.. et vl e commidor tha ,Q,CL%Q);),?
Paths and connectivity 1 o ,
Question. Is there a path from s to e?
Def. An undirected graph is connected, if there is a path between any pair of nodes.

Task: Given a source node s, find all nodes connected to s. “M %i K

QL VORTOK
L\

Algorithm 1: GraphSearch(G(V, E), s)

/* G is an undirected graph, s a source node
1 conn < {s}/* set of nodes connected to s
2 while there is edge (u,v) with u in conn and v not in conn do
3 ‘ add v to conn;

4 return conn _ib w /};& 9& \R/\*(LU}
s-c-d (simple pa)




Graph representation: adjacency matrix

Adjacency matrix: nxn binary matrix A, such that A[i,j]=1 iff (i,j) is an edge

1 2 3 4 5 6 7 8 W
1-01100000-/;»?(77»

o1 01110 0 0 |

a1 1 0 0 1 0 1 1| undrectedgraph
110(@)o 0 100 0

510 T1 101 00 P is o

610 0O OO 1 0 0 O | “L&%e’
71001000 01 2 1o A
00 00010 directed graph

I 2 3\4 5 6 7 8

node ids o1 0)0 0 0 0 0

> 1 0 1(0)0 0 0 0

5 |1 0 04 010

A oéo 04 00 0

= |0 1 100 0 0

directed adjacency matrix: 10 00 0 1 0 00
_ . - 100 000000
rows: node of origin of edge e oo 10001 0

cols: destination node
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Adjacency matrix in Good Will Hunting.

https://www.imdb.com/title/tt0119217/
https://graph-theory.blogspot.com/2008/11/good-will-hunting-problem.html




Operations on an adjacency matrix

Adjacency matrix: nxn binary matrix A, such that A[i,j]=1 iff (i,j) is an edge

1 2 3 45 6 7 8
1o 1 1.0 0 0 0 O]
211 01 1 1 0 0 0
311 1. 0 01 0 1 1
4210 1.0 01 0 0 O
510 1 1 101 0 0
610 0001 0 0 O
710 01 0 0 0 0 1
810 01 00 0 1 0

How do we perform a lookup? e.g. check whether (u,v) is an edge
Skt vodus, S%MWJ\L;Q AT, vl ol The issmdion o
e AL Londs LQlMwn A
How many operations is that? *4; Al =1 = conmadad

@(A\ = @Q\F’S\Oﬂé‘ m A.é( Aluv}=0 = iiscormne oy



Operations on an adjacency matrix — TopHat

Adjacency matrix: nxn binary matrix A, such that AJi,j]=1 iff (i,j) is an edge

1 Q@ Ws &7 s
0 1 1 0 0 0 0 O]
1 01 1100 0
1 1001 0 1 1
01 0010 0 0
0 HO® 00 0
00 0 0 10 0 0
00100001
00100010

Question 1.: (multiple choice!)
Complexity of listing all neighbors of vertex v?
A. O(1)

B o()

C. O(n?)
Complexity of listing every edge in G?
D. ®O(n)

F. ©O(m)




Operations on an adjacency matrix — directed

How would you implement the following operations and what is their complexity?

 Lookup: verify whether the pair (u,v) form a directed edge

Urack, if Hhe infivsdlion o now 2 amd. S O 45 4
- Find the out-neighbors of v, or find the out-degree of v. (degree = number of
edges directed away from v) Couvt e comewnrid o 4 in Ahe new -
* Find the in-neighbors of v

C@\mfmwmwmf&k/i\/a Wm“ﬂ)&m“v

- List every directed edge in G

ory d 1 2 3 45 6 7
I Ly o100 000
ik SRR

- 0 <= Then: 3
%A[wd]v— ~ 4101000 0 0
LMJr:i =101 1 100 0
610 00010 0
e - 100000 0 0
S <001 0001

SO DD OO W




Graph representation: adjacency matrix

Adjacency matrix: nxn binary matrix A, such that A[i,j]=1 iff (i,j) is an edge

1 2 3 4 5 6 7 8

1]/0 1 1.0 0 0 0 O]

211 0 1 1 1 0 0 O

311 1 0 0 1 0 1 1

410 1 0 0 1 0 0 O

510 1 1 1 0 1 0 O

610 O 0 O 1 0 0 O

710 01 0 O O O 1

o _O 0O 1 0 0 0 1 O_
space complexity @(nz)

Operation time complexity
check edge (u,v) O(1)
list all neighbors of u O(n)
list all edges On?)




Graph representation: adjacency lists

Adjacency list: For each node v there is a record listing the nodes to which v is

connected. \a Wsos /Qm /yPouuu -W\am om MW S become e

/SB’LQ)vC.gnmjjldz

! 1>14%
Nodeld Neighbors Qﬁ g

8 3 7

/ 3 8

5 2 4 3 6
6 5

Note: vertices in an adjacency Iis’fineed n&]appear In any particular order.

\‘H\@



Graph representation: adjacency list — weighted graphs

Adjacency list: For each node v there is a record listing the (node, weight) pairs to
which v is connected.

Nodeld Neighbors

neighbor id edge weight
1 22| [3]5 l /
2 112 412 5|7 3|3
3 213 115 514 712 8|3
4 2|2 5| 1
8 313 716
7 3|2 8|7
S 2|7 4 11 3|4 6| 1
6 511

If (u,v) is an edge with weight w, then we store (v,w) instead of (v) in u’s neighbor list

10



Graph representation: adjacency list

Adjacency list: For eac there is a record listing the nodes towards which v

has a directed edge.

Nodeld

Neighbors
10-n| b | 5 [
4 —N| c | 15—
AP

12



Nodeld Neighbors

neighbor id

Question:

Let A be an adjacency list. What is the total number of keys stored in A?

A. ©(V]) C. O(E|) LE./@(|V|+|E|)
B. ©(|V|*) D. O(max{degree(v)})

edge weight
1 22| |35 l /
2 112 412 5|7 3|3
3 23 1[5 514 7|2 8|3
4 2|2 5|1
8 3|3 716
7 3|2 8|7
3 217 41 1 3|4 611
6 5| 1



Graph representation: adjacency lists

space complexity

O(tvi+ (EL)

Operation

time complexity

check edge (u,v)

O(S(w))

find all neighbors of u

4

O(sw))

find all edges

am—

D[N+ |E

Nodeld

Neighbors

1

14



Adjacency list — space complexity analysis )\/ -0
| y P%Q&WPMY\ Z/%q{zo@%w -

Claim. The size of the adjacency listis ©(n + m) ) |

—~ Note. using n+mis the preferred ngtat.ion. O(n 4+ m) = O(max{n,m})
Q) = e iy oy N coloining o id

el adop i s oo hudluy o tapunded o o e,
L e SN P ER I AR

W@m@oﬁw O o wpmwm 1he  weden
NQM@MQ(W\J@W%M%
T | We ~~204, @(moqc\mmﬂ 4o mpme/g(,;f‘

Hhe @&&M s => @<M(N\\‘f\f\\\ = @(\M‘\m\




Adjacency list — space complexity analysis

Claim. The size of the adjacency listis ©(n + m)
Note. using n+mis the preferred notation. @(n + m) = ©(max{n, m})

proof 1:

®(n) -:thereis a slot in the main list for every vertex v even if their degree is O

om) Hhou o K & A S(v) e wveuy v im T moin sk
- For each v the size of the list containing v’s neighbors is degree(v)
- We know that each edge (v,w) contributes once to the degree of v and once to w

2 degree(v) = 2m = O(m)

vevV

proof 2:

O(n) : there is a slot in the main list for every vertex v even if their degree SO
@(M)Wmo@n\gew e%z’tf tA/w(Xwauvjloﬂt on M

- Each edge (v,w) is represented in the table twice; w is in the neighbor list ofw and /
vice verse. mam\

Exercise. Repeat the same proof on directed graphs and the directed adj Ilst



N2 vs. m in graphs

Why is the use of adjacency lists, with ®(n + m) complexity considered better
than the ©(n?) of the adjacency matrix?

I‘WAK\J\\\\X/\& o G&SQ\LW SV W W%ﬁ) ~NNL Lo_\pdmv\—?\(}/v\
wodian » 901 why e Olwmtw) iwdiod O™

O0r)= v (=g c.\nl( Bocoun ol wdyf 1S Towted fwice )

5 >
WS i e g omowd % s ™ © Wﬁﬁ’mﬂu

2.
n-AEMS N

Exercise. Compute the minimum number of edges in a connected graph on n vertices.
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Computing the running time in loops

A is the adjacency matrix of a graph, G is the adjacency list of the same graph.

Algorithm 1: MatrixCount(A)

count < 0;
for:=1 ton do

1
2
3 for 7 =1 ton do

4 if Ali,j] == 1 then
5

6

‘ count+ = 1;
return count/2

Wﬂmm.

Algorithm 2: ListCount(G)

1 count < 0;

2 for v in G do Eéﬂ/\' N mm@%
3 for w in Glv| do

4 ‘ count+ = 1; ’Q'd%%

5 return count/2

18



Computing the running time in loops - TopHat

A is the adjacency matrix of a graph, G is the adjacency list of the same graph.

Algorithm 1: MatrixCount(A) (multiple choice!)

count < 0; TRATN What is the running time of MatrixCount?

fori=1tondo —> V- ‘
for j =1 ton do —~ \(\'\\M A. O0)

1
2

3

4 if Ali,j] == 1 then

i O
6

‘ count+ = 1; ] \ B @(nz)
return count/2 '
What is the running time of ListCount?
(C. 8t m

Algorithm 2: ListCount(G)

1 count < 0;

2 for v in G do—>x TV O &(nm)

3 for w in Glv| do

i | | counts y E. O(n - deg, ;)
5 return count/2

o Jurcfh oy Th Jop



Computing the running time in loops

A is the adjacency matrix of a graph, G is the adjacency list of the same graph.

Algorithm 1: MatrixCount(A)

1
2
3
4
5
6

count < 0;
for:=1 ton do
for j =1 ton do
if Ali,j] == 1 then
‘ count+ = 1;

return count/2

Algorithm 2: ListCount(G)

1
2
3
4
5

count < 0;
for v in G do
for w in Glv| do
‘ count+ = 1;

return count/2

If the number of iterations in the inner loop is
fixed, then we can multiply to get the number of
iterations.:

n x n iterations, O(1) each results in O(n2)

If the number of iterations is different each time

then compute the total number of operations

across the iterations.:

- the outer loop visits each node ones: O(n)

- the inner loop iterates over each edge in G, the
counter is increased once for each edge: O(m)

- total: O(n+m)

20



Breadth First Search (BFS) O W A /Q:UP
Breadth first search. - < % 3 /g\;}(y)

* Task: Given a source node s, find the shortest path from s to each node v that it

IS connected to

gl ol *‘“%Q“m%% bard ¢

g
Wﬂw&%%

e TAINWM SYANeY 8%
AP

shortest path between nodes u and v = the connecting path with the least edges



BFS

Breadth first search.
* Task: Given a source node s, find the shortest path from s to each node v that it

IS connected to

First iteration:
start from s.

Second iteration:
find all neighbors of s. first layer

Third iteration:
find all (so far undiscovered) neighbors of nodes in

first layer. second layer

Fourth iteration:
find all neighbors of the second layer. third layer

BFS search tree: an edge connecting each node to the neighbor through which it was

discovered. ”s



Breadth first search — order of node processing

Green: alternative order of node processing.

BFS search tree

23



