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Last time: Two equivalent definitions of NP

1) NP is the class of languages decidable in polynomial time
on a nondeterministic TM

NP = U3, NTIME(n"*)

2) A polynomial-time verifier for a language L is a
deterministic poly(|w|)-time algorithm V such that

,ﬁ—
w € L & there exists a certificate ¢
such that V({w, c)) accepts

Theorem: A language L € NP iff there is a polynomial-time
verifier for L
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Examples of NP languages

 Hamiltonian path

Given a graph G and vertices s, t, does G contain a Hamiltonian
path from s to t?

Clique
Given a graph G and natural number k, does G contain a clique of
size k?

Subset SUM NTM'. Guie & cdosettr Sc i1, .. a%y. Clcke tat 2 X;

—

Given a list of natural numbers x4, ..., X, t is there a subset of the ™
numbers x4, ..., X, that sum up to exactly t?

Boolean satisfiability (SAT)
Given a Boolean formula, is there a satisfying assignment?

Vertex Cover

Given a graph G and natural number k, does G contain a vertex
cover of size k?

 Traveling Salesperson



Examples of NP languages: Traveling

Salesperson

“Given a list of cities and distances between them, is
there a ‘short’ tour of all of the cities?”

3
More precisely: Given 2.@\%@3 = Q
* A number of cities m & — (%JD

e A function D: {1, ..., m} % - N giving the distance
between each pair of cities

A distance bound B

TSP = {(m, D, B)|3 a tour visiting every city
with length < B}
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P

vs. NP

Question: Does P = NP?

EXP

Philosophically: Can every problem with an efficiently
verifiable solution also be solved efficiently?

Millennium Problems

Yang-Mills and Mass Gap

Experiment and computer simulations suggest the existence of a “mass gap" in the solution to the quantum versions of the Yang-Mills equations. But
o proof of this property is known

A central problem in mathematics e

Tha prima numbar thecrem detarmines the avarage dis

i of the primes. The Riemann hypothasis tells us sbout the d
hat all the 'non-obvious' 2ercs of the

nfrom the
h real part /2.

average Formulated in Riemannis 1859 paper, it ass

function are compiex numbers vi

P vs NP Problem

[}
Ifitis ea: check that a solution to a problem i3 correct, is it also easy to soive the prodlem? This is the essence of the Pvs NI
the NP problems is that of the Hamiltonian Path Problem: given N cities to visit. how can one do this without visiting a city tw

solution, |can easily checs is correct. But | cannot so easily find a solution.

question. Typical of
ice? If you giveme a

Navier-Stokes Equation
This is the equation which governs the flow of fluids such as water and air. Howa
solutions exist, and are they unique? Why ask for a procf? Bacause a proof gives no

ver, there is ne procf for the most basic questions one can ask: do

nly cartitude, but also understanding

Hodge Conjecture

The answer to this conjecture determines how much of the topology

# the solution set of 3 system of algebraic equations can be defined in terms of
further algebraic equations. The Hodge conjecture is known in cartain special Cases, € §. when the solution set has dimension less than four. Butin
dimension four it is unknown

EXP Poincaré Conjecture
In 1904 the French m: ian Henri Poincard asked if the three dimensional sphere i characterized as the unique simply connected three
manifold. This question, the Poincaré conjecture, was a special case of Thurston's geometrization conjecture. Perelman's proof tells us that e
three manifold is bui v one of eight well-underst

e

it from 3 set

od secmetries

Birch and Swinnerton-Dyer Conjecture
Supported by much experimental evidencs number of points on an elliptic curve mod pto the rank of the group of
rational goints. Elliptic curves, defined b, 15, sre fundamental mathematical objects that arise in many sreas: Wiles

is conjecture ralates ¢

vari

ubic equations in tv

proof of the Fermat Conjecture. fac

ion of numbers into primes, and cryptography, to name three.

If P=NP If P=NP

11/30/2021 CS332 - Theory of Computation 5



A world where P = NP

* Many important decision problems can be solved in
polynomial time (HAMPATH, SAT, TSP, etc.)

* Many search problems can be solved in polynomial time
(e.g., given a natural number, find a prime factorization)

* Many optimization problems can be solved in polynomial
time (e.g., find the lowest energy conformation of a
protein)




A world where P = NP

* Secure cryptography becomes impossible

An NP search problem: Given a ciphertext c, find a plaintext
m and encryption key k that would encrypt to ¢

* Al / machine learning become easy: Identifying a consistent
classification rule is an NP search problem

* Finding mathematical proofs becomes easy: NP search
problem: Given a mathematical statement S and length
bound k, is there a proof of S with length at most k?

General consensus: P # NP NGP & Ace”®

Py 0 ” ‘o?“ n
Trwe (W )
< |
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NP-Completeness
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Understanding the P vs. NP question

Most believe P #= NP, but we are very far from proving it

Question 1: How can studying specific computational
problems help us get a handle on resolving P vs. NP?

Question 2: What would P # NP allow us to conclude
about specific problems we care about?

ldea: Identify the “hardest” problems in NP
Languages L € NP such that LeP iff P=NP
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Recall: Mapping reducibility

Definition:
A function f: X" — X" is computable if thereisa TM M

which, given as input any w € X%, halts with only f(w) on
Its tape. — 7

@ 4

/—'A
Definition: | g ch
Language A is mapping reducible to language B, written

A<, B

if there is a computable function f: X = X such that for
all stringsw € X", wehavew €A &< f(w) €B
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Polynomial-time reducibility

Definition:

A function f: X" — X" is polynomial-time computable if there
is a polynomial-time TM M which, given as input any w € X7,
halts with only f(w) on its tape.

Definition:

Language A is polynomial-time reducible to language B,

written
A S@ B

if there is a polynomial-time computable function f:X* - X*
such that for all stringsw € £*, wehavew € A & f(w) €B
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Implications of poly-time reducibility

pr L A £, asd 5 8 decida hie | Hon A 5 decdable
Theorem: If A <p B and B € P,then 4 EP

Proof: Let M deC|de B in poly time, and let f be a poly-

time reduction from A to B. The following TM decides A
in poly time:

T Compab ™ M ace | wiect
— N oly-dee - 13y —
¢ + l
“ o &\M’f " orrechve roveclibts
Clun T coqedy £ do pedee Fod ucAgfaz ieq(? ¢ duckw)
'z Pan M 8 wpat HD) atiphy () (Cormarre g

L oim)
 Acept o angls re‘ed-fm‘yedz L SR
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s NP closed under poly-time reductions?

dr )
If A <, B and B is in NP, does that mean Eﬁrﬁ.‘m

Aisalsoin NP? 0 decame . NP recogniable I"Z::"ir:;}"_
[=] | g

38
b

[a)| Yes, the same proof works using NTMs instead of TMs

b) No, because the new machine is an NTM instead of a
deterministic TM

c) No, because the new NTM may not run in polynomial time

d) No, because the new NTM may accept some inputs it
should reject

e) No, because the new NTM may reject some inputs it
should accept
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NP-completeness

Definition: A language B is NP-complete if
1) B € NP, and

2) B is NP-hard: Every language A € NP is poly-time
reducibleto B, i.e., A <p B

N -word " /(A_a;(s rans
Age o)
Ts P£ AP | =€ p=wP

NP-Yord /

NP - Gufhele
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Implications of NP-completeness

Theorem: Suppose B is NP-complete.
Then B € P iff P = NP

(—fj C.q(pon C=NP, n NP-oudele. WUTS Ref.
L N N-coupglele = GenP =f .
= | Saree B NP-oowglle ad me PWTS NPE P
Lot A e Nl he oabiuny,
(ae b 0 NP-Wad, A &p B
LeP = AcP. ( Thm From Side 12)
=2 M P = P=NP
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Implications of NP-completeness

Theorem: Suppose B is NP-complete.
Then B € P iff P = NP
Consequences of B being NP-complete:

1) If you want to prove P = NP, you just have to prove
BeP

2) If you want to prove P # NP, you just have to prove
B &P

3) If you believe P # NP, then you also believe B ¢ P
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Cook-Levin Theorem and
NP-Complete Problems
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Do NP-complete problems exist?
cl. A’M o T RE "On(ﬂclc“' Ve Awm » r® 129 able ad

Theorem: TMSAT = {(N, W,ﬂ | woamrde &) LS dng
NTM N accepts input w within t steps} is NP-complete

Proof sketch: 1) TMSAT € NP: Certificate =t
nondeterministic guesses made by N, verifier checks that

N accepts w within t steps under those guesses. (‘h"/“f o f;"q’:‘j)
2) TMSAT is NP-hard: Let L € NP be decided by NTM

N running in time T (n). The following poly-time TM

shows L Sp TMSAT: | wel & N augh W on

“On input w (an instance of L): Comt Pewch wfia T(14)) <ts
Output (N, w, 17(wD)y 7 E> N D ¢ maar
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