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Reductions

A reduction from problem A to problem B is an algorithm

for problem A which uses an algorithm for problem B as a
subroutine

If such a reduction exists, we say “A reduces to B”

Positive uses: If A reduces to B and B is decidable, then A
is also decidable

Ex. Eppa is decidable = EQpppa is decidable

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

Ex. E1y is undecidable = E (1), is undecidable
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What’s wrong with the fgllowing “proof”?
Bogus “Theorem”: Aty is not Turing-recognizable

Bogus “Proof”: Let R be an alleged recognizer for Aty. We
construct a recognizer S for unrecognizable language Aty:

TM 3 -A_-TM C uwrf(oe,h-?.a‘o(e
_ € rros’

On input (M, w): SR wok 0 e
1. Run R on input (M, w) S

—

2. If R accepts, reject. Otherwise, accept.
3L N loops o0 W, Hen <MD & A
Gur | S(LM,UD) losts Ferewr, 50 bohavly of S5 Wt et

This sure looks like a reduction from Aty to Ay
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Mapping Reductions: Motivation

How do we formalize the notion of a reduction?

2. How do we use reductions to show that languages are
unrecognizable?

3. How do we protect ourselves from accidentally
“proving” bogus statements about recognizability?
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« ey i NQW v wod ‘mls fo (Oﬂon"f.
Definition: | vore Sdteahiy fackarg
A function f: X" — X" is computable if there isaTM M

which, given as input any w € X7, halts with only f(w) on
its tape. (“Outputs f(w)”)
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Computable Functions

Definition:
A function f: X" — X" is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on

its tape. (“Outputs f(W)") 44 T Lral 9l M
(1’\9 ark k)MW:, ﬂ“""bef’s)

o

Example 1: f({x,y)) = x+y owg' GEIL - |2 l
T = X +)

Example 2: f({(M,w)) =(M') where M isa TM, w is a

string, and M’ is a TM that ignv%res its input and simulates

. YR A
running M onw Lot ')

\ o~ Mf"“ p AN

1. Tgnoe 2L
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Mapping Reductions

— W

Definition: A,& ¢ Z

Language A is mapping reducible to language B, written
A<y, B

if there is a computable function f: X = X such that for
all stringsw € X", wehavew € A< f(w) €B

= | 4 [T N

B
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Mapping Reductions 1:;}; &
Definition: EI-E.',..._,.

Language A is mapping reducible to language B, written
A<, B

if there is a computable function f:X* — X" such that for
all stringsw € £*, wehavew € A & f(w) €EB

If A <., B, which of the following is true?
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Decidability (’*’W'ﬁ\} < ) v

Theorem: If A <., B and B is decidable, then A is also
decidable

Proof: Let M be a decider for B and let f:X* = X" be a
mapping reduction from A to B. Construct a decider for A

as follows: Pl of e e (N docidog A)
T\ N Ny 3 Jeh, don HA) R (AL of

— g =y 4]
On input w: SN acgh F) 1M deidey 1]

1. Compute f(w) DN acerts

2. Run M oninput f(w) D) I A FA n A GN (b of

e : rop. 1o
3. If M accepts, accept. If it rejects, reject. )
=) M tech {6 M dedes 1)
= N prrch
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Undecidability

Theorem: If A <,,, B and B is decidable, then A is also
decidable

((mWOj‘,-\{/( 0-(’ 'W\m)

Corollary: If A <,,, B and A is undecidable, then B is also
undecidable
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Old Proof: Equality Testing for TMs

EQrm = (M, M3) |[My, M; are TMs and L(M;) = L(M>)}

Theorem: EQpy is undecidable  Us¥ ' Ewm wdecdable
o T m?) M o e L(m) g3
Proof: Suppose for contradiction that there exists a decider R

for EQrp. We construct a decider for ETy as follows:
On input (M):

1. Construct TMs My, M, as follows: )
M, =M M, = “Oninput x,
1. Ignore x and reject”
- J
2. Run R on input (M, M,) T <MD € Erm, Heo

Um )= Umy:= ¢

3. If R accepts, accept. Otherwise, reject. "(“;L’(w" f? C COm
TS <V"h¢ Cin ey ) .. .= Pk !
L) = LY 4 9 L(%):sth_ls is a reduction from E1y to EQum

=)
> (M, M) G B = 1 W echy I acath.

11/9/2021 CS332 - Theory oRComputation . 11



New Proof: Equality Testing for TMs

EQrm = {(My, M3) My, M, are TMs and L(M;) = L(M;)}
Theorem: E1y < EQ1M hence EQty, is undecidable

Proof: The following TM N computes the reduction f:
£ 75 =1%  Tab.<w dn) € Eom &9 KMy, 1,7 € Lo
Oagud” Ly W >

On input (M):

1. Construct TMs M., M, as follows: A
M, =M M, = “Oninput x,

L 1. Ignore x and reject”)

2. Output (M4, M)
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Mapping Reductions: Recognizability

Theorem: If A <, B and B is recognizable, then A is also
recognizable

Proof: Let M be a recognizer for Bandlet f:X* = X" be a

mapping reduction from A to B. Construct a recognizer
for A as follows:  Coweclass”

BE—" D T WeA = ey 1§55 a my wd.)
.——.—-: =) M a e [M rer.a’n'.'t-e> IS]
On input w: D N accepty w

1. Compute f(W) ) If wgs = fdhe¢n SFf gy )
2. Run M oninput f(w) =3 M @i reecy o [oofs
. . TM quk‘.?n fQ
3. If M accepts, accept. Otherwise, reject.
=) N ot wsech o looe 04 o
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Unrecognizability

Theorem: If A <, B and B is recognizable, then A is also
recognizable

Corollary: If A <,,, B and A is unrecognizable, then B is
also unrecognizable

W2 bwy Am N M, o«,nﬁ‘ﬂuﬁ

Corollary: If Aty <y B, then B is unrecognizable

(o'_&ﬂ; I A-M‘ AN T (OB (PR Wan B esgh X able
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Recognizability and A1 'i':ﬁr;ﬁt,
A

Ce2ess

Let L be a language. Which of the following is true?
A 0 rograde + Theorem
@ fL <., Atm, then L is recognizable
b) If Aty <p L, then L is recognizable
c) If Lisrecognizable, then L <., Apy & ¢'«° Tre!
d) If L is recognizable, then Ay <, L

Theorem: L is recognizable if and only if L <,,, Atm
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: . | Ang uage
Recognizability and Aty T ke G RE-
Theorem: L is recognizable if and only if L <, App ¢ 1

lang .
Proof: &1 Tf L €m Aw , s by Thm ¢ £ad Het
A ' rPcoqmlaNie L Y rbcognraYle “:ecl:l:‘mp«j”

"—’rj Suppase L n Roagnaae by T M .
Clain. 3 « mapiny  hcdon § From [ do Am
Wod W EL 2 FLD € Ay . (oapk F uday He Ly
™ 2
T 0A gt W
Oubgat L M| Ay
Sel =) N agh &= (M) € Aon
wfL =2 M dses wt awp W = <m,) 4 A

Comclnss-
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Example: Another reduction to EQ1ym

EQtm = {(My, M) [My, M are TMs and L(M;) = L(M;)}
Theorem: Ay < EQryy A 2340, 2| TM M aceph 0

Proof: The following TM N computes the reduction f:
(i) c A = Femn) =M m0 ¢ EQma &35 b ]

el h e

LD G B > £(0) = Cnymy § Eam Tyl
. rl-. o gl
What should the inputs and outputs to f be? E’Eﬁiﬁ;

a) f should take as input a pair (M;, M,) and output a pair (M, w)
@f should take as input a pair (M, w) and output a pair (M, M,)
c) f should take as input a pair (M, M,) and either accept or reject
d) f should take as input a pair (M, w) and either accept or reject
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Example: Another reduction to EQ1ym

EQrm = (M1, M3) |[My, M, are TMs and L(M;) = L(M;)}
Theorem: Aty <m EQTM

Proof: The following TM computes the reduc_’ggn: T .
IMwoe by 225N, A € EQam | LIM)Y: 3 =% M ek o

£ M doen nad
M aghs w &> LMYy =z Limy) ¢ ‘
Oninput (M, w): aceh o
Lemy) = T
1. Construct TMs M, M, as follows:
M; = “On input x, M, = “Oninput x,
Inge £'4 . Toguwoe C
2. dun M g W. A . A“&P\’ v
aleph, atept . TH _

rRecdg vhyed ﬁsmdacs of wduckon .
) TF Ch, D) EA =D (W)= Limy) - >l
2. Output (M, M,) - ﬁ L2 Ehrn =D LK) =F # 2= 1)
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Consequences of Aty < EQ7wm

1. Since Aty is undecidable, EQry is also undecidable

2. ATM Sm EQTM lmplles ATM Sm EQTM
Since Aty is unrecognizable, E(Qry is unrecognizable

/
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E Q1 itself is also unrecognizable

EQtm = {(My, M) |[M;, M are TMs and L(M;) = L(M;)}
Theorem: Aty <y EQtym hence EQty is unrecognizable
Proof: The following TM computes the reduction:

On input (M, w):
1. Construct TMs M, M, as follows:

M; = “On input x, M, = “Oninput x,
1. lIgnore x 1. Ignore x and reject”

2. Run M oninputw
3. If M accepts, accept.
Otherwise, reject.”

2. Output (M, M)

Corvechecs -
(i € Ao & (M, M) ¢ Caay
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