BU CS 332 — Theory of Computation

O

https://forms.gle/2d2ANba88rCLwZBC6 g PR
_il,i'_'-i
IJ *-r
EI:'.ru-.
Lecture 7/: |
Reading:

* Distinguishing sets “Myhill-Nerode” note

* Non-regular languages

Mark Bun
September 23, 2021



Motivating Questions

e How can we tell if we’ve found the smallest DFA
recognizing a language?

Last time: Introduced distinguishing set method

* Are all languages regular? How can we prove that a
language is not regular?
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A General Technique A ={w € {0,1}" | w ends with 01}

Definition: Strings x and y are distinguishable by L if there
exists a “distinguishing extension” z such that exactly one of
xz or yzisin L. Eha.  x2el ad YT £L

ExX.x = ¢ y:o ¢l ::.A ‘1‘&61—

= | x:€elc L&A yz-ol ek

Definition: A set of strings S is pairwise distinguishable by L if
every pair of distinct strings x,y € § is distinguishable by L.

Ex. S = {¢,0,01} .
A€, =0, = | K=-€,y= 01 Z=€C =0, Y=ot 2: €&

Theorem: If S is pairwise distinguishable by L, then every DFA
recognizing L needs at least |S| states Auy OFA recey A

edo 25 shies
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A General Technique

Theorem: If S is pairwise distinguishable by L, then every DFA
recognizing L needs at least |S| states Piggar X ; Ty o%igued 4o
4:?.1;, P ST 1(‘,,4‘1 (W<16)) wde 45 % M eMdc m

[*gemy ~ - - Stebe 9, Wlen vtadsy
Hoeo . OFA ohaits %, 9., G, rek) ™

—_—

GoaV. fProve M does wot

vey. L
Proof: Let M be a DFA with < |S| states. By the pigeonholeaq

principle, there are x, y € S such that M ends up in same state
on x and y

X a \ Coe S N ee\-\fw:\f dat., 3 & 6d. (wloyz)
—%( ) T ) XEEL ad yz €L
TN ) 7”4
Y Ao V€ Q«g’sk’“’
Preots e acapl shie X pesedd shi€
pcm‘\’ \oe \noﬂn) ¢ M Cart r{<o9. L.
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Another Example

B={we{0,1}" | lw| =2}

Theorem: If S is pairwise distinguishable by L, then every
DFA recognizing L needs at least |S| states

S=1{ € ,0,00,009} k) qart .

Claw: BVy OFA N D wody 24 Glakeg ) W27
oo . T pavwdSe did. v, 4
Qo Gho S ¢ J D L

x=€,9:0 - 2= O
1= €, 4y: 00" 2: € 3) bl =)
Y:€, y=060_2:0] (,1\ lw| = ©
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Distinguishing Extension

Which of the following is a distinguishing extension for x =
0 and y = 00 for language B = {w € {0,1}" | [w| =2}7?

J
a)| z=c¢ oe B, 00ec eb
g) 7 =10 00 €16, OO‘D¢6 E E
" _ : .#I
c) z=1 .;3.1‘_5'
d) z=00 Eig

Olen, OO0 ¢4
090 ¢, 000 d54
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Historical Note

Converse to the distinguishing set method:

If L has no distinguishing set of size > k, then L is
recognized by a DFA with k states

Myhill-Nerode Theorem (1958): L is recognized by a DFA
with < k states iff L does not have a distinguishing set of
size > k
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Non-Regularity

Theorem: If S is pairwise distinguishable by L, then every
DFA recognizing L needs at least |S| states

Corollary: If S is an infinite set that is pairwise
distinguishable by L, then no DFA recognizes L

‘\'@0‘:‘*& #“ DEP M Ney. L fle, L hes wswmduic,
faV\A“’( desl . s

Pron{ lod W = A shies of M

Ly Thew, Oy pé.u;ae day. el Sfw L wsl have s
|$\-ﬁ kK, o wo wiale did. < emsk.
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INFINITE
DISTINGUISHING
SET

h/t Islam
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The Classic Example

Theorem: A = {0"1" |n = 0} is not regular

Proof: We construct an infinite pairwise distinguishable set
S:¢e,0, 00,00, .5 = 50" l n? 85
Now swo G .5 pavure ded -

LA

wm
Led 1,&5&6 Yo afb:'"w, Gaj A= 0 | \910 m, N2 O

wmEn

Dot g uthuy elengon. 2 ="
v n

L2 0\ €A

4z = o™1" ¢A
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Palindromes

lot el
ol & L

Theorem: L = {w € {0,1}

n
(91 -

K
on

0}
1ol 7 (o}
lw = wx}is not regular

Proof: We construct an infinite pairwise distinguishable set

5= § V"o ‘ v 1y | 8" faeeie did
! > § =10 =" 9 min
3:2!£O|7¢é§9,"73 Le Y
““2\‘40 |“20% A = L . Tlen lmOl S'L
5 - "or"éd L.
- PRI 4 CIIT‘ - L n-t |
LA LQJ' X210 ys V"o ” , nfm
: n m
(4N X2z ) Q) y: 10! does wsl work
-1 4 w-2
‘Z: " O' X= .“o|l O\n ELV\
-2
9 "o """ "o ¢ VY
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»TIMETOWORKIN

L

Now you try ' sﬁnnnﬁnn%r%»

Use the distinguishing set method to show that the
following languages are not regular

L,={0'1 |i>j =0}
6= $0"| nzo}

Lot €, €5 e oty Lol xz 0"y yco",
A sone u.l\o:j nNIwm .
(o4 2= gm . Tea A 7= Onlm (V\vm\ é L‘
gtz "M ¢,
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»TIMETOWORKIN

Now you try! Sl X

. A
i : . J‘«H'F /’15 A
SMALL GROUPS 2"

/L

Use the distinguishing set method to show that the
following languages are not regular

. (= 1\
5= {w| wew,y g2z

- _— N\

I

d (,9€S ke ab $'= 201" | nz 0
(4 2= - Ten 116(2 ?('-'Oln) V)»‘OIM Mi"

A
0 YR E 2> O|V\ e - Olﬂf)!n € L2
R 9a / Y3 OIMO'In¢ L1
13

4]
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Reusing a Proof

Finding a distinguishing set can take some work...
Let’s try to reuse that work!

How might we show that

BALANCED ={w |w has an equal # of Os and 1s}
is not regular?

{0"1" |n = 0}=BALANCED n {w | all Os in w appear before all 1s}
Wok rfgules TV gl av/

Aosme (& (M'\erd\\ﬂ) Wet LALAMEY O m’qla,r

= NAS v also ﬁ,u‘w C clswe  under /\)
2D $0"1") w20y  alsd  wgule X,
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Using Closure Properties

f A is not regular, we can show a related
anguage B is not regular

0 - ) »

(not regular) U (regular)

any of {o, U, N} or, for one language, {—, %, *}

By contradiction: If B is regular, then B N C (= A) is regular.

But A is not regular so neither is B!



