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The Basic Turing Machine (TM)

Input

Tape a |b |a|la |]wW

Finite

control

* Input is written on an infinitely long tape

 Head can both read and write, and move in both
directions

 Computation halts as soon as control reaches
“accept” or “reject” state
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Three Levels of Abstraction

High-Level Description
An algorithm (like CS 330)

Implementation-Level Description

Describe (in English) the instructions for a TM
* How to move the head

* What to write on the tape

Low-Level Description
State diagram or formal specification
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Example

Determine if a string w € {0}" is in the language
A= {Ozn ‘ nz= O} N"“’ a rcc,\n\w IrmyuaK

High-Level Description Bla o KA A KO

Repeat the following forever:
* If there is exactly one 0 in w, accept
* |f there is an odd (> 1) number of Os in w, reject
* Delete half of the Os inw
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Example

Determine if a string w € {0}" is in the language
A={0%"|n=0}

Implementation-Level Description

1. While moving the tape head left-to-right:

a) Crossoff everyother 0 (nplae ey ofer 0 X)

b) If there is exactly one 0 when we reach the right end of the tape,
accept

c) |Ifthereisanodd (> 1) number of Os when we reach the right end of
the tape, reject

2. Return the head to the left end of the tape
3. Gobacktostep1l
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Determine if astringw € A = {Ozn ‘ n = 0}

Example .
Low-Level Descriptio

%o

000 x = xR
ﬂ’o ° u‘inxa% U—U,R l U LR 0
Lg,000 LXq 0x | |
S Dy QO

% qaccept
L X 04,0 LJXK33X
QX0 Xgy OXXXg

D @, XX

LX09g X SXxXq K
32 = '-) )(Q'lxy Avey oMo~ 0
Ly Xq,0X L)X gqyxX V X Xa,X
(4 94, oK g XXX L XKx%x 9q, .
g, Xox qd. X XX . OXXX D oyt Aaspd!
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Differences between TMs and Finite Automata
™M Can woe Mex wad i Wt diechus

TW“: Can W P
fve mON )

Me e updbvd Do e Lo F o He e

Tig ol @ deisan e H,cj ex glicty o ch

Aacup Y 9reved VS, Fhy weke o denis,
W *“&j rach the ed of  He ot

Ty con loop oo _,./o \Aal‘\\\»g
MG hau Ove  cilept (ond  se revet] chibe
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Formal Definition of a TM

ATMisa 7-tuple M = (Q,%,T, 9, qo, Qaccept’ Qreject)
* (s a finite set of states eq TTEONY T §0,1,0 X3
e ) is the input alphabet (does not include L)

e I'is the tape alphabet (contains Lland %) (Z' & r‘)
9. Y el

* O isthe transition function
...more on this later
* gy € O is the start state

* Jaccept € U is the accept state

* Qreject € () is the reject state (Qreject a qaccept)
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0.4-3 I)L.

TM Transition Function G
6:QxT = QXTI x{LR} 5(9,2) = (2,1 0

Caivend } wm 9ymhio) lead waeuet
See Tlaw) Gk o wa

L means “move left” and R means “move right”
d(p,a) = (q,b, R) means:

* Replace a with b in current cell
* Transition from state p to state q
* Move tape head right

eans:
b in current cell
* Transition from state p to state g

* Move tape head left UNLESS we are at left end of tape in
which case don’t move
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Configuration of a TM

A string that captures the state of a TM together with the
contents of the tape
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Configuration of a TM: Formally

A configuration is a string uqu whereq € Q and u,v € I'*

* Tape contents = uv (followed by infinitely many blanks Li)

* Current state =g

* Tape head on first symbol of v (g4 v¥e @ |eH of

Example:

fape \ead (o al}o\\

101g<0111

1

0

1

O |1 |1 1 |U

10/13/2022

o

CS332 - Theory of Computation 11



How a TM Computes ,-Irilﬂi'h@
Start configuration: gow K Ell.‘l!-ﬁg;:h!i
L

A |lalv| '=7]:’T("l‘\\6\‘\/|

One step of computation:
*If5(q,b) = (q,c,R), then ua q bv yields uac q' v
*If 6(q,b) = (q',¢,L), thenua q bvyieldsu q" acv

* If we are at the left end of the tape in configuration g bv,
what configuration do we reach if §(q,b) = (q', ¢, L)?

a) cqg'v % q
e ‘o ﬁ

, ol v \ =w
c)g Ucv

d) g'cbv @ b <L >

/
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How a TM Computes

Start configuration: gow

One step of computation:

*If5(q,b) = (q,c,R), then ua q bv yields uac q' v
*If 6§(q,b) =(q',c,L),thenua q bv yieldsu q" acv
*If 6(q,b) =(q',c,L),then g bv yields q' cv

Accepting configuration: g = Qaccept

Rejecting configuration: g = qreject
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How a TM Computes

M accepts input w if there exists a sequence of
configurations Cy, ..., C such that:

* (1 =qow
+ C; yields Cjyq foreveryi | T g fon corli. (o o

. . . . Civs e Fongidn
* (} is an accepting configuration

L(N) = He ‘w’w-\qc vfg2>7v|:1ﬂ-| \j M

L(M) = the set of all strings w which M accepts
A is Turing-recognizable if A = L(M) for some TM M:
*w €A = M halts on w in state qaccept

*w&A = M halts on w in state qreject OR
M runs forever on w
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Recognizers vs. Deciders

L(M) = the set of all strings w which M accepts

A is Turing-recognizable if A = L(M) for some TM M:
*w €A = M haltson w in state q,ccept

*w€&A = M halts on win state qpgject OR
M runs forever on w <

A is (Turing-)decidable if A = L(M) for some TM M
which halts on every input
*w €A = M haltsonw in state q,ccept

*w&A = M halts on win state qreject
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| | i
Recognizers vs. Deciders S
: S

e )
Eh."l:-:'li-.rh’. h
Which of the following is true about the relationship

between decidable and recognizable languages?
[— : C —
W decidove k - hj

@ The decidable languages are a subset of the
recognizable languages Decdbe lage S e comzdre g

b) The recognizable languages are a subset of the
decidable languages

c) They are incomparable: There might be decidable
languages which are not recognizable and vice versa
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Example: Arithmetic on a TM

The following TM decides MULT = {aibjck ‘ i XJ =k}

On input string w: Migh-leved

1. Check w is formatted correctly e, e L (a" V'
2. For each a appearing in w: Lulyy

3 For each b appearing in w: Ao bb‘° K A

4, Attempt to cross off a c. If none exist, reject.
5. Ifall ¢’s are crossed off, accept. Else, reject.
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Example: Arithmetic on a TM

The following TM decides MULT = {aibjck ‘ i XJ =k}
Oninput stringw:  Twpewt <han ~lewe]

1.

Scan the input from left to right to determine whether
itisa member of L(@"D*C™) (or be doe by - OFA

=9 :
Return head to left end of tape C:’;Zf l,‘j”"'a"'m"“ vred oy

Cross off an a if one exists. Scan right until a b occurs.
Shuttle between b’s and c¢’s crossing off one of each
until all b’s are gone. Reject if all ¢’s are gone but some

b’s remain. Ko BRXK HIKC cc  — K Yoo smeg s
Restore crossed off b’s. If any a’s remain, repeat step 3.

If all ¢’s are crossed off, accept. Else, reject.
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Back to Hilbert’s Tenth Problem

Computational Problem: Given a Diophantine equation, does
it have a solution over the integers?

L = gP(KI,‘,,,‘(“‘) \ V\?O, 7 [7-»».7%\ GZV\ <J. p(z,,“,w,\):‘oj

e Lis Turing-recognizable Specie) cave” (,= § P09 | - %
-l\ l)-’z. z]-% b Ai Ty eacn cell

>V — (2,4) ' qad, dost 'f

A i @(1'~,)=O ) £ <o Q!

_£ '// — - Pralyso2. TC pcl,

G rz/,/ bn 3 (2, € g sl

;// - feuN=0 = oy awghy

| L : s p¢b1 , ' Lost <

fareve

e L is not decidable (1949-70)
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