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Abstract

Linearity is a multi-faceted and ubiquitous notion in the analysis
and the development of programming language concepts. We study
linearity in adenotational perspective by picking out programs that
correspond to linear functions between coherence spaces.

We introduce a language, named S¢PCF,, that increases the
higher-order expressivity of a linear core of PCF by means of
new operatorsrelated to exception handling and parallel eval uation.
S(PCF, alows us to program all the finite elements of the model
and, consequently, it entails a full abstraction result that makes the
reasoning on the equival ence between programs simpler.

Denotational linearity provides also crucial information for the
operational evaluation of programs. We formalize two evaluation
machineries for the language. The first one is an abstract and
concise operational semantics designed with the aim of explaining
the new operators, and is based on an infinite-branching search of
the eval uation space. The second oneismore concrete and it prunes
such aspace, by exploiting the linear assumptions. This can also be
regarded as a base for an implementation.

Categories and Subject Descriptors D.3.1 [Programming Lan-
guages]: Forma Definitions and Theory—Semantics, Syntax;
D.3.3 [Programming Languages|: Language Constructs and
Features—Control structures, F.3.2 [Logics and meanings of pro-
grams]: Semantics of programming languages—Denotational se-
mantics, Operational semantics

General Terms Languages, Theory, Design

Keywords PCF, Linear Logic, Denotational Semantics, Opera-
tional Semantics

1. Introduction

Linearity is a key tool in order to support a conscious use of re-
sources in programming languages. A non-exhaustive list of its
uses includes garbage collection, memory management and alias-
ing control, description of digital circuits, process channels and
messages management, languages for quantum computations, etc.
A survey of several variants of linear type systems proposed in lit-
erature is [34]. This broad spectrum of applications highlights the
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fact that linearity is a multifaceted abstract concept which can be
considered in different perspectives. For instance, notions of syn-
tactical linearity can be considered when variables are used once
(in suitable senses), e.g. [4, 21]. On the other hand, if redexes can-
not be discarded or duplicated during reduction [21] then akind of
operational linearity is achieved. This is related to the notion of
simple term [24] in A-calculus which suggests a kind of linearity
on reductions, unrelated from a specific strategy.

Although some ideas that can be tracked to linearity have been
implicitly used in programming languages for many years, the in-
troduction of linear logic [19] is a redoubtable milestone in this
setting. Linear logic arises from a sharp semantic analysis of stable
domains where stable functions have been decomposed into linear
functions and exponential domain constructors. Such adecomposi-
tion is patently reflected in the syntax of linear logic. Moreover, it
suggests a new approach to linearity: denotational linearity. In a
programming perspective, denotational linearity saysthat programs
(i.e., closed terms) should correspond via a suitable interpretation
to linear function on some specific domains, e.g. the linear mod-
esintroduced in [13, 14, 19, 22]. By tackling this correspondence
minutely some important contributions to the theory of program-
ming can be obtained. If the considered domain includes al the
computable functions (usually, they do it), then the analysis pro-
vides Turing-complete languages with weak syntactic linear con-
straints on variables, and new linear operatorsthat, in a higher-type
computability perspective [25, 27] increase the expressivity of lin-
ear languages.

To advance in this research line, we aim to pick out al and
only (recursive) linear functionsin alinear model built as the full
subcategory of coherence spaces and linear functions [19] identi-
fied by the type structure of numerals and arrows. The language
S¢PCF proposed in [30] is correct for this linear model, so it is
denotationally linear. Moreover, it grasps a limited completeness,
namely S(PCF is sufficient to assure the definability of al the to-
kens (“prime elements” in domain terms) of the linear model. From
thisfollows arestricted full abstraction result for termswithout free
stable variables (i.e. variables used for recursion). A more genera
result was erroneously claimed in [30, Corollary 3]; see Section 3
for more details.

In this paper we propose 8¢P CF, alanguage extending S¢(PCF
by the operator et-Lor. Thisoperator providesalinear counterpart
of the gor operator introduced in [29], and increases the non-
deterministic expressiveness of thelanguage. Indeed, this extension
dlowsusto gain afinitedefinability result [15], i.e. the definability
of al the finite cliques of the considered linear model. In fact, a
crucial role in the proof of our finite definability result is played
not only by the fet-for operator but also by the S{PCF operator
which?. In [30], the which? operator has been proposed as an



example of interesting higher-order linear operator providing run-
time information, in order to give a flavor of our research line.
However, it was not necessary for the token-definability and the
limited full abstraction results. Here, we show how to use which?
(together with the new £et-for operator) in order to reach thefinite
definability.

By using the finite definability, we prove that S(PCF, is fully
abstract with respect to the considered linear model. That is, the
operational equivalence coincides with the denotational equiva-
lence. This result allows us to reason on programs in a composi-
tional way. Thisisimportant because even if the operational equiv-
alence is defined for closed ground contexts, since it relies on the
operational formal machine evaluating programs, sometimes one
wants just to replace a subterm with another one and preserve the
equivalence. So, we need to consider also open sub-terms that form
our programs. In our case, tackling the equivalence a so when terms
contain open variables is particularly chalenging due to the pres-
ence of stable variables, used for recursion. Besides, we prove the
coincidence of three different definitions of operational equivalence
that make simpler the reasoning on the equivalence between pro-
grams by permitting to consider only contexts of arestricted shape.
Moreover, the proof of this result uses non-trivial syntactical and
denotational argumentsthat are to our knowledge new and of wider
interest.

We remark that 8¢PCF, is neither syntactically linear nor oper-
ationally linear in atight sense, abeit its finitary fragment (the set
of programs which does not involve recursion) enjoys some syntac-
tical and operational forms of linearity. For instance, it is syntac-
ticaly linear for dlices, and when only slices are considered it can
be evaluated without duplicating redexes. Besides, we conclude the
paper by giving an operational semanticsinducing an efficient eval-
uation of S{PCF, terms. This operational semantics traces out and
records linear information to drastically prune the infinite branch-
ing search tree of the evaluation of S/PCF,.

Outline In Section 2 we introduce in an informal way the contri-
butions that will be technically presented in the rest of the paper.
In Section 3 weintroduce the background needed to understand the
technical results of this paper. In Section 4 we show that SC(PCF
lacks the full abstraction. In Section 5 we introduce the language
S$¢PCF, and we give some programming examples. In Section 6 we
prove the finite definability and the full abstraction for S¢PCF,. In
Section 7 we show the coincidence of the three operational equiv-
alence introduced. In Section 8 we give an abstract machine for
S(PCF, that traces the linear use of terms and it provides the base
for an efficient implementation of our language.

2. Contributions: An Informal Account

In this paper, we propose an extension of the language S(PCF in-
troduced in [30]. 8¢PCF isaPCF-like language enriched with the
which? operator, that is correct for the considered linear model.
In particular, linearity is obtained by means of some constraints
on clever variable management. S{PCF is based on three kinds of
variables: ground x* and stable variables F “ 7, that can be weak-
ened and contracted, and linear ones£° 7 that cannot. Ground and
linear variables can be \-abstracted, stable variables cannot. Stable
variables can be bound by a dedicated binder (the p-abstraction)
and they are used to define recursive functions. In S¢PCF, an argu-
ment N supplied to Ax.M isevaluated by using acall-by-value policy
in case x is ground, a call-by-name policy otherwise. More details
can be found in Section 3.2.

The denotational insights

The basic components of the model are tokens. A token is atuple
of natural numbers that complies with the structure of types. For

instance

((L—ot) =) — (t—0 1) —o1

(0, 1,2, 3,4, 5
The second row of the formula above describes a token belonging
to the coherence space corresponding to the type written in the first
row (clearly, ¢ isthe type of natural numbers while —o isthe linear
arrow). 8¢PCF is able to define all the tokens which belong to
coherence spaces corresponding to the types [30]. For instance, the
following term defines the token written above:

Mg lif ((f()\x.éif (x=0)10)=2)and (g3 = g)) 5Q.

To program a token means to verify that each input coincides with
the one described by the token, in the example there are two input
(i.e. ((0,1),2) and (3, 4)).

The elements of the linear model as usual in coherence spaces
are cliques, i.e. sets of coherent tokens. The coherence relation
ensures that cliques describes only traces of functions (where the
trace is an economic way to describe the graph of a function). In
particular, coherence establishes when two tokens can coexists in
thetrace of afunction. Consider asimple clique of alinear function:

((0,0), ((5,7), 0), 0)
((2,0), ((3,9), 1), 1)
((2,1),((3,9), 1), 2)

Above three tokens have two input arguments, respectively of type
t — ¢vand (¢ — 1) — . Coherence ensures that, for each
pair of tokens, there exists an input argument allowing to decide
what is the unique token being (eventualy) involved in the com-
putation. For instance, by applying the first argument to 2 we can
distinguish between the second and the third token, in fact the sub-
tokens (2,0) and (2, 1) are incoherent indeed they cannot coexist
in the same function. Likewise, by applying the second argument
to Ax*.0if (x =5) 7 (Yif (x =3) 9 @), we can distinguish the
first token from both the second and the third. Indeed ((3,9),1)
and ((5,7),0) are incoherent and they cannot coexist in the same
function.

These properties are important in order to program linear func-
tions, however, linearity gives no information about how to locate
such observations. In particular, when higher-order types are con-
sidered this becomes quite tricky, and parallelism is necessary.

Is 8¢PCF ableto program (at least) all the finite cliques?

Anticipating, we say immediately that the answer is negative:
S$¢PCF allowsusto program somefinite cliques but not all of them.
The extension we propose in this paper however fills this gap. That
is, SCPCF, permits one to program all the finite cliques.

Let us now go in more details. SCPCF is Turing-complete. This
means that it is able to program all the first order (computable)
cliques. For instance denoting with * the multiplication between
numerals, the following term

pF AxLif (x = 0) 1 (x (F (px")))

defines the clique {(n, factorial(n)) | n € N}. So at the first
order, SYPCF is able to program not only al the finite cliques
but all the computable infinite ones. When higher-order functions
are considered, however, the situation becomes more difficult. For
instance, if we want to define the following clique

{ (((0,3), 0, 1) }
(((1,4),0), 2)

we cannot discriminate the two given tokens just by looking at the
result of the evaluation of the argument applied to the term N =
Ax.lif (x =0) 3 (¢if (x =1) 4 Q), because it corresponds to
0 for both tokens. In order to discriminate them, we need to grasp



some intensional aspect of the above evaluation, more specificaly,
we need to identify the value passed to N (i.e. 0 in the first token
and 1 in the second). Information like this can be retrieved by
an appropriate use of the which? operator, introduced in [30].
The which? operator corresponds to a primitive form of exception
handling: it allows to obtain besides the result of an evaluation also
theinformation on what has been used during that evaluation. More
examples arein Section 5.1.

Thewhich? operator increases the expressivity of the language.
However, there are still some finite cliques that cannot be pro-
grammed in 8(PCF. For instance,

((0,0), (1,0), (0,1), 0)
((0,1), (0,0), (1,0), 1) )
((1,0), (0,1), (0,0), 2)

Thereason is that we cannot identify a priori which isthe observa-
tion that should be done. In particular, we are not able to determine
which argument we should observe first and what is the value we
should supply to it. Suppose we want to realize the program defin-
ing the clique in Equation 1, writing a term of the following shape

/\fl./\fg./\f3.()\x.€if (x =0) Py (/if (x =1) P, P3) )(f1Q)

This means that we start the observation from the first argument
£, and we apply 0 to it. This term diverges if we supply as first
argument a term defining (1, 0) and any other term as second and
third argument. However, this behavior can be admitted by the third
token. Something similar happens if we start the observation from
an other argument and/or if we chooseto apply 1 instead of 0 toit.
Such a behavior would be not desirable.

To solve this circularity, we need to make available a parallel
operator. Thiskind of parallelismiswell known in stable domains,
where so called Gustave's functions exists [6, 8]. Following [29],
we could add a gustave-or operator where linearity is carefully
forced. That is, a gustave-or typed as follows:

I'FMi:e T'EMy:te T'EM3:e
I FGor (M1,M2,M3) : ¢

with the provision that the basisT" does not contain linear variables.
This operator can then be equipped by the following semantics:

My0 Meln+1 MO Mslyn+1 M3{O0 Mi{Yn—+1
Gor (M1,M2,M3) U, n Gor (Ml,Mz,Mg) U, n Gor (Ml,Mz,Mg) U, n
Adding it to S¢PCF however is not sufficient to program the clique
defined in Equation 1 (actually, to extend S¢PCF by Gor does not
add any linear function!). We need something enabling a limited
form of contraction on linear variable to permit parallel observa-
tions of the same linear variable on different arguments. One way
to do this is by introducing a further control operator, that can be
described as a 1et-like operator:
I'EN:o—o7 F:o0—o17,AFM:.
I'N'AFlet FO°" =NinM: .

where the variable F can be weakened and contracted, i.e. it does
not respect any occurrence constraint. The operational meaning of
this 1et-like operator can be described by the following rule:
[Pl =fa} SN MP/F]Un MQ/F]N
let F°°" =NinM{n

Such an operator appears to have the flavor of the co-dereliction of
Differential Linear Logic [16]. The idea motivating the above rule
isthat:

Denotational linearity alow several observations of a
clique, aslong as they are performed on the same token.

Following this intuition, the side condition [P] = {a} C [N] says
that P isinterpreted as the unique token of N that can be so observed
several time in evaluating M[P/F |. The third condition M[Q/F ] 1t
instead is here just to ensure that the token is actually really used.

A clever combination of the two above operators alows to
program the clique described in Equation 1 (such combination will
be detailed in Section 5.1). We remark some drawbacks of 1et.

1. Its operational rule given above is not effective, due to the
presence of the third condition M[/F ] 1.

2. Itlimitsthe understanding of the program control flow. It can be
checked only at run-time that the same token has been observed.

The first drawback can be solved by designing an ad-hoc opera-
tional semantics, the second one is more problematic sinceit could
make the understanding of programs really problematic. For these
two reasons, we extend S¢PCF by a single operator, combining
together Gor and 1et. The fet-for (considering only alinear vari-
able £) istyped asfollows:

I'tFN:o f:00AFMy:t f:0,AFM2:t f:o,AFM3:e
I' A+ let £ = N infor My Ma M3 : ¢
again with the provision that the basis A does not contain linear
variables. Note that now the £et-bounded variable £ islinear, albeit
used in three program-branches. The fet-for evaluation can now
be described using rules as follows:
M [P/f] 40 Ma[P/f]§n+1 [P]={a} C [N]
let £9°°7 = NinforM; Mo M3 | n

(we give just one rule, the other two are analogous). Thanks to
a generalized let-for operator, the resulting language S(PCF,

permits to program all the finite cliques. So, the full abstraction
follows.

The operational Insights

The full abstraction result mentioned above ensures as usual that a
compositional theory of program equivalence can be defined. That
is, program equivalence is a congruence. Concretely, the full ab-
straction is proved with respect to a non-standard notion of contex-
tual equivalence ~, named fix-point equivalence defined as:

M~N iff CMP?/F7]]yn < CN[F?/F°]]{n

where al the P]* are closed terms. This notion of equivalence
makes explicit the fact that for reasoning in a compositional way
about programs we need to permit to substitute general terms to
stable variables, even if such variables are only used for dealing
with recursion. It is exactly to program the P, that the definability
of al thefinite cliquesis needed in order to get full abstraction. In-
deed, in [30] afull abstraction result for terms without open stable
variables was proved. Anyway, the definition of fix-point equiva-
lence seems ad-hoc with respect to the usual notion of contextual
equivalence:

M~N iff CM{yn <= CN]{n
So, it is natural to consider the following question:
Do the relations ~ and = coincide?

Anticipating, the answer to this question is positive. Although,
proving this result is quite technical. Intuitively, the reason is that
stable variables can only be p-abstracted. More precisely, suppose
M « N and suppose they have a free stable variable £ of type
01 —o ... —o o — . We have that there is a context C and a
term P such that C[M[P/F]] { n and C[N[P/F]] ¥ n. Intuitively, to
prove that also M % N holds, one could think to build a (pseudo)-
context

¢’ = c[(AF.[])P]



such that ¢'[M] |} n and C'[N] § n. Unfortunately, this context
cannot be built since the stable variable / cannot be \-abstracted
but can only pi-abstracted. So, the best that one can hopeto getisa
context

" = CufuF Co[]]
acting similarly to ¢’. Wewill show in Section 7 how to build asuch
context. Here, we propose an example. Suppose that M and N can be
distinguished in the empty context [.], by using P (for simplicity, we
assume £, P typed . —o ¢, and [P] = {(n,m)} withn # 0). So,
we consider aterm P’ : « —o ¢ defining the clique {(0, 0), (n, m)}.
We can define ¢” as

ur Ay (it (x = 0) [(4if (x =) m Q) ) (P'y))

Therefore, this context can be used to build the terms C”[N]o
and C”[M]o. After one recursion step, the terms N[C”'[N]/F] and
M[c"'[M]/F ] are obtained. However, in the next recursive step C”[N]
and ¢”[M] will behave exactly asP and so the two terms can be dis-
tinguished. One can doubt that this construction cannot be always
done. However, the properties of the linear model ensure that finite
cliques are never maximal with respect to the set theoretical inclu-
sion. Thisfor instance does not happen in stable modelsin general.
This means that given afinite clique = one can always find a new
coherent token that can be added to it and that can be used to control
the recursion. The proof just generalizes this example.

Besides the equivalence of programs, linearity provides also
crucial information for the operational evaluation of programs. As
instance, the side condition [P] = {a} C [N] in the rule of
Let-for above assumes the existence of such a P, but it does not
give any hints on its search. If we face a concrete implementation
of 8¢PCF, then this could be a problem. An exhaustive search of
such atoken a isintrinsically inefficient. So, it isnatural to consider
the following question:

Isthere areasonable way to drive the evaluation of S(PCF,
programs?

The answer to this question aswe will show in Section 8 is positive,
and again linearity comes in our help. It ensures two important
properties: first that such a token a exists, and second that it is
unique. From these properties we can devise afiner implementation
of the language. Consider again the rule

Mi[P/£f] L 0 Mz[P/f]yn+1 [P]={a} C[N]
let £°°7 = Ninfor M; Mo M3 | n
Instead of evaluating M;[P/£] one can think to evaluate M; in an
environment e storing the information about variables. So, we
associate £ to the term N. When the term N is used, we record its

observed token a (conveniently encoded by aterm P). In particular,
the above fet-for rule becomes, roughly:

(Mi|eo[f :=N]) Ur (Ofes[f:=P]) (Mo|es[f:=P]) Ir (m|ez)
<€67tf = Ninéor M1 Mz M3|60> ‘U’T <E|62>

Note that the above reasoning relies on an effective tracing of all
evaluated terms. For instance an evaluation of the term (Ax*.M)Q is
doneusing arule as

(Qleo) Ur (mler) (Mles[x:=m]) U1 (ne)
(£Q|eo[f := Ax".M"]) 1 (n|eo[f :=(m,n)])

that traces the information of the used token, i.e. it puts (m, n) into
the environment. A tracing evaluation of S(PCF, programs will
be devised in Section 8. Note that this kind of evaluation can be
considered akind of linear call-by-need evaluation where only one
evaluation is done and where further observations are used to check
the consistency of the information.

Synopsis

In summary, the key contributions of this paper are:

e The definition of a new linear operator fet-for (Definition 13)
that permits to establish a bridge between denotational and syn-
tactical linearity through afull abstraction result (Corollary 2).

e A finite definability result (Theorem 6). It gives evidence that
S8(PCF., is able to program a broader class of linear programs
than other linear programming languages.

e The coincidence of different operational equivalences (Corollary
5). Thismakes simpler the reasoning on the equivalence between
linear programs.

e An efficient reduction semantics exploiting linear properties in
order to provide a concrete running evaluation of S¢PCF, that
avoids exhaustive evaluation searches, by tracing and recording
explicitly the linear use of subterms.

3. Background
3.1 Coherence Spaces

Coherence spaces are a simple framework for Berry’s stable func-
tions[7], developed by Girard [19]. More details arein [20].

A coherence space X isapair (| X|, ©x) where|X|isaset of
tokens called the web of X and < x is areflexive and symmetric
relation between tokens of | X | called the coherence relation on X.
The strict incoherence — x isthe complementary relation of < x;
theincoherence — x isthe union of relations — x and =; the strict
coherence —~x is the complementary relation of —x. A clique z
of X isasubset of | X| containing pairwise coherent tokens. The
set of cliques of X isdenoted Ci(X), while the set of finite cliques
isdenoted Cl ¢, (X).

The basis of our model istheinfiniteflat domain. Let N denotes
the space of natural numbers, namely (|N|, ©n) such that [N| =
Nandm on nifandonly if m = n, fordl m,n € |NJ|.

Definition 1. Let X and Y be coherence spaces and f
Cl(X) — CI(Y") beamonotone function. Then, f islinear when-
ever Vo € CI(X),Vb € f(z)Ila € zst. b e f({a}).

Linear functions can be represented as cliques.

Definition 2. Let X and Y be coherence spaces. X — Y isthe
coherence space having | X — Y| = |X| x |Y| as web, while
(a,b) ~x—y (a',)iffa cx o’ impliesb ~y '

The trace of alinear function f : CI(X) — CI(Y) isTr(f) =
{(a,b) | a € |X|,b € f({a})}. Givent € CI(X — Y) and
x € CI(X), let usdefinethemap F(t) : Cl(X) — CI(Y') as

F(t)(x) ={be|Y][Ja €z, (a,b) €t} @
Lenmma 1. If f : CI(X) — CI(Y) is a linear function then
Tr(f) e CL(X — Y). Ift € ClI(X — Y) then F(t) : CI(X) —
CI(Y) isalinear function.

Definition 3 (Linear Model). The Linear Model £ is the type
structure generated by the coherence space N and the arrow —o.

3.2 Thelanguage 8¢(PCF

S¢PCF has been introduced in [17, 30] to be the syntactical coun-
terpart of the above mentioned linear model.

Definition 4. Theset T of linear typesis defined by the grammar:
o,7 u= ]|o— 7 ,where.istheonlyground type.

For the sake of clearness we introduce three kinds of variables,
in order to remark their different explicit use.

Definition 5. Let Var? be numerable sets of variables of type o.
Let SVar? (o # ) be numerable sets of variables disoint from
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Table 1. (a) Type system, (b) operational semantics and (c) linear interpretation for SCPCF

Var?. Variablesin Var* are named ground variables. Variablesin
Var = |J, oy Var? " are named linear variables. Variablesin
8Var = | J,,, SVar? are named stable variables.

Note that there are no stable variables of type «. Latin letters
x%,y7,£7,... denote variables in Var?. We use types to explic-
itly distinguish between ground, e.g. x“, and linear variables, e.g.
x? 7. Moreover, F§,F{,F%,...denotestablevariables. Last, >«
isawild-card for all the variables.

We define terms (Definition 7) as the pre-terms (Definition 6)
that can be typed using the type systemin Table 1.a.

Definition 6. Pre-terms are defined by the grammar:
M= |0|s|p|lif MMM | (MM) | (Ax°.M) | uF M| which?

We writen for s(- - - (sO) - - - ) where s is applied n-timesto 0,
and we denote ' = {0, ..., n, ...} the set of numerals.

We consider typing judgments of the shapeI" - M : o where M
isapre-term, o isalinear type and I' is a basis, that is afinite list
of variablesin Var, where each variable appears at most once. We
denoteI'[ 8 (respI'[ ¢, I'[ £) therestriction of the basisT" containing
only variables in 8Var (resp. in Var*, ¢Var). We denote I'; A and
T" N A the union and the intersection of two basis respectively. We
can now define S(PCF terms.

Definition 7. The terms of SCPCF are the pre-terms typable by
using the type systemin Table 1.a.

Sometimes, we write M° when, for someI', we have I’ - M :
o. Free variables of any kind (FV), free linear variables (/FV),
free stable variables (SFV), closed and open terms are defined as
expected. We denote P = {M* € 8(PCF | FV(M") = 0} the set of
programs. As usual, M[N/ ] denotes the capture-free substitution
of al free occurrences of » inM by N.

Lemma 2 (Substitution). LetM™, N° € S/PCF.

o If /FFV(M") NIFV(N?) = () and x” € ¢Var then M"[N7 /x°] €
S(PCF.

o If(FV(N") = () thenM" [N /F °] € $(PCF.

o IF(FV(N") = O thenM[N/3z1,...,N/5,] € SCPCF.

Pairing (i.e. mapping pair of numerals on one numeral) and
projections function will be used everywhere in the paper. We will
denotewith [n, m] the numeral k encoding the ordered pair of n and
m and we write 71 (k) for the numeral n and 72 (k) for the numeral
m. S(PCF-terms defining them can be found in [30]. We avoided
to explicitly use the product-types in syntax and semantics just for
sake of simplicity, albeit a such extension can be pursued.

Definition 8. The evaluation relation |C P x N is the smallest
relation inductively satisfying the rules of Table 1.b. If there exists
a numeral n such that M |} n then we say that M converges, and we
writeM |}, otherwise we say that it diverges, and we write M 1}.

Remark that p isapartia operator, namely p 0 diverges. Moreover,

note that as stressed in Section 2, the result of the evaluation of the

operator which? gpplied to aterm M consists of apair [n, k| where

n isthe result of the evaluation of M(Ax*.x) while k is the unique

(thanks to linearity) numeral that M gives as argument to Ax*.x.
The set of o-context Ctx,, isdefined as:

Cle] = [7]]#"|0]|s|p]|Lif C[7] C[7] C[]
| which? | (C[7]C[7]) | (Ax7.C[7]) | put .C[7]

C[N“] denotes the result obtained by replacing all the occurrences
of [¢] inthe context C[] by the term N and by allowing the capture
of itsfree variables.

Definition 9 (Standard Operational Equivalence). Let M° N° €
S¢PCF.
e M <, N whenever, for all C[¢] st. C[M], C[N] € P,
if C[M]  nthenC[N] | n.
e M=, NifandonlyifM T, NandN S, M.

We are interested in alanguage for which the linear model £ is
fully abstract under astandard interpretation [—], i.e. ground types
areinterpreted on flat posets (see [33]). The standard interpretation
issuchthat [.] = N and [o — 7] = [o] — [7]-

An environment p € Env is a partial function mapping a
variable x? in atoken a € |[o]| and a stable variable F7 in a
finite clique © € Cltin([o]). The set of environments is denoted
by Env. Let @ be a sequence of tokens of a coherence space, let



X be a sequence of non-stable variables of the same length of a;
p[x = @] isthe environment such that p[x := a]( ") = a; incase
x' isthei-th element of %, otherwise p[x := d@](x') = p(x'). If Zis
a sequence of finite cli ques. and [~ is a sequence of stable variables
of the same length then p[f~ := 7] is defined likewise.

Definition 10. Let M°,N° € &PCF and p € Env. The linear
interpretation [M°] : Env — CI([o]) is defined in Table 1.c using
F as defined in Equation 2 and fix which is the least fix point
operator.

3.3 Stable Closed Full Abstraction

We recall the main properties of S¢PCF [30, 32]. First, the linear
interpretation is adequate and correct.

Theorem 1 ([30]). LetM* € P andN°,L7 € S/PCF.

Adequacy: M* | n < [M'] = [n].
Correctness: [N°] = [L°] = N=° L

In 8(PCF all the tokens of the linear model £ can be defined.
Moreover, as shown in [30], this can be done without using the
which? operator.

Theorem 2 (Token Definability).
If u € |[o]| then there exists a closed M7 € S(PCF such that

M] = {u}.
Token definability permitsto define the separating termsused in

the next lemma. Thisin contrast to what happensin [29, 33] where
afinite definability is needed.

Lemma 3 (Separability). Let o € T. For all distinct f,g €
Cl([[o]) there exists a closed term P * such that F([P])(f) #

F([PD(9)-

From thisfollowsthat full abstraction holdsfor all the termsthat
do not contain free stable variables. We stress that such aresult was
erroneously claimed in [30] to be of more generdlity. Indeed, we
show in the next section that the unrestricted full abstraction fails.

Theorem 3 (Stable Closed Completeness). Let M7, N7 € S¢(PCF
and SFV(M”) = 8FV(N?) = (). Then:

M~y N = [M] = [N]

Proof. Let us prove the contrapositive. Let usassume [M]p # [N]p,
for an environment p. By Separability Lemma 3, there exists a
closed P7~* such that F([Pp)([M]p) = n1 # F([P])(IN]p).
Moreover, by Token Definability Theorem 2 we can build a context
C[‘] such that [P M]p = [C[P M]]@ and [P N]p = [C[P N]]0 where ®
is the empty environment. So, by adequacy we have (C[P M]) | n;
and (C[PN]) {f ni. SOM %, N O

Note that, in the above proof the Token Definability Theorem 2
alows us to build the context C[*] only because we have assumed
that the two terms have no stable variables. In the next section, we
prove that in order to relax this constraint the language must to be
extended.

Corollary 1 (Stable Closed Full Abstraction). Let M7,N° €
8(PCF and SFV (M?) = SFV(N°) = (). Then:

Ma, N <= [M] =[]

4. Lack of Full abstraction

S¢PCF does not enjoy the unrestricted full abstraction. In this sec-
tion, we show that the Corollary 1 cannot be extended to terms hav-
ing free occurrences of stable variables, since they are interpreted
in finite cliques. We prove that S(PCF is not able to define all fi-
nite cliques of the model by presenting a linear function that is not

definablein 8(PCF, sinceit is not strongly stable[12]. We use this
function to define two terms having free occurrences of stable vari-
ableswhich are operationally equivalent, albeit they are interpreted
into two different linear functions.

4.1 Token enumeration

First, we introduce some abbreviations that are useful in or-
der to simplify the rest of the paper. We use (MandN) to
abbreviate (¢if M (¢if N0 1) 1). The equivalence among nu-
merals, denoted = used in infix notation, is encoded as
pF T AR Ay AAE x (Gify01) (if y 1 (F (px)(pY))).
Moreover, we define a family of diverging terms by induction on
types, Q@ = po and, if 0o = 1 — ... —o pp —o ¢ for somem € N
then Q70— %" jg

Axg® . xpr LA (QT T xgm) (0@ L L Q) (%00 L QM)

Clearly, Q7+ 7n='M7t .. MZ™ f) for each M7!, ... M7".

We can define an encodlng(] ) : |le]| — n\l from tokens of the
coherence space o] to natural numbers as:
o (n)=nifo=y
e ((a1,a2)) = [(a1), (az)] if o = 71 — 7.
It provides an enumeration of the tokens of our model. Remark that
the Theorem 2 implies that there is a family of terms Sg17 : o
(short for singleton) being an enumeration of terms that can be
interpreted on (single) tokens. Concretely, we define Sgl7 : o by
mutual induction with terms Chk\” : & —o ¢ that checks whether a
token isincluded in the operational behavior of aterm typed o.

Definition 11. ThetermsSgl? : o and Chk!” : o —o . aredefined
by mutual induction on o.

Ifo =1, Sgli =nandChkl” = \y*.fif (n=1y) 0 Q".

fo =01 — o9,l6t00 =7 — ... — 71, —0 ¢ fOr some k,
without |oss of generality, then Sg17 is

AT AT g Lif (ChkT) £)Sgl 7 g1 -8

and Chi” isA£7 fif (Chk7?) (£5gl\7:)

In Chk'” we use (o) asashort for o — . As an instance,
if n = [ny,ny] then the term Sgl, " is operationally equivalent
to the term Ax‘.¢if (x = n;) o, Q°, while the term Chk{" °" is
operationally equivalent to theterm Af*—“¢if (fn; =mny) 0 Q°.

9 (L' 9)|

Do

Lemmad4. Letusfixatypeo.Ifa € |[o]| and n = (a), then:

1. [Sg1]p = {a}, for all p;
2. if [chkl” N]p = [0]p then a € [N]p, for all p.

4.2 Fix-point operational equivalence

In order to simplify the reasoning about programs, we introduce a
non-standard notion of operational equivalence.

Definition 12. Let assume M?,N? be terms of 8¢PCF, such that
SFV(M),SFV(N) C{FT",....,Fo"}.
eM <, N whenever, for all P!, ..
CM[P1/F4,...,Pa/Fa]],CIN[P1/F4,...,
C[M[Pl/F1, .. ,Pn/Fn]]llg:> C[N[Pi//fl7 e
e M~, NifandonlyifM <, NandN <, M

P72, for all cl] st.
Po/Fa]] € Pif
,PH/FI‘”‘UQ

It is easy to verify that <, is a preorder and ~, is an eguiva
lence. Note that the comparison between the fix-point operational
equivalence and the standard one is not immediate. Indeed, proving
that the two coincide corresponds to prove that ~, is also a con-
gruence. For instance, let us assume that both M*, N* contain just
onefreevariable F 7. If M o4, N thenitisnot easy to build contexts
Cle] and pf .C’'[¢] (depending from the common substitution to /)
such that C[uF .C'[M]] | and C[ufF .C'[N]] {f, i.e M %, N



The standard interpretation is correct with respect to the fix-
point operational equivalence too.

Proposition 1. LetM?,N° € 8¢(PCF. [M] =

For clarity, we anticipate that the fix-point equivalence coincide
with the standard contextual equivalence (see Section 7).

[N] = M~ N

4.3 Full Abstraction Counterexample

We use the second-order gustave-or operator Gdr: (1 —o 1) —o
(¢ —o 1) —o (¢ —o ) —o ¢, introduced in [30], and equipped with
the following evauation.

P00 P11{0 P01

G8r" PoP1P, || O
Po1 40 P1OY1 P0Y0O

G8r" PoP1P, | 2

P01 P00 P21l0

G8r" PoP1Py | 1
Poi1 P11 P11

Gér" PoP1P, | 3

(G1)

(Ga)

The operator G3r, non-deterministically providesinputsto its three
branches and it looks for their outputs (ex-ante, it is not possible
to choose inputs). As soon as the evaluation terminates by using
a rule, the other rules cannot terminate anywise, i.e. ex-post the
evaluation determines a unique rule which converges. The operator
Gdr isthe operational counterpart of the following clique

G an oy
9=3 (1L0). 0.1). (0.0). 2 &
(1L 1), (1,1), (1,1). 3)

The following result has been proved in [30].
Theorem 4. Gdr isnot S¢PCF-definable

Based on the statement above, we can build the desired counter-
example. Here we make use of fix-point operational equivalence.
LetM=FQ' Q™ Q ™ and

ESglL(EooLl ggsglﬁﬁ ggsglﬁ’ﬁg 0 and
. F (Sgl? Sglt Sglt =1 and .
Y. f2.)) (S8l o0 (SEM11) - 70
(Sglh obl )(8glfo, [0l )(Sglb[o o]) =2and |~
F (Sglfy. [1,1] )(Sglh 1] )(Sgl[1 1]) 3

be $¢PCF terms such that f (9 (o) —elee)—or t N+ |t
is easy to see that [M]p # [N]p, by taking p(F ) = g as defined
in Equation 3. Instead, M ~, N since to separate the two terms a
term behaving like G8r is necessary. However, such a term is not
definable in 8¢PCF as shown by Theorem 4.

5. Theextended language

To recover the problem presented in the previous section, S(PCF,
extends the 8P CF language by means of anew fet-for operator.

Definition 13. The 8¢(PCF, pre-terms are defined by extending the
grammar of pre-terms as follows:

Mo=--| Let£7"° =M,..., £f* ™ =Minfor MMM

The terms of SCPCF, are the pre-terms typable by using the type
systemin Table 1.a extended by therulesin Table 2.a.

The let-for generalizes the behavior of the Gdr operator pre-
sented in the previous section by forcing a linear evaluation. It is
worth noticing that the contexts of the terms M; in the (¢et-for)
rule are managed in an additive way, contracting common (ground,
linear and stable) variables. However, note that a fet-for binds all
the linear variables in its three branches. So, a form of syntactic
linearity (by slice[19]) for linear variablesis preserved.

Definition 14. A dlice of atermM is a new term where:

e each subterm ¢if P My M; of M isreplaced by, either (Az“.Mo)P
or (\z*.M;)P wherez isafresh variable;

e each subterm letf; = Niy,...,fx = Ni infor M; My M3 is
replaced by, (Af1...£f5.M;)Ny ... N, wherel < < 3.

Morally, a dlice of aterm chooses one branch of each /if and
one branch of fet-for. Indeed, a slice contains neither ¢if nor
Let-Lor. It is easy to verify that each linear variable £77°" occurs
inasdliceof atermM at most once. This saysthat S{PCF, issyntac-
tically linear by dices. However, as expected, aterm containing n
£if andm fet-for has2™3™ diceswhich can eventualy coincide.

In order to deal with the fet-¢or operator without violating
the semantic linearity we need a careful evaluation of terms, this
is described using the terms Sg1? and chk\”) introduced in the
previous section.

Definition 15. The evauation relation | C P x N for S(PCF,
programs is the smallest relation satisfying the rules in Table 1.b
extended by therulesin Table 2.b.

The evaluation rules for fet-for are patterns for infinite rules,
likewise the rule for which? (see previous sections) and for 3 in
[33]. The evaluation of the fet-for operator is obtained by three
distinct rules that explore pairwisely the fet-for branches. The
evaluation of afet-for can be performed only in the case two be-
tween M;, M, and M3 evaluate to the values 0 and m + 1 respectively
by using a single tuple (i.e., atoken) of the traces in the fet-for-
argument N;, for ¢ < k. For instance, the (11gor) can be appliedin
theca&3M1[N1/f1, . 7Nk/fk} U« 0 and Mz[l\h/f17 A ,Nk/fk] U sm
and the same single information of each N; coded on numerals n;
is used in both evaluations. The check of this constraints is the mo-
tivation for introducing the terms Sg17 and chk!”) above. Albeit
ex-ante we don’'t know what is the right pair of fet-for branches
to evaluate, they are established during the course of the evaluation,
so ex-post only one of the three rules can converge. The interpreta-
tion of the Zet-for operator follows these idess.

Definition 16. Let M7,N° € S(PCF, and p € Env. The linear
interpretation [M?] : Env — Cl([o]) is defined by the equations
in Table 1.c extended by the ones for the fet-for operator in Table
2c.

Itisnot difficult to see that the correctnessw.r.t. the linear model
(Theorem 1) still holds for S¢PCEF.,.

5.1 8¢(PCF, program examples

We show how to use the fet-for operator in order to program in
S¢PCF, the operator Gdr presented in Section 4. This should so
suggest how to recover the counterexample to full abstraction.

In fact, we show something more. We describe how to program
afamily of terms Gdr" that generaize the behavior of the operator
Gdr. The terms G3r", are parametrized over an ordered list L of
four numerals ko, ki, ko, ks representing the output returned in
the case the assumptions of one of the rule (Go), (G1), (G2) or
(Gs) respectively, are satisfied. So, in particular Gdr"=G8r when
L = {0,1,2,3} is considered. In order to proceed in a modular
way, we introduce also a notation in order to consider restrictions
of G&r" which use only a subset of the four rules. Precisely, a o
in the list L is used to denote the operator obtained omitting the
corresponding rules. For instance, G3r™ where Lo, = 0,2,0,0is
defined as

DY Lands Tandt fand)

(Awﬁf w=0(lif (f21 =0andf30 =1) 0 Q") (£10)
(if w= 1(¢if (£0 = Oand f31 =0) 2 Q) Q") =

All the G8r" defined by just two rules, i.e. for L containing two oc-
currences of e, can be defined likewise. Thus, G3r™ with parameter



TNA=0 AlL=£",.. £ TiFN:

T bENe:or AFM 0 (<i<s)

ATS, A, Ty, ...

JTrebFletfs =Ny, ...

(Let=Lor)

,fk = Nk inZor M1 MQ M3 il

M1[Sglgl/f1,... lgk/fk] U«O MQ[Sglgl/f1,..

Sgl2e/fi] Usm Chk{TVN; 0 (jeq1,..k})

1
let£7' = Ny,...,£0* = Ny infor M; Mo M; m (12gor)
Mo[SgLTl /£1, ..., Sg1er /fi] U O Ms[Sgll/£r,..., g1 /£ Usm Chk{TIN; L0 (jeq1,..k}) :
21
let£7' =Ny, ..., £0* = Ny infor M; Mo Mz b m (21gor
Wo[SgLTl /£1,...,Sg1s /f] U O Mi[SglZi/£s, ..., Sg1df /£ hsm Chk(TIN; L0 (jeq1,..k))
3
let£7' = Ny,..., £0* = Ny infor M; Mo M; b m (31g07)
7t Ma[p[f := @] = {0}A M:]p[f := a] = {0}A
et f = Ninfor M, My Ms]p = en|zae g, Melelf=a U{neN[Tae N B
[tet infor M; M a]p {” ac [y M]p[f = @] = {n+1} " ac iy Ma]plf := @] = {n+1}
Mo]p[f := @] = {0}A }
U neN|3de [N [ - s
{ DU el —a) = n s 1)

Table 2. (a) Type system, (b) operational semantics and (c) linear interpretation for the fet-for operator.

L; = 1,e,0,0 can be defined using the fet-for operator as
Afifofzlet g1 = f1,82 = f2,83 = f3 infor

(G8r%*%* g1g2g3) (68" % g1g2g3) (G8r* "9 gigags)

and G3r"? with parameter L, = e, 0, 3, 4 can be defined as
)\fifzfg.fit g1 = f1,g2 = f27g3 = f3 infor
(GBr*O%* g1g2gs)(GBr® "% g1grgs)(G8r® O gigrgs)

Finally, G3r™ with parameter Ls = 0, 1, 2, 3 can be defined as

Af{MEST f 0 et g1 = f1,82 = f2,83 = £3
inlor(G3r™ gigogs)(G3r™ g1g283)(GAr™? gigags)

For every parameter L, al the Gdr" can be built analogously. As
expected, the fet-for operator is fundamental for the above con-
struction.

We give here also a flavor on how to use the which? operator
to define programming constructs useful to collect run-time
information. These programming constructs (called @wh?7)
are a generalization of the operators introduced in [30, Sec-
tion 3.1] and will be used in the next Section to prove the
Finite Definability Theorem 6. Let us introduce the operators

@wh?7 : (0 — 7) — o —o T, with the following operational
semantics:
M °"sgl)Py .. Py bn  Chk N {0
(Qwh? 7 M7°7 N")P1 ...Px | [n,m]

This control operator gives back the result n of the evaluation of
MN P; ... Py together with the numeral m encoding the part of the
trace of N used for the eval uation. Thisinformation will be essential
in the proof of the Finite Definability Theorem 6.

@wh? can be programmed in 8(PCF, using which?.

Theorem 5. @Qwh? 7 is SCPCF, programmable.

Proof. The proof is by structural induction on o. The base case is
simple observing that the term

AETTAX g, L, gt which? (AR T f (hx)gy . gk)

behaves as Qwh? %, with = 77 — ... — 7, — . The
inductive case is a bit more complicated. The ideais to generdize
the behavior of the term above where the variable h acts like an
observer which retrieves the used trace. O

6. Finite Definability and Full Abstraction

In this section we prove that the linear model £ is fully abstract
with respect to S(PCF,. This result relies on the completeness of
the linear interpretation with respect to the operational semantics
and on the definability of all the finite cliques by means of S(PCF,
terms. In particular, we prove the completeness with respect to
the Fix-Point equivalence. In the next section (Proposition 2 and
Theorem 8) we then prove that the Fix-Point and the Standard
operational equivalences coincide. From this, full abstraction holds
a so with respect to the latter.

Finite definability asserts that &l finite cliques can be defined
by means of S(PCF, terms. Our proof follows a standard scheme
for proofs of thiskind, e.g. [33],[29]. Non trivial uses of Qwh? and
Let-Lor constructors are needed in the inductive high-order steps.

Definition 17. Let u be a finite clique of a coherence spacein L.
A term M defines  if and only if [M] = wu. The class of closed
terms having v as interpretation is denoted by [u| !, hence
[u] = {M | [M] = u}. By abuse of notation, in the following
we denote [z ] atermM such thatM = [z].

To prove definability, we use the following auxiliary lemma.

Lemmab. Let (ao,-..,an,a), (bo,...,bn,b) € |[10 —0 -+ —o
Tn —o t]|. Then:
1. (ao,...,an,a) ~ (bo,...,bn,b)iff Ik < n: ar — bg.

2. (agy-.-yan,a) < (bo,...,bn,b)iff Vk < n:ar < bg.

Some measures are needed in the next theorem: the cardinality
of acliquew isdenoted ||u||; the RK of atypeisinductively defined
as. RK(t) = 1; RK(o — 7) = RK(0) + RK(T).

Theorem 6 (Finite Definability). If v € Clyin([o]) then there
existsa closed M € S(PCF, suchthatM = [u].

—o 1, —o ¢ for some k > 0. The
(o), k, ||u|| ) orderedin a

Proof. Let 0 = 74 — -~
proof is by induction on the triple ( RK
lexicographic way.

e Consider RK(c) = 1,theno = v and [o] = N. Thus, @
and numerals define all possible finite cliques, since Clf;, (IN) =

{0} U {{n}/n € [N]}.

11n general, we use [a’

,a® | asan abbreviation for [{a',...,a*}].



e Consider RK(o) = 2,theno =1 —o .

- If ||u]| = 0 thenu = 0 isdefined by "
-If Jlu] > 1, thenuw = v U {(a,b)} for a,b € N. By
induction hypothesis we have [u'], hence [u]| = A\z.{if (z =

[a]) [b] ([v']2).

e Consider RK(o) > 3and k = 1,theno = 7 — ¢ with
T =01 —90:+0p —© L.

~ 1 ||ul| = 0 thenu = 0 is defined by 7"

- If |lul]| =1, thenu = {(a,b)} fora € [7] and b € N. Suppose
a=(ai,...,ar,c)Wherea; € Jo;Jandc e N (1 <i <r).
By induction hypothesis we have [a1 ], ..., [a-], [c] and [b],
hence: [u] = Af.¢if (£a1]---[ar] = [¢]) [b] 9° .

If Jul| > 1, thenw = {(a®,5),..., (a™,b™)} for a' € [7]
and b’ € N (0 < i < m).Suppose @’ = (ai,...,al,c)
wherea} € [o;]and ¢’ € N (1 < j < r). By Lemma5.1, we
havea”" — a* (0 < h # k <m), soby Lemma5.2a < a¥
(1 < j <r).Hence takev; = {a’ | 1 <i < m}. Moreover,
for sake of simplicity, we write just a; in place of Qa§D, i.e. the
natural number encoding a.

By induction hypothesis we have [v; |, [c'] for every 0 < i <
m,1 <j<randl <k < s.So,wecandefine

(it (m7(z) = " andmwy '(ma(2)) = af .

)---)(@wh? (L (@un? T (F)([vi))) .. ) (v

 ma(2) = af) b°

[a—
~—
~—

e Consider RK(o) > 3and k > 1.

If [Ju|| = 0, then u = () isdefined by Q" =7+,
If Ju| = 1, then v = {(a1,...ax,b)} where a; € [r;]
(1<i<k)andbe N.Thus,

[UJ =\f1...fx.
(if ((Chk({Vf;) and---and (Chk{*fy)) [b] Q'

if |ul| = 2thenu = {(al,...,ap,b"), (ai,...,a3,b%)}. We
know that thereisi € [1, k] such that a; — a?. If 7; = ¢ then
ai and a? are two different numbers: thus the term defining u
isthefollowing

[u] = Mfy.... £ lif (f5 = [a}j)(ﬁf (chk'7V£,) and - - -
h

and (Chkigk)fk) o' Q) (Zif((fi = [a?]) and
(Chkg‘)fi) and - - - and ((Chkigl)fk)) [b?] n)

If 7+ = v1 — ...y —o ¢ then we have that af =
(el,...,ef, M) anda? = (e,...,e},c%). Sincea; — a?, we
have that for all j € [1,1] the sets {e], e7 } are cliques of lower
rank. Thus by inductive hypothesis we have terms N; defining

them. Thus the term defining « is the following

[u] = Mi1.... fk.()\x‘.fif (ﬂ}x = ctand ;N (mox) = e}

and...mox = e} )(Zif(cmqg“f1 and ...
— 3

1
i a4

chk'7V£; s and Chk V44 and ... chk( £ b Q)
o o

(Zif (7rllx = ¢ and 7! (mox) = i and...m2x = i and
chk7Vf, and ... Chk' V£, and
a a4
Chk' 7 Vf, 4 and. .. Chk(?‘)fk) [v?] Q)
241 2
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-If Jull > 2, then w = {d',...,d™} where & =
(a1,...,a,b0"),a] € [n]andb’ e N(1<j<m, 1<i<
k). We denote by d’[b] the token (a],...,al,b). By Lemma
5.lthereexists1 < h < k such that aj, ~ a2, so we can build
the following finite cliques:

wy = {d'[0], d?[p* + 1] }
we = {d'[p* +1]}u{d 0] |2<r<m}
wy = {0} U{d" P +1]|2<r<m}

Note that ||ws]] < |jul] for s = 1,2,3. So, by induction
hypothesis we have [w1 |, [w2 | and [ws |. Hence:

[
[

|—uJ :Afl...fk.@g1 :f1>~'7gk:fk

inlor ([wigr---gr)([walgr - gr) ([wslgr - gr)
and this concludes the proof. O

The definability of finite cliquesis the key ingredient to extend
the Stable Closed Completeness Theorem 3 to all the terms of
S(PCF, asfollows.

Theorem 7 (Completeness). Let M7, N7 € S(PCF,.
M~g N= M = [N]

Proof. Let T + M,N o with T18§ = {F7,....,Fi*}
and T'12, T = {x:7',...,x"™}. Assume [M] # [N],
then there exists p such that [M]p # [N]p. By the Sepa-
rability Lemma 3, there exists a closed term P°—°* such that
F(PDH(M]p) # F([P])([N]p). By the Finite Definability The-
orem 6, for al F; inI'|S thereisaterm P; = [p(F;)| and
for al x; in T'[¢,T'. there is aterm N; = [p(xi)]. So, we
can build ¢ = P(AxJ*...x0m . [-9]Ny -+ - Ny,). Without loss of
generality, let us assume F([P])([M]p) = {k}. By adequacy
CM[P1/F 1, P/ F n]] I kDUt CIN[PL/F 1, o/l ] f K
This concludes the proof. O

By soundness and completeness the full abstraction follows.

Corollary 2 (Full Abstraction). Let M7, N7 € S(PCF,.
M~ N <= [M] = [N]

7. Coincidence of operational equivalences

In this section we prove the coincidence between the standard
operational equivalence (Definition 9) and the fix-point operational
equivalence (Definition 12). Therefore, the full abstraction holds
aso for the standard operational equivalence and a compositional
theory of program equivalence can be effectively defined.



The fix-point equivalence coincides with the denotational equiv-
alence by Corollary 2. The proof follows of the next proposition
directly by the correctness of the denotational semantics w.r.t the
standard operational equivalence.

Proposition 2. LetM?,N? € S(PCF,.M ~, N = M =, N.

The opposite direction is more difficult and it requires a se-
mantic reasoning. First, we prove an auxiliary result claiming that
in a coherence space X € L (i.ein our type structure) different
from N, finite cliques are never maximal w.r.t. set-theoretical in-
clusion (Corollary 3)?. Then, we use this fact, together with Ade-
quacy (Theorem 1) and Finite Definability (Theorem 6) to prove
theresult in the ground case (Lemma 8), which implies the genera
result (Theorem 8).

Thefact that finite cliquesin acoherence space X € L different
from N are never maximal w.r.t. set-theoretical inclusion follows
from the next lemmas.

Lemma 6.

1. Let 2 beanon-empty finite set of tokensin |[o]| st. 3a € zVb €
x.a < b.Then3Ja’' € Vb € z.a’ ~ b.

2. Let z be a non-empty finite set of tokens in |[o])| (¢ # ¢) st.
Ja € 2Vb € z.a < b. Then3a' € x.¥b € x.a ~ b.

Corollary 3. Let z € Clyin([o]), with o # . Then there is
a € |[o]| suchthat a € z and z U {a} € CI([o]).

Given an environment p, aterm M, a stable variable F  and an
infinite clique « € CI([o]), with a slight abuse of notation in the
sequel we write [M]p[F := z] to denote Uycmw[[M]]P[F =y
The next auxiliary lemmawill be useful in what follows.

Lemma 7. LetM?,N” € 8(PCF, and p € Env. If M°[N/F 7] €
SUPCE., then [w°(/r "Jlp = Usc . gy, 1Mol ™ = 4]

Now, we show that by using fixpoints it is possible to build
contexts that allow us to discriminate as much as we can do by
using substitutions.

Lemma8. fI'-MN: . withlp=0.M~, N =M ~, N.

Proof. We prove the contrapositive. Let F7',...,F 7" be such
that SFV(M), SEV(N) C {f 1,...,F »}. LetC[-*] beacontext and
P be closed terms such that C[M[F/F’]] |} n and C[N[F/F]] § n. We
prove by induction on n that thereisac’ such that ¢'[M] |} n" and
c'M ¥n'

Base case. Since n = 0 the two terms have no free occurrence of
stable variables, thus we can take ¢’ = C.

Inductive case. The fix-point (in)equivalence implies
that there is a context C[.‘] and there are closed terms
Pi,...,Pup1, such that CM[Pi/F ', ..., Paps/F, '] U Kk
but CIN[P1/F T, ..., Pays/F ] ¥ k. Thus, by Correctness,
there exists a p such that

Idolr 7 i= [Palp, o £ " o= [Pasale] #
NplF T = [Pallp, -, F Y = [Patallp]
In the following, we define p1 = p[F7* = [Pi]p,...,Fo" ==

[Pa]p]. Let us observe that both [M]p:[F ;1" := [Pati]p] and
INJpu[F 57" = [Pat1]p] arefinite sets (in particular, they have at
most one element and they cannot be both empty). Thus, without
loss of generality, we assume that [M]p:[F ;1" = [Pas1]p] =

2 Observe that this fact is not true in the general case of stable functions:
for example in the coherence space !N —o NN, the finite clique {(0,0)} is
maximal.

{k}. So by Lemma7 thereexists z C f;», [Pa+1]p such that

[Mlp1[F n+1 == [Puy1]p] = Mp1[F n41 := 2] #
I Dpr[F ns1 := 2] C N]p2[F ns1 := [Pata]p]

Since stable variables are never of ground type, we can let

Opn+l = T1 —© ... —O Ty -0 . and m > 1. Let z =
{(a}7"'7a}n7h1)7 (a17"'7 77L7hp)} Withp > Oa'nd al e
[[m]l, ..., am € H[Tm]H h' € Nfordli e [1 p]. Furthermore,
by Corollary 3 there is atoken (ai,...,an,,h*) & x such that
z* =zU{(al,...,ay,,h")}isdtll aclique. Observethat it is not

restrictiveto assumeh™ ¢ {ha, ..., hp}, since changing of outputs
preserves the coherence of tokens. By Finite Definability, thereisa
term P defining the clique z*. Now, let us consider the context

D= ‘U,Fn_;'_l.)\f;—l e Tm (/\X
(if (x=1) []
=hi) hy

lif (x

(5 (=) b o) (Pes..50)

Observe that DM],D[N] € 8(PCF, because we hypothe-
sized that M,N have no free occurrences of linear variables. If
g = (ai),...,gm = (ay.), it is not difficult to see that
[op) sg1i .. 8g15™Ipr = Mlps[F ays = [Paralp] = {x}
and [on] sg1¢ ... 5g1{"]pn C INps[Fass = [Pats]p]
which is either empty or it isasingleton {¥'} different from k.

By Lemma 7, adequacy and definition of fix-point equivalence we
haveD[M] sg1{") ... sg1{™ %, DIN] sg1{(” ... sg1{™. Thus,
we can apply inductive hypothesis (since the number of free stable
variables has decreased), to conclude the proof. O

The above lemma can be used to prove the general case.
Theorem 8. LetM? N? € S8/PCF,.M~, N =M ~, N.

Proof. We prove the contrapositive statement. Let F7*,...,F 3"
be such that SFV (M), SFV(N) € {F1,...,Fn}. Let ¢ beacon
text and P be closed terms such that C[M[P/F]] UnandCN[B/F]] ¥

n for some numeral n. In particular, observe that C[M] £, C[N], by
definition of Fix-Point Operational Equivalence. Moreover, by con-
struction C[M] and C[N] have no free occurrence of linear variables.
Thus, by Lemma 8 there is a context D such that D[C[M]] | m and
D[C[M]] ¥ m. So, the proof is done.

Coroallary 4. The equivalence ~, isa congruence.

7.1 Applicative Operational Equivalence

We conclude the section by defining an applicative operational
equivalence obtained by considering only special kinds of contexts
(Applicative Contexts) to test the equality of terms.

Definition 18 (Applicative Operational Equivalence). LetM?, N &

8¢PCF, suchthat SFV(M),SFV(N) C {F{',...,F "}

o M <% N whenever, for all context C of theform (A£.[-°]) P; ... P,
and for all closed terms L, 7, ..., L%, if CM[L/F]] I n then
CNL/F]] ¥ n

o M~A NIffM <A NandN <4 M.

Theorem 9. LetM?, N7 € 8(PCF,. M ~4 N = [M] = [N].

Proof. Just by observing that the context used in the proof of
Theorem 7 is an applicative context. O

The applicative equivalence still coincides with the previous
ones, so it provides a convenient tool for reasoning on programs.



Corollary 5 (Equivalences Coincidence). Let M7, N7 € S(PCF..

Mg N = Mas, N < M~A N

8. A Tracing Evaluation Semantics

The operational semantics of S¢PCF, presented in the previous
sections is effective, but quite inefficient. Indeed, the rules for
which? and fet-for non-deterministically face a potentialy infi-
nite number of evaluation branches. Consequently, its bovine im-
plementation should try an exhaustive search of the right branch
among theinfinite ones. In this section, weintroduce atracing eval-
uation semantics which is able to drastically prune such infinite-
branching search tree.

Roughly, denotational linearity provides the certainty that each
termisapplied to aunique sequence of arguments. That is, only one
token of the corresponding traceis used. So, an efficient evaluation
can be obtained by storing an argument N in an environment e,
and when the evaluation of N is done, by replacing the term in the
environment by itstrace. Thisway of evaluating programsisakind
of higher-order call-by-need evaluation where the trace of the term
is stored instead of the value. In order to simplify the evaluation
of the new operators, we record such sequence-information along
the evaluation tree. Theideais “to recursively trace” the arguments
supplied to functions. The so-obtained pruned search-treeis finite-
branching and it induces a clever and more efficient evaluation.

A key rolein order to trace al the information is played by the
environment.

Definition 19. An environment e is a function from a finite set of
variables (ground or linear) to either a term (named subject) or a
numeral (named trace).

Let x? be a variable in the domain of e. If o = ¢ then e(x) is
always the trace. If o is an arrow then either e(x) is a term typed
o (the subject) or it isthe trace typed ¢.

W\ note ¢z := M] the new environment ¢’ such that e’(z) = M and
e'(y) = e(y), for each y # z. Last, we note e[(,} the restricted
environment obtained by deleting the variable x.

Note that, the environments associate terms to type union, i.e.
a variable could refer either to a term or to a humeral (encoding
the trace). Moreover, in the case of a ground variable we just need
to store a numeral because of the call-by-value policy that makes
subjects and traces coincide.

The use of an environment to manage substitutions and the pres-
ence of a recursion operator raise the issue of clashes between
variable-names. For sake of simplicity, we do not introduce clo-
sures. We overcame clashes by assuming a whole bunch of fresh
variables and by doing the appropriate renaming at run-time in
the reduction rules. Another reason for following that approach is
that fresh variables are anyway necessary to trace the evaluation of
which? arguments.

As expected, the rules of our machine will be driven by states
(i.e. termin environment); they are denoted by (M|e). Given a state,
the environment contains as usua the subterms to be substituted to
all thefree variables and, sometimes, also some additional variables
recording traces. Indeed, during the evaluation, sometimes an op-
erational rule “fetches” an head redex and extends the environment
with a fresh variable associated to a new subject. When arguments
are supplied, the operational rules carefully substitute the subject
by the convenient numeral encoding the trace. In thisway, if avari-
able x contains atrace then, it has recorded the use done during the
evaluation of the subject initially associated to the variable x itself.
For sake of clarity, we explicitly remove not used variables from
environments.

We note # the empty environment, so if M is a ground closed
term then we can obtain its evaluation, by supplying the state (M| #)
to the tracing machine.

Definition 20. The tracing evaluation | is the effective relation
from states (ground terms in environments) to states (numerals in
environments) defined by the rules of Table 3. If (M|¥) {1 (n|es)
then we say that M converges, and we write Simply M |}, otherwise
we say that it diverges, and we write M fjr.

We emphasize that al the statesin rules of table 3 are driven by
the head of aground term. In order to facilitate the comprehension
of the tracing machine we have devised its rules in two parts. The
rules in the higher Part (a) take into account all possible shapes of
the head of terms, except the case of ahead variable that is tackled
by the rulesin the lower Part (b).

The rules in the higher part are quite easy to understand, so
we comment only the rules involving non-standard operators. The
rule (w) extends the incoming environment e by a fresh variable
h associated to the term M that we plan to trace, and evaluates
h applied to the identity I = Mx.x (recal that if which?(M)
converges, by rules in the Table 1.c, then MI also converges). The
result of this evaluation gives back a state (n|e;) where e; reports
the observed trace of M. From this, the result is built. Likewise,
the three fet-for rules start by evaluating a branch. If such a
branch converges, the reported traces are used in order to start the
evaluation of the other branch. In this case we supply as subjects
of theinvolved variables terms having (exactly) the behavior of the
reported trace (recall the Lemma 4). Therefore, a rule converges
only in case the two branches do the same observations on the list
of arguments supplied to alinear variable.

The lower part of Table 3 is a bit more complex. All the rules
fetch head-variables, so the discriminating factor that drives their
behavior is found in the shape of the subject associated in the
environment to the head variable itself. Indeed, it is easy to see that
there is one rule for al possible shape of the “head-subject”. We
remark that fet-for is not taken into account, since aterm having
alet-for as head is certainly typed ground and ground terms are
evaluated before to be stored in the environment (because of the
call-by-value policy).

Therule (Hgvar) is easy. (Hvar) considers the case where the
subject associated to the head variable is another variable-name, it
forwards the evaluation by using the subject. (Happ) isakey rule. It
applies in the case the subject associated to the head variable is an
application MN. In this case, it shiftsN in the term of the state driving
the rules. Such approach alows us to collect sufficient information
to report the needed traces. Therules (Hs), (Hp) and (Hy) are quite
simple. Likewise to the rule (w) presented above, the rule (Hw) is
interesting: it uses the information collected by the fresh variable
h to produce the right outcome and the trace of the which? itself
(sinceit isasubject of theincoming environment). Finally, therules
(HAY), (HAL), (HX,?) and (HXZ) consider the cases arising from
an head variable associated to an abstraction in the environment.
There are four rules depending from two types, i.e. the type of
the body of the abstraction and the type of the abstracted variable;
mnemonically, the rule's names use as superscript the type of the
variable and as subscript the type of the body. The rules (H)})
and (H)\',) need first to evaluate the ground argument in order
to comply the call-by-value policy. All the rules compose the sub-
tracesinformation in the rule-premisesto obtain the traces that they
must provide in the rule-conclusion.

We now prove that the trace evaluation machine is correct and
complete with respect to the evaluation semantics presented in
Table 1 and Table 2. It iseasy to check by induction that the rules of
Table 3 preservethefollowing property: if FEV(M) = {51, ..., 5}
for some n > 0 then such variables are in the domain of e.



(Mleo) U (mler)

(Mleo) r (smles)

 fresh, (M[£'/£]P1...Px|eo[f :=N]) 1 (n|es)

e} Uz (0ley
(M]eo) Ur (0]ex)

(sM|eo) Ur (snler) (pM|eo) Ur (nfer)
(Ller) Y (mle2) (Mleo) U (snfes)

(Rles) Jr (m[ez)

s ()
((A£7°T MNPy ... Peleo) Ur (mlexfiery)

(M[uFM/F]Py...Pleo) Ur (mler)

if
(¢if ML R|eo) Jr (m|e2) (') (¢if ML R|eo) {1

(ifr) (1)

(mlez) ((nFM)Py ... Pifeo) Ur (mler)

« fresh,  (N|eo) 1 (n'|er) (M[x'/x]P1i...Pxlei[x’ :=1n']) Ir (n|e2) 0 w0~ fresh,  (hIleo[h:=M]) 1 (nfe1) k = mimiei(h) w
(A" MNPy ... Px|eo) Ur (n|ealrxy) (which? M) eo) Yo ([m, k] |1 lny)
(My[£3/£1,. .. £ /fu] | eo[£) i =Ny, . .., Fx:=Nu]) Yz (Oes)
¢ fresh (1<i<x),  (Mo[£]/£1, ..., fi/fx]|es[£] =8g17 ), Tk i =8g17F ) ]) U (smle)
p = - d X (llgor)
(Let £7' =Ny, ..., f7* = Ny infor M; M, Mz|eo) 1 (m|ez [{f;?..., )
(Mo[£7/£1, ..., £1/x]| o[£} ::Ni,...,f;::Nkp Ur (0]es)
#f fresh (1<i<x),  (Ma[£1/f1,. .., fr/fxl|e[f] ::Sgl;l(fé), B Sgl;k(fl,()]) Ur (sm|ez)
2 T
(Let €77 =Ny, £ = N infor My Mo Maleo) Ur (mlealis;, .. s7)) reer)
(Ms[£1 /€1, ..., £/ fulleo[f1 :=Ny, ..., £ :=Ne]) Yr (O]es)
# fresh (1<i<x), (Mi[f}/f1,..., £, /fu]|es[£] ::Sglzll(f{), I Sgli‘(f{{)]) U1 (sm|ez)
3 T
(Let £7* =Ny, ..., 7 = N infor My My Mz|eo) Yr (mlealier . er}) 1eer)
e(x)=n Hoven (BP1 ... Puleoley) Ur (nfer) v nfresh, (WNP;...Peleo[h:=M][(s}) U1 (nfes) (Heon)
(x'|e) Ur (nle) (£P1...Pxleo[f :=h]) Jr (n|es[f := er(h)]) (£P1...Pxleo[f :=M"""N]) Ur (n|es[f :=(m2e1(h))]I(n})
Mleolgsy) U (nler) 9 (Mleolgey) U (snfes) o)
(£7°"Mleo[f :=s]) Yr (sn|es[f :=[n, sn]]) (£ Mleo[f :=p]) Ir (n|es[f :=[sn,n]])
(£Py ... Puleo[f := (M[uF M/F])]) U1 (n|er) o nfresh, (hIleo[h:=M[(s3) U1 (ner) k=mmiei(h) )
I -
(£P1 ... Pyleo[f := (uF M)]) Ur (nfer) (£M] eo[£ :=which?]) Ur ([n, k][es[f :=[[[k, k], n], [0, k[]][n})
zfr&h, h,z fresh,
(Pleolizy) Ur (mler)  (M[z/x][es[z:=mn]) Ir (n|e2) . (Pileolsy) Ur (nfer) (BP2...Peles[z:=n,h:=Mz/x]]) I (n]e2) HA)

<fP|€o[f = )\XL.MLD U'T <171‘€2 [f Izl—g7 g” [{ﬂ)
g freh,  (M[g'/g]leolg’ :=Plley) Yr (mler)

(£fP1...P¢leo[f:=Ax* M7 °7]) |1 (n|e2[f :=[ex(z), €
h,g’ fresh,

2(B) [1Mgzny)
) Ur (nfez)

(hPy ... Pyles]g’ :=P1,h:=M[g'/g]]l(e}

)

(£P|eo[t :=Ag” " .M']) U1 (nles[f :=[es(g), nlll(e})

(£P1 ... Peleo[f := Ag7 7 M 7)) I (nes[f :=[es(g’

=)

)

s e2(B)]]Tngry)

Table 3. Tracing Semantics - Part (a) and Part (b).

Note that e associates to a variable s« a term N that can contain
variables which are also in the domain of e. We show that we can
avoid the use of cyclic environments. Let ey be an environment
such that dom(eg) = {s1,...,n}, let (M|e) be a state, let N
be Mle(5¢1) /521, . .., e(5en)/5n]. We define T to be the function
from state to state, defined as follows: 7 ((M[e)) = (N|e[(rvay)-
We plan to transform a state (M|e) in a closed ground term by
iterating 7 until the environments becomes (eventually) empty. If
such procedure is terminating then the state is said acyclic.

Lemma9. Theevaluation of acyclic statesonly usesacyclic states.

Proof. Since we add only fresh variables to the environments and
the environments is always finite. O

From now on, we consider only acyclic states. Since (M| ) is
trivialy acyclic, we can define 7. ((M|e)) to be the closed ground
term obtained by iterating 7" until the environment becomes empty.
Lemmall. Lett =01 — ... o 0 — 7.

If (£7Pi...Peleo) o (nler) then chl)
(Sg1le,(£)P1 - - - Pxleo) Y (n]e1liey)

Proof. Easy by induction on the tracing reduction rules.

and

(eoff)) & 0

O

We can prove the trace evaluation machine to be correct and
complete, by using the previous lemmas.
Theorem 10. Let 7o ({(M|eo)) = P.

Correctness. If (M|eo) {1 (n|e1) thenP | n.
Completeness. If P || nthen (M|eg) 1 (n|e1).

Note that the tracing evaluation machine is a concrete improve-
ment with respect to the evaluation machine presented in Table 1
and Table 2, in the sense that it prunes the infinite branching search
trees of the evaluation rules for which? and fet-for. So, it can be
regarded as a guideline for a reasonable implementation.

Example Let us see the effectiveness of the tracing machine, by
showing the evaluation of the term which?(Af‘*.s(£3)). In the
following, we denote with e the environment #[£" = 1.

B b @) Gl =8) b Bz =3) oo
('3le) b= @I°F" = [3.31) L
(s(£'3)[e) U (a|*[£" = [3,3]]) HA=)

(b I|#[h = Af.s(£3)]) Ur (3,¥[h = [[3,3],4]])
(which?(A£"~".5(£3))|) Ur ([4,3]]%)
It can be noted here that the rules (H\,°) and (H\;) are crucia
to trace out the use of terms being substituted to the fresh head

variables h and £'. The rule (H);°) traces the term \f.s(£3)
applied to I. Therule (H\;) tracesthe term I applied to 3.

W)

9. Redated works

The study of the relations between languages and modelsisaclas-
sic theme in denotational semantics [15, 28]. The full abstraction
for PCF has led to the devel opment of very sophisticated semantics
techniques (as [2, 23]) and revealed relevant programming prin-
ciples and operational constructions. In particular, several works



have studied how to extend PCF by different operators in order to
achieve full abstraction compared to some classical models. For
example, this approach has been followed by Plotkin [33] for the
continuous Scott model, by Berry and Curien [9] for the sequential
algorithms model, by Abramsky and McCusker [1] for a particu-
lar game model, by Longley [26] for the strongly stable model and
by Paolini [29] for the stable model. Remark that all higher-type
operators introduced in the works above [9, 26, 29, 33] cannot be
directly interpreted in the linear model. This motivates our search
for new operators.

Many linear languages with different goals have been proposed
so far in the literature. Recently, in the studies of syntactical linear-
ity, Alves et al. have proposed several syntactical linear languages
in order to characterize different classes of computable functions
[3-5]. Such languages are syntactically linear but do not have extra
operatorsthat are key ingredients of S(PCF,.

Two PCF-like languages embedding linearity notions have been
proposed in [10, 11]. These languages are not denotationally linear,
in the sense that not all their closed terms are in correspondence
with linear functions of asuitable domain. In particular, they cannot
beinterpreted in the linear model considered here. Despite thisfact,
the authors of [10, 11] give some interesting results on the relations
between several forms of operational reasoning, in the context of
the linear decomposition. Our results on the coincidence of three
operational equivalences can be viewed as further contributions in
those topics.

10. Conclusions and Future Works

The results presented in this paper are part of a wider project
(started with the works [17, 30]) aiming to extend the expressive
power of linear programming languages. Our aim isto study partic-
ular denotational models embedding a notion of linearity, in order
to extract programming languages that are fully abstract or fully
complete (universal) with respect to the model, and that have new
interesting operational features. Our study is also related to higher-
type computability [25, 27], since the higher-type of new operators
arising from these analysis.

A first interesting direction is to extend the results obtained in
this paper in order to prove the universality of 8¢PCF, with respect
to the linear model, i.e. to find the language able to define all the
recursive cliques of the model. Another interesting direction is the
study of 8¢(PCF, semanticswith respect to other model notions. In
particular, we would pursue the study started in [31] about a model
for 8(PCF, based on linear processes. Moreover, we would pursue
the study about categorical models for S¢PCF, [18].

Last, we guess that an even more efficient evaluation of SCPCF
is possible. In particular, it would be interesting to study a new
evaluation machine having an optimized memory management.
That is, an evaluation machine that does not need neither fresh
variables nor closures and where the heap will be used only for
trace out sub-programs.
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