2)|zr, = S(x1)|rr,. HENCe, using the last three equations weet )| r», = S(z1)|xx,. Similarly,
using inequality (3) we can show thitzs )|, = S(22)|rx,. Finally, by inequality (1)S(z1)|xx, = S(2)[L,,, and
S(21)|xm = S(7)|Ryrr, Therefore, ifir| = k+ 1 we have proved thei(z)|r, = S(¥)[rx, forallT € {L,R}*. O

The next lemma shows that it is possible to construct a solutiol’ fowhere two paths are weakly equivalent
whenever they represent the same word in some mandidenerated from the sdt,R}. The idea is to adorn
the middle nodes of(x) —which played no important role so far— with a distinct variable drawn fr&nfor
every equivalence class iM. That is, ifr; andms belong to the same equivalence class (according to some set of
constraints) theS(x))(m1M) = (S(z))(m2M) = z for some freshe € X. We writer; =, 72 if the words (paths)
m andms represent the same elementhnt with respect to some set of constraitits

Lemma A.17 (Constructed solution forT",). Every monoidM generated from the sétL, R} induces a solutiory
for I',, such that:

1. dom(S(z)) = {L,R}* U{L,R}*-M
2. Forall i, 7 € {L,R}* we haver; = w2 if and only ifmy ~g(,) ma. O

Proof. We need to show that given a mongid we can construct a substitution satisfying the two conditions. For this
purpose, definé € 7> to be a term such that:

(a) dom(t) = {L,R}* U{L,R}* - M.

(b) t(mM) = t(maM) if and only if m; = 72 forall my, mo € {L,R}*.

19



As long as (b) is satisfied there is no need to worry further in this proof about what variables and constants are part of
t's exterior. Next, define the substitutiSraccording to:

S)=t S(x) =t Sx2)=tr
SQO)=0 S()=¢  S(A)=tlm =tM)

At this time, it is not important hov$ acts on any variable iX — {z, z1, 22,9, {, A}. Itis immediate from the
definition oft that part (1) of this lemma is satisfied. Let us now show thiata solution fod",.. Clearly,S is a solution
for the first inequality inl",, sinceS(F(z, ¢, F(x1, A, x2))) = F(t, O, F(tL. tIw. tIr)) = F(t, ¢, t) and taking the
substitutionS; = {(©,t)} we have thatS; (F(©, $,0)) = Si1(F(¢,$,t)). Consider now the second inequality
x < xp inT;. To show thatS is a solution for this inequality (a similar argument applies to the third inequality)
we needdom(S(x)) C dom(S(z1)) and if t(miM) = t(maM) thent(LmiM) = t(LmeM) for all w1, 72 € {L,R}*.
Thatdom(S(z)) C dom(S(z1)) is an immediate consequencedain(S(x)) = {L,R}* U {L,R}* - M. Moreover,
if t(m1M) = t(meM) thenm; =, m2 by condition (b) above (from left to right) and therefdre; = Lm2 which
implies, by condition (b) again (from right to left), thatLm,M) = t(Lm2M). Hence,S is a solution for the second
inequality inT",,.

We now show that ifS(xz) = ¢ as defined above then part (2) of this lemma also holds. Consider the left to right
implication first;

= mmn=pmmer forallme {L,R}"

= t(mnM) = t(memM) forallw € {L,R}" using (b)
=t =t

= M1 ~S(z) T2

T =M T2

The converse is similar, following directly from the definition of the substituiand the ternt. Thus, using part (b)
above we have:

™ ~S(z) Ty = t|7r1 - t|71'2
= t(’]TlM) = t(’]TQM)
= M1 =M T2

O

Let us now extend the sét, by adding more inequalities. The resulting set is a semi-unification instaacel
the following lemma shows that has a regular solution if and only if the word problem can be solved over a certain
monoid.

Let E = {aq = ao, ..., a0k—1 = agi} be afinite set of equations ovflr, R}*, ande = {31 = (2} another single
equation over the same set. Associate witthe following semi-unification instandéz defined as:

(1) F(9,$,9) < F(z,9,t) iel.2k
(2) F(©7<>7Q?) S F(y21—1;<>5y21) i€ 1l..k

where for every € 1..2k the termt; € 7> is defined as the term satisfying the following conditions:
e dom(t;) = {wL, M, 7R | 7 is a proper prefix ofy; }
e t;(a;) =y; forsome freshy; € X
e Forallm, 7' € ext(t;) if m # 7’ thent; () # t;(n)

Informally, ¢; is the smallest term (a finite tree) such thais among its paths ang(«;) is a fresh variableg,. The
purpose of the last condition is to force all the other leavesto be different. In the example below we use a special
variablex that is assumed to be fresh every time it is uSed.

11This means that two occurrences+adio not refer to the same variable, i.e., they do not have to be unified.
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Associate with the singletanthe following semi-unification instandé, with exactly two inequalities:
(1) F(9,0,9) < F(x,O,uy) i€1.2
where for every € 1..2 the termu; € T~ is defined as the term satisfying the following conditions:
e dom(u;) = {xL,7M, 7R | 7 is a prefix of 3; }
e u;(B;M) =a; forsome fresh,; € Q
e Forallm, 7' € ext(u;) if m # 7’ thenu;(7) # w;(7")

Finally, we defind® = I, UT'g UT'... Before introducing the main lemma of this section, let us consider an example
to understand the role played by the different inequaliti€s.in

ExAMPLE A.18. Consider the monoiM = ({L,R}*,-) whereE = {LR = L,LL = R} ande = {RR = L}. The
semi-unification instancE; defined fromM comprises the following inequalities:

F(©,0,0) < F(x, ¢, F(x1,0,22))

r < I

r < I
F(©,0,0) £ F(z,0.t)
F(©,0,0) £ F(z,0.t2)
F(Q,0,0) < F(z,0,t3)
F(Q,0,9) < F(z,0,t4)
F(©,6,9) < F(y1,0,92)
F(©,0,9) < F(ys, ¢, 94)
F(©,0,0) < F(z,0,u)
F(©,0,9) < F(x,0,u2)

The first three inequalities are frolt., the second six are derived from the definitionbénd the final two from the
singletone. The semi-unification instandg is shown in figure 5. Clearly, if is a solution forl"; then all the terms
shown in the figure must be unified. Since by assumptio# as it must the case thaf(z4) # S(z1) which implies
(by the wayS(z) was constructed in the last lemma) tiR® # L. In other words, by solving a semi-unification
instance we were able to decide the word problem over this monoid by answering “no”. O

Lemma A.19 (Undecidability of regular semi-unification). The instance of semi-unificatidh=T", UT'g UT. has
a regular solution if and only if there is a finite monaid generated from{L, R} satisfying the seE' but not the
singletone. O

Proof. Suppose that' is a solution fol". Lett = S(z) and M = Q(t). Then, we need to check that satisfies the
setE but note. By lemma A.16dom(t) C {L,R}* and therefore|, is defined for everyr € {L,R}*. Becauses is
in particular a solution foF i thenS(z) = ¢t = S(¢;) for everyi € 1..2k and also,

t|0¢2i—1 = S(tQi*1|0¢2i—1) = S(yQifl) = S(yQi) = S(t2i|a2i) = t|0¢2i

for every: € 1..k, which implies thatvp; 1 ~; ;. But, by lemma A.16 we know that; and=:; coincide so in fact
Qai_1 ~ ao; and thereforevs; 1 =4 ;. Hence M satisfiesE.

BecauseS is a solution ofl'. thenS(z) = ¢t = S(u1) = S(uz). Thereforet|s, = S(uilg,) andt|s )y =
S(uilg,m) = S(ui(BiM)) = a; fori € 1..2. Becausen; # a it follows thatt|s, # t[s, andj31 ¢ B2. Hence, by
lemma A.16 31 %; (32 and alsq3; #aq Fo.

For the converse, supposd is a finite monoid generated frofi., R} that satisfied” but note. By lemma A.17,
M induces a solutiosy for I',; such thatliom(S(z)) = {L, R}* U{L,R}*-Mandmr; = w2 ifand only if m ~g(,) 72
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Figure 5. Semi-unification instance I';.
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for all 71, m € {L,R}*. Since the variableg; for i € 1..2k are fresh we can choosgso thatS(z) = ¢t = S(¢;),
i.e., S is a solution for the inequalities labeled (4)Iin;. Moreover, becausas; 1 = ag; fori € 1.k, then
Q2i—1 ~g(z) 02; Ndt[q,, , = t|a,,. Hence,S is a solution for the wholé'z. Finally, M does not satisfy so
B1 #m B2 and thereforegd, £g(,) B2, whichin turnimplies that, # a2 as required folS to be a solution fof”. [

Theorem A.20 (Type inference inAf*). For every instancd& of semi-unification, we can construct a teff €
£ such thatMr is typable inA’f’ﬁx if and only ifT" has a regular solution. Hence, it is undecidable whether an
arbitrary term in £ is typable inAf*. O

Proof. We start by defining the systenf* as the system\f* where occurrences of the sBt (in the side conditions
of the rules) are replaced by the §&t_ = T, U {(Vt.0) | o € T1 _}. The setl, _ is usually referred to as the set of
type schemes.e., the subset df, where all types are of the foriwt,, ¢, ..., t,,.0 for n > 0 ando quantifier free. It
has been shown elsewhere (see [0Y98]) that a term is typalAiif and only if it is typable inAfix 12

Lemma 15 in [KTU93a] shows how, given an instaritef semi-unification, a termi/r can be constructed such
thatI" has a finite solution if and only i/ is typable in a system called ML/1. Our proof follows directly from theirs.
More specifically, using the same mapping we can showlthes a regular solution if and only M/t is typable in
Afx . The only difference between the two proofs is that the range of the substitution thatB¢hresthat is used to
the define the environment whekér is typed) is the sef},. We leave the details to the reader. O

A.4 Proofsfor section 5

The hierarchy{T},} from section 2 is restricted by a new hierarcﬂ'iyj}. For everyk > 0 andn > 1 define{TkT} as
follows,

T, = Tp
T,CT+1 = T,CTU{(Ul—>...—>0n—>7')|<7iETkaoriEl..n,TETOT}U{(Vt.0)|UETkT+1}

Hence, ifo € TkT theno has no quantifiers to the right of an arrow. Throughout this appendix and, with no loss of
generality, we restrict the range of the functigpe (that assigns closed types to constan@)ito beTlT . The system
AS"”T is the system\gix* satisfying the following restrictions:

o All derived types are irT2T instead offs. In particular, note that the derived typen the rule (Monofix) must
be in the seff},’, i.e. ¢ must be of the forney — ... — 0, — 7 whereo; € Tf fori € 1..n andr € Ty.

e The rule (Inst) ofA‘;ix‘ is replaced by the rule (Ingtdefined below. Observe thatit.c € T2T andr € Ty,
theno(t := 1) € T}

E+M:Vto

ti= T} T,
EFM:o(t:=T) oft=mi €L e

(Inst)

Lemma A.21. Let M be an arbitrary term in the languagé®™. If M is typable in the systen’ﬁ?"”T then M is
typable in the systemh*~. O

Proof. Every derivation in the systet? " is also a derivation in the systef™~. O

We will show that the converse of lemma A.21 also holds and, therefore, prove the equivalence of typability in
the systemsﬁg"* andA‘;x”T. Our proof follows from that in [KT92]. In contrast to the syste‘rﬁ in [KT92], we
need to define two intermediary systems, namef, —* and A, The system\"*~* is the same agd >~ after
making the following changes:

12Their system does not include recursive types. Their proof, however, should be easily extendable to our system since recursive types only occur
inside universal quantifiers.
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1. Inferred types are iffiy, i.e. the set of type%, where quantifiers may be marked by @nA superscript in
parenthesis, as i), means that the quantifier may or may not be marked. Given atyp@y, the type(c)®
is also inTy and is obtained by marking every quantifierdn For partially marked types ando’ we write
o = ¢’ for syntactic equality up to erasure of all markers. The rules (Inst), (App) and (Monofix) are replaced by
(Inst®), (App®) and (Monofix') respectively.

EF M :V%9to
Inst® t:= @ TS
st o= (n M TN ET
E+-M:0—-17 EFN:0o
(App?) ECMN - c—-T1eTs o0=0
) F : FM:o _
(Monofix®) Uiz o} g ceTy, " oo

EFFfixaM:o

2. Every environment type and every type assigned to a constant is unmarkedf(ee),

Lemma A.22. Let M be an arbitrary term in the languagefi. If M is typable in the system‘;ix‘ thenl is typable
in the systemhfx—, O

Proof. The rule (Inst) in AS"”Q does not impose any restrictions on the typé only introduces markers for every
guantifier int. Types need to be “matched” in exactly two rules, namely, (App) and (Monofix). Both were adjusted to
match types modulo their markers via the side conditicr o”'. O

Lemma A.23. Leto be a type ifly. If o is a derived type im‘;’“ﬂ then no unmarked quantifier inis within the
scope of a marked quantifier. Hence, for any type variabbesdu,

O F (e (Ve (Ve )eee)oee)
O

Proof. The property is preserved by all the rules\iff‘_’“ and holds for every type in the environment and every type
assigned to a constant, by definition. O

The systen’A‘;x”b is the same as the systeft@x‘ after making the following changes:
1. Every environment type is ifii? where,

T = Tou{(oc —1)|oeTy,7eT}u{(v®to)|o e T’}
TP = TWu{(oc —7)|oeT},re T u{(Vt.o)|o T}

Observe thatly ¢ TP andTy C T¢ but TP ¢ TY. For example, the type®t.t — ¢ is in T but not inT%.
Thus, proper rank-types in environments are never marked, while proper tatyipes in environments may be
marked only at the rank-evel.

2. Every type assigned to a constant is unmarked {ifeee).

3. Therules (Inst), (App) and (Monofix) are replaced by @ngBpp’) and (MonofiX) respectively. As img"”“,
we write o = ¢’ wheneverr ando’ are identical after erasing all the markers. Notice that in (Mofipfir
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constrast to (Monofi¥), the environment type is identical to the derived type.

(Inst’) 7 f]\i_/[ya:(j:(b:)tg)ﬂ o(t == (7)%) € TY

E-FM:0—-7 EFN:/o
E+-MN:T

oc—TETy o020

(App")

Eu{z:0}FM:0o

- b
(Monofix’) FrfixaeM:o

eT,?

Definition A.24 (Transformation ( )[*!). Leto be a type irliy. The types(t! € T? is defined as follows,
1. If o € T¢ then the typer[’! is obtained fromv by replacing every occurrence of a markesy a marked.

2. Ifo ¢ T¢,i.e.0is a proper rank-2 type, ther! is obtained by marking (or replacing by already marked)
ever rank-1 quantifier ier.

The transformation )[*! is lifted to type environments in the obvious way, il = {(z : o)) | (2 : 0) € E}. O

Lemma A.25. Let M be an arbitrary term in the languagé®*. If A is typable in the systemg""a then M is
typable in the systeti* ", Formally, if AF** > E - M : o thenAB* o (E)Y - M - (o)) O

Proof. By induction on derivations. The interesting cases are those where the last rule uéjéiﬁﬁ is (Inst),
(App®) or (Monofix*). The rules (Inst), (App®) are identical to (In$), (App?) modulo markers. Hence, for these
two cases the proof follows directly from the induction hypothesis and the fact that environment tyﬂjéis’ ifi are

not marked. If the last rule of the derivation Aﬂx”a is an instance of (Monofi% then by induction hypothesis
A=ty BB {2 0P} - M 2 o' Sinces = 67 ando, o € T, then it follows thatr ! = o'1"). Consequently,
AB=b s B {2 o'y - M o/ and them\ B0 o 1) 1 fix 2.0 : 0’1" as required. O

Lemma A.26. Leto be a type inT?. If o is a derived type img"_’b then no unmarked quantifier in is within the
scope of a marked quantifier. Hence, for any type variabsesdu,

075(...(vbt...(vu...)...)...)

Definition A.27 (Transformation ()*).

q)* = q foreveryq € Q,

t)® =t for everyt € TVar,

ut.o)® = ut.o,

o — 7)* =Vi.(6* — p) wherer® = V¢.p andp is not av-type,

1.
2. (
3. (
4. (
5. (Vt.o)® = Vt.o®,
6. (

Vot.o)® = o°. O

Lemma A.28. For every typer; € T?, the types} € T2T andFV(o1) C FV(a?). O
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Proof. By induction on the structure ef. Cases 1, 2 and 3 in definition A.27 are immediate. In cas®é; — 7) =
FV(0) U FV(7) andFV(Vi.(c® — p)) = FV(c®) U (FV(p) — {t}) sincet ¢ FV(c*). By induction hypothesis, the
FV(o) C FV(0®) andFV(7) C FV(7*) = FV(p) — {t}. HenceFV(s) UFV(r) C FV(c®) U (FV(p) U {i}). Case 5
follows immediately from the induction hypothesis. In casB\W(¥’t.c) = FV(o) — {t} and, by induction hypothesis,
FV(o) C FV(o*). ConsequentlysV(o) — {t} C FV(c*®) as required. O

Lemma A.29. Leto; and o, be derived types ini*~* such thatr; = o5 andoy, 00 € T?. If 0t = Vi;.7 and
o3 = Vts.m» Wherer; andr, are notV-types, then we can rename bound variables;irand o, so that (1)r = 7
and (2)t1 Cityorty Cty. O

Proof. Rename all bound variables and permute all adjacent quantifieysandos so that they become syntactically
identical modulo erasure of markers. The conclusion follows from definition A.27 and lemma A.26. O

Lemma A.30. Leto be a partially marked type; a totally marked type antla type variable. Thea®(t := 7*) =
(ot :=T1))°. O

Proof. It follows from definition A.27. The assumption thafs totally marked implies that® is quantifier free. O

Lemma A.31. Let M be an arbitrary term inC%%, If M is typable inAgi"_J’ then M is typable inAgix_’T; more
specifially, for every partially marked tygec T2 and environmenk, if Ag"”b >bEFM:o thenAgi"”T > E*F

M :o*whereE® = {(z:0°)|(z:0) € E}. O
Proof. By induction on the length of derivations. The proof follows from that in [KT92] (lemma 8). The case for
(Monofix®) is immediate from the induction hypothesis. O
Theorem A.32. Let M be an arbitrary term in the languaggfi*. M is typable inA‘;i""T if and only if M is typable
in Afx— O
Proof. A consequence of lemmas A.21, A.22, A.25 and A.31. O

From now on we restrict ourselves to the syslz@fﬁf"T since, as stated in the previous theorem, typability in the
systems\ i~ and A5~ T is equivalent.

Definition A.33 (Reductiond). We define two notions of reduction denot&dandd,.r® These transformations are
defined as follows:
1. The reductiord, is the least relation that transforms subterms of the fofthz. V) P)Q) to ((Az.NQ)P).
Graphically,

Q@

N o
/N

Q@

AT

)\‘I P @

N N/\Q

2. The reductiord, is the least relation that transforms subterms of the fdrm.(Ay.N)) P) to (Ay.((Az.N)P)).
Graphically,

P

13These are the same notions of reduction defined in [KW94], where two other notions of redlacitodds are defined. We do not nedd
andfs here.
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Appropiate renaming of variables is required in these two transformations to avoid capture of free variables. More
precisely, foM; we requirer ¢ FV(Q) and forf, we requirey ¢ FV(P). We defind to be the least relation equal to
0, U by, i.e. a singlég-reduction step is either -reduction step or 8,-reduction step. O

Lemma A.34. For everyM € £ andi € {1,4} we have,

1. The relatiord; is strongly normalizing.

2. 0,-nf(M) is unique. O
Proof. We prove the case far= 1, the case fof = 4 is almost identical. The proof is divided into two parts:

1. Let M € L be an arbitrary term and consider its representation as a tree. Define the heigh® ofcate
(application node) to be the number of edges from its location in the tree to the leftmost leaf (i.e. the number of
edges along the leftmost path until the end of the tree) H(6#/) be the sum of the heights of @l nodes in}.

Itis easy to check that it/ reduces ta\!’ via 6, (one step) thef(M') = H(M)—1. Since the quantit§{ (M)
is always a positive integer, the reductidncannot be applied indefinitely. Hendg, is strongly normalizing.

2. The relation’ satisfies theliamondproperty. Intuitively, even though ore step can create a nedly redex,
it cannot duplicate redexes because the numbér'sfand the number of's is identical before and after a
reduction step. Sinceé, satisfies the diamond property, it follows that its reflexive and transitive closure is

Church-Rosser (confluent) and ti#atnormal forms are unique. O
Corollary A.35. A reduction sequence where every step tsraduction always terminates, i.e. the reductidis
strongly normalizing. O
Proof. A consequence of lemma A.34 part 1. O

Normal forms of the reductioft = 6, U 64 are not unique. For example, the tefvh = (((\z.(A\y.N))P1)P,)

has the property that/ b, (Az.((A\y.N)Py))Py) andM ba, ((Ay.((Az.N)Py))Ps). Clearly, both reducts are th
normal form and not equal if we assume tifat# P». In what follows, we také-nf(M) to beé,-nf(6,-nf(M)) for
everyM € L. The next lemma justifies our definition &énf(1).

Definition A.36 (Terms in #-nf). Let £% be the set of terms if-nf. This set is inductively defined as follows,
1.celf,
2. xe LY,
3. \e.M) e Llif M e LY,
4. (Az.M)N) € £%if M, N € £? andM is not ax-abstraction,

5. (MN) e £%if M,N € £% andM is not a3-redex. O
Lemma A.37. AtermM is in §-nfif and only if A/ € £°. O
Lemma A.38. Let M € £ be aterm. IfN = 6,-nf(M) and N L, PthenPis in 6,-nf. O
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Proof. Let N = 04-nf(M) andR = ((Az.(A\y.R1))R2) some termsR; andR;. SinceN in 4 normal form then it
follows thatR Z N. Clearly, by definition ob; no subterm of the formi(Az.(Ay.R;))R2) can be created going from
N to P (alambda abstraction cannot become a child of another lambda abstraction). Aenust be ind, normal
form. O

Lemma A.39. Let NV, P and@ be terms in_.
1. Ifz ¢ FV(Q) andAl b E - (Az.N)P)Q) : o thenAl > E - (Az.NQ)P) : 0.
2. Ify ¢ FV(P) andAl > E F (Az.(\y.N))P) : o thenAl > E - (A\y.((Az.N)P)) : 0. O

Proof. We show the proof for part 1; the proof for part 2 is almost identical. SuppogeFV(Q) andA; >FE
((Ax.N)P)Q) : 0. For some typep andr, this last judgement is derived as follows:

FEu{z:p}FN:7—0 (ADs)
Er(MN):p—>1T—>0 EI—P:pA
EF((Az.N)P):T—0 (4pp) E-Q:T
EF((Ax.N)P)Q) : o

(App)

Fromz ¢ FV(Q) andE - @ : 7 it follows that E U {z : p} - @ : 7. The derivation shown above can be re-ordered
as follows:

Fu{z:p}FN:7T—>0 Fu{z:p}FQ:7
EU{z:p}FNQ:0o

(App)

(Abs)
EF(Az.NQ):p—o ERP:p
(App)
EF (M.NQ)P):o

O
Lemma A.40. Let M € £ be aterm. We hav&l > E + M : ¢ if and only ifA} > E F 6-nf(M) : o. In words, the
typability of M in Al is equivalent to the typability @knf(A/) in AJ. O
Proof. By lifting the proof of lemma A.39 to contexts with one hole. Details ommitted. O

Lemma A.41. Let M € L be closed and ifi-nf, letD be a derivation inA; that types\M, and letD’ a subderivation
of D whose last judgementis - N : ¢ for someN C,.. M. If N is not ai-abstraction therr € Tf. O

Proof. We proceed by induction on the structure)of

1. N = c¢. Any derivation that ends witly - ¢ : o must start with a instance of the rule (Caqy)dbllowed by
a number of instances of (Gen) afd) (the rule (Inst) cannot be used after (CaopstUsing (Const) we can
only prove types iffy and by using (Gen) df=) the rank cannot be altered.

2. N = z. Any derivation that ends witly - = : ¢ must start with a instance of the rule (Var) followed by a
number of instances of (Gen), (Inst) afwd). SincelM is closed, it follows that: is later discharged from the
environment and this can only happen if its type iﬁ’ﬂh

3. N = (PR). By induction hypothesis, the property holds for the derivations ending #igmd with R. We
must show that it also holds for the derivation that proves the tyg&&j). If P is not ax-abstraction then the
result follows by induction hypothesis. R is a A-abstraction whose type is IﬁzT — Tf, thenM must be of the
form (((Az.P")P")R) whereP = ((Az.P’)P") for some terms?’ and P”. This is impossible becaus¥ is
in 6-nf. Hence, ifP is an abstraction then its type must béTQ\. It follows that the type of PR), i.e. the type
o, is also inTlT. O
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Lemma A.42. Let M € L be aterm i9-nf and letD be a derivation inAg that typesi/. Then the last judgement in
D is of the form,

EFXe1.-o- Axp.N:Vioy — - — o0, — T (n>0)

whereM = A\zy.--- . Ax,.N with N not a-abstraction, the types,, ...,0, € Tf andr € Ty, andt ¢ FV(E). O
Proof. A straightforward consequence of lemma A.41 O

The systermg includes the constaf®IX but excludes the constructéik. In a derivation ong which types a
term M whereFIX occurs, there will be consecutive judgements of the form;

EFFIX :Vi(t —t) — ¢t
EFFIX:(r—>71)—>T

wherer € Ty,. We cannot allow € T, let aloner € T, without violating the rank restriction of}.

Lemma A.43.
Hypothesis: Let M € L be a term ing-nf. Letz € FV(M) andz™ z(? .. 2(*) be thek > 1 distinct free

occurrences of: in M. For everyi € 1.k, letQ; = Qi Qi, - Q4,,, be a sequence (possibly empty) of terms such
that for every termR,

(@DQi) Coce M but (2D GiR) Zoce M

i.e.,Q; is the sequence of all the argumentsc6t.
Conclusion: There is atermV € L in §-nf withy1, yo, ...,y € FV(IN), each occurring exactly once i, such that
for every termP € L:

1. M =Ny = (2Q1), y2 := (2Q2), ..., yr := (2Q1)),
2. 6-nf(M (z := P)) = N{y; := 0-nf(PQ1),ys := 0-nf(PQ5), ...,y := 0-nf(PQ})). O

Proof. Part 1 of the conclusion is straightforward. Part 2 easily follows from an examination of h@amsforms a
term. o

Definition A.44 (Transformation ( )#). By induction on the structure df/ ¢ £fx:

1. (o)fx=¢

2. (z)f =z

3. (Az.N))B = o-nf(Ax.(N)Bx).

4. (NP))¥ = g-nf((N)¥(P)i).

5. ((fixz.N))# = -nf(O\y; - - -y FIX (A\2.Q(x := \y1 - - - \yn-2))), Wherez is fresh and V) ¥ = \y; - - - ,.Q

with @ not a\-abstraction.

Part 5 in this induction, which uses thebindings\y; - - - 4, more than once (unless there are no free occurrences
of z in P) violates the unique-naming-condition. The transformatioff< applied toM € £%* accomplishes two
simultaneous tasks, by “working” on the structureldfin inside-out fashion: (1) It eliminates every occcurrence of
fix in M, and (2) it puts the resulting term éhnf. O

Definition A.45 (Same-Name-Same-Type)Consider a derivatio® in A; We say thaD is a SNST-derivation (we
use “SNST” as a mnemonic feame-name-same-typefor every x € Var, all environment types of throughoutD
are equal. O
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Lemma A.46. Let M be a closed in%* which satisfies the unique-naming condition. There is a derivation in
AS"”T whose last judgement 8 - M : o if and only if there is a SNST—derivatiom'tﬁ whose last judgement is
EF (M)% .o, |

Proof. By induction on derivations. We show the case whife= (fix z.N). Suppose thabl - (fixz.N) : 0. It
follows thatE U {z : ¢} F N : 0. Let(N)¥ = \y; - - - y,.Q whereQ is not a\-abstraction and where > 0. By in-
duction hypothesis it mustb€ U {z : ¢} F (N)% : . Becausé N)¥ = \y; - - - y,,.Q andQ is not a\-abstraction,
then forn > 0 itmustbec =7 — --- — 7, — p for somer; € TlT (i € 1..n) and some € Ty.'* Hence, we have
EU{z:0,y1:71,..,yn: Ta} F @ : pand, since is fresh,wealsohavB U {x : 0,y1 : 71, .., Yn : Tn, 2 : p} F Q :
p. Consequently, we can proveU {« : o,y1 : T1, s Un : Tnys 2P} E Ay Ayp.z 171 — - = T, = p=0.
Notice that in the last judgement, the variabjesvere not discharged from the environment because this derivation is
SNST.

By a simple Substitution Lemma (omitted) we g8t {y1 : 71, ..., yn : T, 2 : p+ B Q(z = Ay1 -+~ Ayn.2) : p.
Therefore, fromE U {y1 : 71, ..., Yn : Tn} F A2.Q{x := Ay1 - - - Ayn.2) : p — p and, trivially using the rule (Cons,
EU{y1: 71,0y yn: Tn} FFIX: (p — p) — pwe have,

EU{y: 71y es¥n Ta FFIX (A2.Q{z := Ay1 - - Aypn.2)) : p

From the last judgement and lemma A.40 it follows that 0-nf(Ay; - - - v FIX (A2.Q(z := Ay1 - - - A\yn-2))) : 0.
The converse of this case is almost identical and therefore left to the reader. O

Notation. Let Ny, ..., N,, € £L8% ben terms forn > 2. We write[Ny, ..., N,,] as a shorthand for the term,

if true then N; else
if true then N, else

if true then N,_; else N,,

which is clearly a term incfx. If A£ > EF N;: 7 foreveryi € 1..n, '[henA,TC > FE F [Ny,...,N,] : 7 provided that
T=T]="'""="Tp-

Terminology. Let M < £fi* be a term satisfying the unique-naming condition. In what follows we distinguish
between a\-binding “\z” occurring in M (necessarily once becausé satisfies the unique-naming condition) and
duplicates of Az” occurring in (M)%. We refer to “\z” occurring both in)M and (M )% as theprimary occurrence

of “\z”; we refer to the duplicates ofXz” which occur in (M)% but not in M as thesecondary occurrencesf
“\z”. Consider a3-redex occurrence itV )%, say((A\z.N)P) C,.. (M)%. If the occurrence okz in this 3-redex

is primary (resp., secondary), we referRoas aprimary argumen{resp.,secondary argumeht Similarly, we say

((Ax.N)P) is aprimary (resp.,secondaryS-redex occurrence ifXz” is primary (resp., secondary).

Lemma A.47. Let M € £8* be a term satisfying the unique-naming condition. Suppose thera-isimding forz in
(M) and consider the primary occurrence f in (M)%, say(Az.N) C,.. (M)%. Then:

1. Every secondary occurrenceXf is in NV, i.e. itis in the scope of the primary occurrence\af
2. Every secondary occurrence Xf is the \-binding of ag K -abstraction. O
Proof. By induction on the structure df/ € £8%, using the definition of ). O

Definition A.48 (Transformation ( )?). Let M € £ be a term ird-nf, not necessarily satisfying the unique-naming
condition. In general)/ is of the form,

M=Xx1.-- Ar, N

Mt o does not have the formy — --- — 7, — pforn > 0, theno can befoldedor unfoldedto match that type. An instance of the rike)
is required in this case.
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whereN is not a\-abstraction. In the analysis of [KW94], thebindingsAz, ..., Ax,, are precisely all those that are
labelled “2” (justifying the name of the transformation to be defined next). df var hask > 0 distint occurrences
(free or bound, but no binding) in/, we refer to these occurrences by writing), ..., y*). For definiteness, we
can assume the ordering of the supersciipjs..., (k) corresponds to the order in which theccurrences of are
encountered a8/ is scanned from left to right. Note that the superscripts are not part of the synta}i.es )
even ifi # j. By induction on the structure @ff € £ in 6-nf:

1 (7 =,

2. (Y = Ti; Y= 6 {z1,..., 20},
y otherwise

3. (W.P)? =(\zjy1. - Azjp.(P)?) ify =2 € {21,...,x,} andz; hask > 0 occurrences itP,
4. ((Me.P)Q)? = ((Ma.(P)?)(@)F),
5. (PQ)? = ((P?(Q)?). O

Lemma A.49. Let M € L be a closed term iff-nf, not necessarily satisfying the unique-naming condition. Then
there is a derivatiorD in A; that typesM if and only if there is a derivatio®’ in A; that types M )? . Moreover, if
such a derivatiorD’ exists, the last judgement i can be taken in the form,

EFXvi1.c Ab1jy . M1 Aopg, N 1011 — - =01y — -+ —0p1 — " — Ok, —T
for somek, > 0andp € l.nand(M)? = Azy 1.+ AT, - ATpi1.- - A, N With N’ not a-abstraction
andoy 1,...,0n.k,,T € Tp. O

Proof. Let M = Azy.--- Ax,.N and(M)? = Awy .-+ A1 gy - ALpi. - Ao, N’ for somek, > 0 and

p € l.n. By construction, the variables, ; € FV(N') fori € 1..n, j € 1.k, andp € 1..n. Every derivation

in A; can be rewritten into another derivation, aIsaAib, in which every instance of the rule (Inst) occurs after an
instance of the rule (Var). For simplicity, we assume derivationﬁgrare only of this form. LetD be derivation
ending with the judgemerf - M : ¢y — --- — 0, — 7 Whereo; € TlT andr € Tp. Itis easy to check that
E F (M)? P01 S Oy — s — Op1 — - — Ok, — T Whereg; ; is the type given tOCEj) (the jth
occurence of;) by an instance of the rule (Inst) B,

El—xz(j) 10y

——— (Inst
E+ xgj) <045 ( )

Conversely, if(M)? is typable inAg then M is typable inAg by takingo; to a type such that; < o; ; for every

For example, itM = (Az.zx) then(M)Z = (A\x1.A\z2.m122). Itis easy to verify thay - M : (Vt.t - t) > s— s

is derivable inA; In this derivation, the typ®t.t — ¢ (the type of the binding occurrence of is instantiated to
(s — s) — (s — s) and to(s — s) for each non-binding occurrenceofn M.%° Using these two instantiated types,
we can derive a type fdi//)? . Namely, we haves - (M)? : ((s — s) — (s — 5)) — (5 — 5) — 5 — s.

Definition A.50. Let M ¢ £f* satisfy the unique-naming condition, and consider= (M)%. In particular,N
is in #-nf and satisfies the conclusions of lemma A.47. et A-BV(M), which impliesz € A-BV(N). We write
wrap(z, V) for the term obtained fromV by transforming every secondafyredex whose\-binding isAz as follows:

((Az.P)Q) is replaced by (A\z.P)(FIX(\z.Q)))

15This derivation is not unique, other instantiations are also possible.
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In words,wrap(x, N) is obtained by “wrapping” the argume@ of every secondaryz with a FIX, in the form
FIX(\z.Q). The purpose of this transformation is to disconnect the primary occurrencefadm the free occur-
rences ofc in Q.

If \-BV(M) = {x1,22,...,2,}, we writewrap(N) for the termwrap(z;, wrap(xz, ...wrap(z,, N)...)). Observe
that, becausé\ )% is thed-nf, wrap(N) is also ind-nf. O

Lemma A.51. Let M ¢ L£%* satisfy the unique-naming condition, &’ = (M)% and M” = wrap(M’). Then
there is a SNST-derivation m; that types\!’ iff there is a SNST-derivation 'm; that typesi/”. O

Proof. It suffices to consider the case whafl = (M)% andM” = wrap(x, M') for a singlex € A-BV(M). O

Definition A.52 (Collecting Arguments). Let M € £ be a term ird-nf, not necessarily satisfying the unique-naming
condition. For every: € A-BV(M ), we define theet of arguments of alz-abstractiony induction onN C,,.. M:

1. argy,(z,c) = @.
2. argy(z,y) = 2.

arg,, (z, P)Uu{Q} if x =y and((\y.P)Q) Coce M for someQ),

3. Ay.P)) =
argy (z, (Ay.P)) {argM(fc,P) otherwise.

4. argy(z, (PQ)) = argy(x, P) Uargy (7, Q). u

Definition A.53 (Combining Primary and Secondary Arguments). Let M ¢ £f* satisfy the unique-naming con-
dition, and consideN = wrap((M)%). Letz € A\-BV(M), which impliesz € A-BV(N). In particular,N which is
in #-nf, satisfies the conclusions of A.47, and in every seconf@amsdex((Az.P)Q) Co.. N the argumeng) does
not mention free occurrences:obound by the primarjz.

We writecombine(x, V) for the term obtained frorV by transforming every primarg-redex whose\-binding is
Az as follows:

((Az.R)S) is replaced by (A\z.R)[S1, ..., Sn])

where{S1,...,S,} = arg,,;(x, N). In words,combine(z, N) is obtained by “combining” all the arguments bf:
into a single argument, in the forf84, ..., S,,], which is also substituted for the argument of the primary Let
A-BV(M) = {x1, 22, ...,z }. We writecombine(N) for the termcombine(z;, combine(xz, ...combine(z,, N)...)),
but we need to do this with some care. Namely, if the primary occurrenge:ofs in the scope of the primary
occurrence ofx; wherei # j, then we should combine the arguments\of before we combine the arguments of
Az ;. Becausd M )% andwrap((M)5) are both ing-nf, it is easy to see thabmbine(N) is also ind-nf. O

Lemma A.54. Let M € £ satisfy the unique-naming condition, fet’ = wrap((M)%) and M” = combine(M").
Then thereis a SNST—derivationA@ that typesM’ if and only if there is a derivation m; that typesi/”. O

Proof. Let X C Var. Consider a derivatio® in A; We say thal is a SNSTX -derivation if for everyz € X, all
environment types af throughoutD are equal. Accordingly, a derivation mg not restricted to the SNST condition
is simply a SNSTz-derivation.

To prove the lemma, it suffices to consider the case whén= wrap((M)%) and M" = combine(z, M') for
asinglex € A\-BV(M). Let X C A-BV(M) with z ¢ X. We only need to show that there is a SNST-U {z})-
derivation inAg that typesiM’ if and only if there is a SNST-derivation m; that typesi/”. O

Definition A.55 (I-Complete Development).Let M, N € £. We write N = I —CD(M) if N is obtained by
reducing all3/-redexes inV/ and their residuals. O

Lemma A.56. Let M < Lf* satisfy the unique-naming condition. L&t = combine(wrap((M)%)) and M" =
BI—CD((M")?). Then there is a derivation in} that typesM’ if and only if there is a derivation ir\] that types
M. O
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Proof. By lemmas A.49, A.51 and A.54, the only subterm occurrencgd4h)? that are not necessarily typable in
Al are all thesI-redexes. More precisely, (fAz.N)P) C,.. (M')? is asI-redex then the type assigned(tor. N)
is in TQ. By reducing all3I-redexes and their residuals, the resulting tgha- CD((M’)? ) is typable inAI. Notice
that computing thegI — CD of any term is an always terminating process. O

Theorem A.57. Let M ¢ L% satisfy the unique-naming condition. We can effectively transiatmto M’ ¢ L,
specifically,

M’ = BI—CD((combine (wrap((M)%))?)

O

such that)/ is typable inAf*~ if and only if " is typable inA;.
Proof. A consequence of lemma A.56 and lemma A.32. O

A.5 Proofsfor section 6
Lemma A.58 (Reduction fromAf*). For any termM € £8%, types € T and environment E such thetn(E) C
Ty we haveAf* > B = M : oifand only if A3 > E - (M) : 0. O
Proof. The proof is by induction on the structure &f and on derivations. We show the “only if” part first.
1. If M = x andAf* > E - 2 : o then there exists a derivation in the systafi¥ of the following form,
D,
Ji Dy
T2 ' Ds

jnfl Dn
In

(that we write more compactly 46D, /1), D2)/.../Jn) forn > 1 where7,, = E + z : 0 and where all the
rules used to provg, (for k& € 2..n) are (Inst), (Gen) —in which case, = £— or (=). Therefore, by (Var)
Jy = EF z: o' forsomes’ € T, 18 and then by hypothesis; > E F « : ¢/ sinceT; C Ts. Given that (Inst),
(Gen) and &) are all defined in\3 we conclude thabs> E + z : 0.

2. If M = candA™ > E I ¢ : o then there is a derivation of the for(tD,/71), D2)/.../ J» for n > 1 where
Jn = E F ¢ : o and where all the rules used to prayg (for k& € 2..n) are (Inst), (Gen) —in which case
Dy = E— or (). Therefore, by (Consty; = E ¢ : ¢/ for somes’ € Ty and thenA; > E + ¢ : ¢’ since
Ty C Ts. Given that (Inst), (Gen) andY) are all defined in\5 we conclude thads > F + x : 0.

3. If M = (\z.N) andAf* > E - (\z.N) : o then there is a derivatiof{D; /71 ), D2)/.../ T for n > 1 where
Jn = E F (Ax.N) : 0 and where all the rules used to prayg (for k& € 2..n) are (Inst), (Gen) —in which
caseD;, = £— or (=). Therefore, by (Abs); = E + (Az.N) : ¢/ — 7’ for somes’ — 7' € T;. Hence,
A BU{x: 0’} - N : 7 and by induction hypothesis; > E U {x : ¢’} - ¢(N) : 7. Using (Abs), (Inst),
(Gen) and £) we conclude thads > E - (Az.9)(N)) : o.

4. If M = (NP) andAf* > E - (NP) : o then there is a derivatio{D; /J1), Dz2)/.../ T, for n > 1 where
Jn = E'+ (NP) : 0 and where all the rules used to pra¥e (for k£ € 2..n) are (Inst), (Gen) —in which case
Dy, = E—or (x). Therefore, by (AppY, = E + (N P) : 7/ forsomer’ € Ty. Hence AV ™sE - N : o/ — 7/
andA’f’fix > FE F P : ¢ for somes’ € T, and by induction hypothesid\s > F -+ %(N) : ¢/ — 7" and
As> E F ¢(P) : o'. Moreover, using (Inst) il\; we can prove\s > E + (Ay.y) : (¢/ = 7') — ¢/ — 7" and
alsoAs> EF (A\z.2) : (0! = 7)) =o' = 7)) — (6! = ') — o/ — 7. Finally, using (App), (Inst), (Gen)
and &) we conclude thats > E F (Az.2)(Ay.y)(N)y(P)) : o.

161f 5, = 1 then typesr ando”’ are really the same.
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5. If M = (fix2z.N) andAf* > E - (fix2z.N) : o then there is a derivatiof{D; /71 ), D2)/.../ T for n > 1

whereJ,, = E + (fixz.N) : o and where all the rules used to pragg (for k& € 2..n) are (Inst), (Gen)
—in which caseD;, = £— or (=). Therefore,J; = E F (fixz.N) : ¢/ for somes’ € T; and by (Polyfix)
A*> Bu{z:0'} = N : o'. Then, by induction hypothesis; > E U {x : ¢’} I ¥(N) : ¢’ and by (Abs)
in A3 we haveAs; > E + (Az.p(N)) : o' — o'. Sincetype(FIX) = (Vt.(t — t) — t) we can derive
by (Inst) As > E + FIX : (¢/ — ¢’) — ¢’. Finally, using (App), (Inst), (Gen) and<) we conclude that
As> E+ (FIX (\z.ap(N))) : 0.

The “if” part is where we use the terfiiAz.z)(\y.y)) that we prepend to every application using the mapging
This term is used to control the rank of the type inferred for a term in an operator position.

1. If M = xzandAs> E + z : o then there is a derivatioiD1 /J1), D2)/.../Jn forn > 1whereJ, = EF x: o

A.6

and where all the rules used to prage (for & € 2..n) are (Inst), (Gen) —in which casB, = £— or (=).
Therefore,J; = E F z : o/ where by hypothesis’ € T;. 7 Clearly, using (Var), (Inst), (Gen)x() and the fact
thate € T, we can prove\f* > E -z : 0.

. If M = candAs > E + ¢ : o then there is a derivatioiD, /1), D2)/ .../ T forn > 1 whereJ, = EtF c: o

and where all the rules used to prayg (for £ € 2..n) are (Inst), (Gen) —in which casB;, = £— or (=).
Therefore,J; = EF + ¢ : ¢’ ando’ € T sincetype is the same mapping in both systems. Hence, using (Cons),
(Inst), (Gen) and4) we conclude thaaf* > E - ¢ : 0.

MM = (Azap(N)) andAs > E = (Ax.p(N)) : o then there is a derivatioiD,/ J1), D2)/.../Jn forn > 1

whereJ, = E + (Az.¢)(N)) : o and where all the rules used to pra¥e (for k& € 2..n) are (Inst), (Gen) —in
which caseD;, = E— or (=). Therefore,J; = E + (Az.¢)(N)) : ¢/ — 7’ where by hypothesis’ — 7' € T;.
Then,A3> E U {x: o’} F¢(N) : 7" and by induction hypothesisfi* > £ U {x : ¢/} = N : 7'. Finally, using
(Abs), (Inst), (Gen),4) and the fact that € T} we conclude\f* > E - (\z.N) : 0.

MM = (Az2)(Ayy)Y(N)Y(P)) andAs > E F ((Az.2)(Ay.y)w(N)w(P)) : o then there is a derivation

((D1/J1),D2)/.../ T for n > 1 wheredJ,, = E F ((Az.2)(Ay.y)yY(N)y(P)) : o and where all the rules
used to prove7; (for k& € 2..n) are (Inst), (Gen) —in which casP, = £&— or (=). ThenJ; = F +
((Az.2)(Ay.y)y(N)y¥(P)) : 7" where by hypothesis’ € T;. ThenAs>E F (N) : 0/ — 7/, AsbE + (P) :
oAb EF (M) : (0l = 7)—0od -7 andAs>b EF (Az.2) : ((0/ = 7)) =o' = 7)—(c/ = 7) —
o' — 7' for someo’ € Ty. Hence, by induction hypothesi* > E - N : ¢/ — 7/ andAf* > B+ P : o',
Finally, using (App), (Inst), (Gen)x{) and the fact that € T; we concludeAf* > E - (NP) : 0.

LM = (FIX (Azp(N))) andAs > E + (FIX (Az.¢(N))) : o then there is a derivation of the form

((D1/), D2)/ .../ T for n > 1 whereJ,, = E + (FIX (Az.¢)(N))) : o and where all the rules used to prove
Ji (for k € 2..n) are (Inst), (Gen) —in which cas®, = é—or (=). ThenJ; = E + (FIX (Az.¢)(N))) : o’
where by hypothesis’ € T,. Therefore, by (App)As > F + FIX : (¢/ - 0¢') -0’ andAs > E +
(Az.(N)) : ¢’ — o' which impliesAs > EU{z: 0’} F ¢(N) : ¢’. Hence, using the induction hypothe-
siswe get\*> B U {x: ¢’} - N : o’. Finally, using (PolyFix), (Inst), (Gen)x() and the fact that € T, we
concludeAf* > E F (fixz.N) : 0. O

Proofsfor section 7

Lemma A.59 (Reduction fromAy). For any termM € L, typeo € T}, and environmenE suchran(E) C T, we
have thatA\, > E+ M : oifandonly if Ay 1> E+ (M) : 0. O

Proof. The proof is similar to that of lemma A.58 so we only show the details in the case Whetg( N P).

1. For the “only if” part, if M = (NP) andA, > E = (NP) : o then there is a derivation of the form

((D1/J1),D2)/...[/ T fOr n > 1 whereJ, = E F (NP) : o and where all the rules used to proyg

"lf o' ¢ T} theno ¢ T} because none of the rules can be use to “decrease” the rank of a type.
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(for k € 2...n) are (Inst), (Gen) —in which case;, = £— or (). Therefore, by (AppY1 = E+ (NP) : 7/
for somer’ € Tj. Hence Ay, > E - N : ¢/ — 7/ andA, > E - P : ¢’ for somes’ € Ty_1 and by induction
hypothesisAi11 > E F o(N) : o/ — 7 andAgy1 > E + o(P) : o’. Moreover, using (Inst) if\;1, we can
proveA,1 > E F (Az.2) : (0! — 7') — o/ — 7. Finally, using (App), (Inst), (Gen) and<) we conclude that
A1 EF (Az.2)p(N)p(P)) : 0.

. In the “if” case,M = ((Az.2)p(N)p(P)) andAi+1 > E F ((Az.2)p(N)p(P)) : o then there is a derivation
((D1/J1), D2)/ .../ T fOorn > 1 whereJ,, = E F ((Az.2)p(N)p(P)) : o and where all the rules used to prove
Ji (for k € 2...n) are (Inst), (Gen) —in which cag®, = E—or (=). ThenJ; = E F (A\z.2)p(N)p(P)) : 7/
where by hypothesis’ € T).. ThenAp 1> EF o(N) : 0’ =7, App1 > EF o(P) : o/ andAg1 > F
(Az.2) : (0! = 1) — o/ — 7/ for someo’ € Tj_;. Notice that without the terni\z.z) the type inferred
for ¢(IN) could have been at rank + 1 and therefore not typable in,. Hence, by induction hypothesis
Ax>EFN:o — 7 andAy> E = P: o, Finally, using (App), (Inst), (Gen)&) and the fact that € T},
we conclude\, > E + (NP) : o. O
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B Fragments

(Const) type(c) =0 € Th

EFEtrc:o

Figure 6. A® Fragment.

Eu{z:o}FM:1

T
ErXeM:0—T oo T el

(van) EU{z:o}lbtz:0o o & T (Abs)

Er-rM:0—717 EFN:o
(App) EFMN : 7 o—=7€eT

Figure 7. A} Fragment.

EFM:o EFM:Vto
—_— —_— = T
(Gen) B via © €Ty, t £ FV(E) (Inst) BF Mot = 1) o(t:=7) €Ty
Figure 8. AY Fragment.
(Objecty ZlziiodEMiirilli=o) 0 et e vie
FE+ [Zl = c(x)Mil } Hyoa
E-M:o ;
= ut. éi : izeI T; 5 1 I
(Selecy EFM.lj:7{t:=0) o= ptlli =] € T g €
: : FN:mt:= ; )
(Update) ZF Mo BUfz:o} niti=0) pt [ s i€ € Th,j € 1

EFM.lj<gs(z)N:o

Figure 9. A% Fragment.

EUu{z:0}FM:0o
EtfixaeM:o

(Polyfix) o€ Ty

Figure 10. Afix Fragment.

EUu{z:0}FM:0o

(Monofix) Et+fixeM:o

oceTy,

Figure 11. A™~ Fragment.
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EFM:7 Fr1=o

(=) TE o o, 7 €Ty

(~ Refl) o o€

(=~ Symm) ::Z:Z o,7 €Ty

(= Trans) Co zi_T,J ;_TT/ ~T o, 7,7 €Ty

(~ Cong—) "__Zia;_ %Z/Tj:// oc—T1,0 =1 €T}

(=~ Cong-]) PnNT L emoviel
BT & [l T

(=~ Cong) " J<T—::ti>— : ;g’T: ) o, 7 € Ty, s fresh

(=~ Cong¥v) - J<T—:§ti : ;g;: ) o, 7 € Tk, s fresh

(=~ Fold-Unfold) o€Ty

Fo(t:=pto) ~ ut.o

(=~ Contract) o,7 €Ty, 7' |t

Figure 12. A} Fragment.
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C Algorithms

Unify(C' U {o = 7}, trail) =
if (o, 7) € trail then Unify(C, trail)
elseUnify’ (C U {o = 7}, trail)

Unify' (@, trail) = @

Unify' (C U {g = ¢'}, trail) =
if ¢ = ¢’ then Unify(C, trail)
elsefail

Unify’ (C U {t = 7}, trail) =
if t = 7 then Unify(C, trail)
else letr = if ¢t € FV(r) then pt.7elser in
Unify(C(t := o), trail) o (t := o)

Unify (CU {o — 7 = ¢’ — 7'}, trail) =
Unify(C U {o = ¢’} U {7 = 7'}, trail)

Unlfy/(C U {[& : Tiiel] = [ZJ : J]'je‘]]},tl’a”) =
if I = J then Unify(C U {r; = o}’ trail)
elsefail

Unify’ (C U {ut.c = ut.7},trail) =
Unify(C U {o(t := pt.o) = 7(t := pt.7)}, trail U {(ut.o, pt.7), (ut.7, pt.o)})

Unify’ (C U {ut.c = 7}, trail) =
Unify(C U {o(t := ut.o) = 7}, trail U {(ut.o, 7), (7, ut.0)})

Figure 13. Algorithm Unify.
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Tl(c) = (2,q,9) (wheretype(c) = q)

Ti(z) = ({z: t},t,@)  (tfresh

TI(Az. M) =
let (E]u, T, RJ\{) = Tl(]\f)7
o =if x € dom(Ex) then En(z) elset, (t fresh)

(R, Rz) = Uo(Ras, FV(EM — {z})),
(R, S1) = Simplify(Ra, @),
Sz = Unify(Equate(R%,), @),
S = 52 o Sl
in
(S(Ex — {2}),S(c — 7),S(R))

TI(MN) =
let(Er, 71, Rym) = TI(M),
(En,T2,RNn) = TI(N),
(E'7 Sl) =FEuyW E‘N7
So = Unify(Sl({n = To — t}), g), (t fI'ESh)
S = 52 o Sl
in
(S(E),S(t),S(Rym URN))

Tl(fixz.M) =
let (Erv, 7, Ram) = TI(M),
o = if x € dom(Exr) then Ea(x) elset, (t fresh

(R7 RT) = HU(RJVL FV(EJW - {x}))v
(R, S1) = Simplify(R., 2),
So = Unify(S1({c = 7}) U Equate(R},), @),
S = SQ [e] Sl
in
(S(Erm —A{z}),5(0),S(R))

Figure 14. Algorithm TI.
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TI([6: = <(2)Mi""]) =
if I =@ then(@,[],9)
else let(F;, 7, Ri) = TI(M,),
(E,51) =Y, E)w{z:t}, (tfresh
R = 51(U; Ri),
s = if E(x) € TVar then E(z) elsefall,
o' = Si([t; : 7€),
o =if s € FV(o') then pus.o’ elsed’,
(R/va) = HS(R7 FV(E - {x}))v
(R, S2) = Simplify(R., @),
S3 = Unify(Equate(R.,), &),
54253052051,
Ss = Unify(Equate({S4(c) < Si(s)}), @),
S =S5508,
in

(S(E —{x}),5(0), S(R"))

TI(M . 4;) =
let (E]u, g, R]u) = T|(M) in
if o € TVar then
(Bm,t, Ry U{o < [¢; : t]}) (t fresh)
elseifo = pt.[¢; : 7;'¢'] and j € I then
(EM,Tj<t = J>,'RM)
elsefail

T(M . 4; < s(z)N) =
let (E]u,O’1,RJ\4) = Tl(]\f)7
(Ex, 09, Ry) = TI(N),
(E,S1)=EyWENW{z:t}, (tfresh
s = if E(z) € TVar then E(z) elsefail
in
if o1 € TVar then
let. S, = Unlfy(Sl({S = 0'1}), @),
S = 52 o Sl
in
(S(E —A{z}),5(01), S(Rm URN U{o1 < [¢; : 02]}))
else
if o1 = pt.[t; : '] and j € I then
let (R,,Rz) = HS(Sl(RJ\{ U 721\])7 FV(E — {1‘})),
(R, S2) = Simplify(R., @),
S3 = Unify(Equate(R.,), 2),
Sy = S830852081,
o1 = 54(01),U§ = S4(02),
Ss = Unify(Equate({c] < Sa(s)}) U{os = 7}},9),
S = 55 o 54
in
(S(E — {2}),5(c1), S(R'))
elsefail

Figure 15. Algorithm TI.
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Simplify(RU {t < 01,t < 02},5) =
let (0’7 Sl) = T(O’1,0’2) in
Simplify(S1 (R U {t < o}), 81 0 S)

Simplify(R, S) = (R, S)

Figure 16. Algorithm Simplify.

Equate(o) = @

Equate(RU{t < o}) =
Equate(R) U {t = o}

Equate(R U {o < t}) =
Equate(R) U {t = o}

Equate(R U {ut.c < [4; : ;'¥1]}) =
Equate(R U {o(t := o) < [t; : 7i°€1]})

Equate(R U {[¢; : 7:"€"] < ut.o}) =
Equate(R U {[¢; : 7' < o (t := 0)})

Equate(RU {ut.oc < pt.7}) =
Equate(RU {o(t :=s) < 7(t:=s)}) (s fresh

Equate(R U {[¢; : 7"ST] < [¢; : 0;7€7]})
if J C I then Equate(R) U {[¢; : 7:°€”]
elsefail

[0 : 05771}

Figure 17. Algorithm Equate.
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