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Motivating Questions

e How can we tell if we’ve found the smallest DFA
recognizing a language?

Last time: Introduced distinguishing set method

* Are all languages regular? How can we prove that a
language is not regular?
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A General Technique A ={w € {0,1}" | w ends with 01}

=

Definition: Strings x and y are distinguishable by L if there
exists a “distinguishing extension” z such that exactly one of

xz or yz isin L. o™
Ex.x=¢ y=0 A dot. extersio, 2=z 1
e - ] 4’ A’

Yz = O\ éA’

Definition: A set of strings S is pairwise distinguishable by L if
every pair of distinct strings x,y € S is distinguishable by L.

Ex. S = {¢,0,01} =6 y=90 . = | s a dai et
=€ Y= T: €& 5ty a Al et
(7"&‘=?§‘A’ Ye- a|éA'§

€A 0 l{)‘f0| LR €6 s add. od.
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A General Technique

Theorem: If S is pairwise distinguishable by L, then every DFA
recognizing L needs at least |S| states

Proof: Let M be a DFA with < |S| states. By the pigeonhole

principle, there are x, y € S such that M ends up in same state
onx and y —

Pigess’.  Clewnbs ¢, .0 x, of S

Holes .  Glabts  of M

To Gtsign 90015 o ket  Pigem ¢ gots bo hole g It 0FA M
eide W shie g aflr radiy x|

Ry PHET 3 g sd ho datmd kg led M b @

x let 2 he He dab. exdngsn Loy

B \_\/\/7") L xeel, 72%"

9 1\2 fogordless ok eder gl an

deelt & wm-angt sidde, M

: ion @ 625 oA 2N Xy O
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Another Example |
Wet 4o Sheund -

_ . _ E OFA N‘a,wi"“ﬂ GS
B {W € {O; 1} |W| 2} ,\:‘JQAQ at least "" stateg

Theorem: If S is pairwise distinguishable by L, then every
DFA recognizing L needs at least |S| states

S:{e) O) OOJ O©9 0 } LLJMM'.
Clam™ S K favuwne dal. bﬂ 5 AM Ni- A or 6 ede Jo

e

Pased . X - e Y = o . = | cla-h\aqaﬁ\a :
xX~-¢€ =od . 2= € lw = O
€A== C K o> . =1\ I\ = \
Y- ©O x> I> 2~ G lw\"Z
x= O ¢ =003 2=\

X< O® Y= . 2. € “’”’3
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Distinguishing Extension

Which of the following is a distinguishing extension for x =
0 and y = 00 for language B = {w € {0,1}" | [w| =2}7?

Ja) z=¢ 0O ¢4 ope B E|i'i",__:!1|_7_'|
J/b) z=0 00 v 000 ¢ R %ﬁrﬁ-
Jec) z=1 DreR Dol g5 EIIIE-IJE

xd) z=00 00> ¢ 00 &K
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Historical Note

Converse to the distinguishing set method:

If L has no distinguishing set of size > k, then L is
recognized by a DFA with k states

Myvhill-Nerode Theorem (1958): L is recognized by a DFA
with < k states if and only if L does not have a
distinguishing set of size > k

V™ -
=
T
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Non-Regularity

Theorem: If S is pairwise distinguishable by L, then every
DFA recognizing L needs at least |S| states
(onbmporydve . T4 1 o WA & L Ueiny LY Shteg  Hen

L hay o fay wde degk. sed of sz = le
Corollary: If S is an infinite set that is pairwise

distinguishable by L, then no DFA recognizes L

( olrpos e ' 6 ) a 0OFd fo L ¥ L has 10
whalte Pavane dig o

Prof of (wo‘la..‘o) (apot ne  fomn Thim  Corhopachvee -
Sagter L v reagnred By a OFAL led W = A of Shie

9% 'Hl.h\ Ot‘A . IL)j -'n\ m (MW Oy ke , L \/\as Y. 6)a; (\,:s,(
dat. ot o e S . =N L hes wn andubr pavese
iy st .
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The Classic Example

Theorem: A = {0"1" |n = 0} is not regular

Proof: We construct an infinite pairwise distinguishable set
IAQo\'~ To R(D("fh_( A‘ wowd wed to J:-r'\'wqufs‘n lpe-lm,‘
e ——

&, OJ 09, 000) 0903

Lt S = % On' n720%
Qaim . S 0y an whale peivede dob b by A

f

Le-‘ X omd v \9‘ av-\o:‘\mj Jh‘,’\\ﬁ(‘} 5“'\%5 "~ S

v w
x= 0 4= O m¥ v mn o
n
let 2 = " e x‘é=0‘"m'ﬂGA
U)?: O 1 gé A b amsA_ m#v

\
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Palindromes

Theorem: L = {w € {0,1}* |[w = w®}is not regular
Proof: We construct an infinite pairwise distinguishable set

et S= 7. %= 00  y=00I 77

l

}‘:‘OO X2= 02100 \’?'. 09| 19O
let s= 10 ' hiol
(la',w\‘. S "\ (> WY ™ tﬂf fa"f Y (J."\j . <ed
——
Peonf Le4 X = o‘“ I > vxfm a r\v-%rm\f)
) 4
—x-&zoﬂlaﬂél’ \j%:O'O ¢L

m

L (9= 0" 1o
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TIMETO WORK IN

%
T e
‘ )}

i e R D
b = e
~ SMALL GROUPS 2"

Now you try!

Use the distinguishing set method to show that the
following languages are not regular

L,={0'1 |i>j =0}
Toa golo' (srsbued an mbade b S el n favaine

bt My L, e, Y x4y mS D oa
L .
dat. Cxlarg. an , e, ?-x«c”j e of X 92 WwL

—
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Now you try!

TIMETO WORK IN

L
; £5)
. Y s,

"% SMALL GROUPS“Z"

Use the distinguishing set method to show that the
following languages are not regular

x> 09 Yoo

X 4y €S

Qt 7( z: oo

9/27/2022
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L, ={ww |w € {0,1}*} S= 29,13
S~ § 0" |nro}
Lot v= 0" to'—_D‘A min
Iwm
Y”*V [ 0" XTr0 € lq
o _ min 2
9 =0 € l,
2= 10| x2=0™10" 1 e (,

yr:z 0" \ 0™ %Lz
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