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* More decidable languages ~ Sipser Ch 4.1, 4.2
* Universal Turing Machine

* Countability
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Last Time

Church-Turing Thesis

v1l: The basic TM (and all equivalent models)
capture our intuitive notion of algorithms

v2: Any physically realizable model of computation
can be simulated by the basic TM

Decidable languages (from language theory)
Appa = {(D,w) | DFA D accepts input w}, etc.

Today: More decidable languages
What languages are undecidable? How can we prove so?
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A “universal” algorithm for recognizing regular

anding (LaShug) of pav 0,
languages Ao DS o 0FR, WS A s

—
Appa = {{D,w) |DFA D accepts w} (Dmput ahivnal pr¥em’ G oen
Theorem: Apga is decidable pav D, doos D acqt

Proof: Define a (high-level) 3-tape TM M on input (D, w):
1. Check if (D, w) is a valid encoding (reject if not)

2. Simulate D onw, i.e.,

e Tape 2: Maintain w and head location of D
e Tape 3: Maintain state of D, update according to

3. Acceptif D ends in an accept state, reject otherwise
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Other decidable languages
Appa = {{D,w) | DFA D accepts w}

Anra = {{N,w) | NFA N accepts w}

Arex = {(R,w) | regular expression R generates w}
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NFA Acceptance

"'FIE@

Which of the following describes a decider for Aypa =
{{N,w) |[NFA N accepts w}?

a)

©

Using a deterministic TM, simulate N on w, alw Kin
the first nondeterministic choice at each step. Accept if it
accepts, and reject oth rwise. Doesn't e becave

x. -~ =2 W A LN, 23 s‘"“‘"‘ oy
ex. N Ve, et v s mwd

Using a deterministic TM, simulate all p055|ble ch0|ces ofe,,pf

N on w for 1 step of computation, 2 steps of computation, L)
/o,

etc. Accept whenever some simulation accepts. il

» _ O 0n el EN,ad, T decived
lf1/~ N - 30 \ \00(’05 Lo -—.\» ™ S ,,’J J.:Jv
Use the subset constructlon to convert N to an equivalent™

DFA M. Simulate M on w, accept if it accepts, and reject

otherwise. \wsbs Veane  Sukgth  rorshachen o be ‘wplaerle]
o o M
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Regular Languages are Decidable

Theorem: Every regular language L is decidable

Proof 1: If L is regular, it is recognized by a DFA D. Convert
this DFAtoa TM M. Then M decides L.

Proof 2: If L is regular, it is recognized by a DFA D. The
following TM My, decides L. topt) A~

On input w: ijs DEL o wot] TVe?2 [£05 |

1. Run the decider for Apga on input (D, w)

2. Accept if the decider accepts; reject otherwise
(owechvreys

if wel ten O accot w =2 <007 & Apca "dwg;fmb

TE wél tHen 0wk @ =D 0D @ fgry = dcrdr
reech
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Classes of Languages

recognizable

regular
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More Decidable Languages: Emptiness Testing

Theorem: Eppa = {{D) | D isa DFA such that L(D) = ¢}

is decidable (sapulatsn) poViem. Citn a 9fa4 O, des P
T . ace®  wv shngs, or deec D
Proof: The following TM decides Epgp ac b Comobi g

On input (D), where D is a DFA with_k states:

1. Perform k steps of breadth-first search on state
diagram of D to determine if an accept state is
reachable from the start state

2. Reject if a DFA accept state is reachable; accept

otherwise
Conechesy amolysis
e r4

I‘? 4076’(2()]‘:& . ‘H*f\ ‘0(‘ W) ({99} wt  Wach & ultJT" chiR

‘ . =5 (ol 9 wa(babl( Sow stot+ S{BQ
\M v(’aLlul) M?J W _,% \{:‘a aﬁf/ﬂ E‘lv“ rachohle w1 sfers
=D o
T £07¢ & gra ) e 3 4 eﬂ*h%qgfn. o %kqpt of lgh <k
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Epra Example LT s G 6 o

‘5 - start —>/(l_u\ \) ﬂ >
/ U\ Dot
(o s N
(] JO=TIDN S no airh
Stuk
1 1 ) 94 95 >
. S) NM\MQ reJ
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WQ\; W@ advle_
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Co "A"A‘V"l\ O“WCW‘" 6 ven "\"-3 n;a’b D‘3 OL, A, . MQ’":&
New Deciders from Old: Equality Testing * s= |
|w~’aq$*
EQDFA —_ {(Dl, D2> |D1, DZ dare DFAS and L(Dl) —_ L(Dz)}
Theorem: EQpgp is decidable IXA@:?@\ ‘*‘“\QGPMMB
Proof: The following TM decides EQpga 94 ok et
On input (D4, D,), where (D, D,) are DFAs:

1. Construct DFA D recognizing the symmetric difference
L(D;) ALDy) =§w| W » exadly o€ of ¢(0,)
2. Run the decider for Epga on (D) and return itsléhnt’p%ét
A«a\:p:;. -
D L0, 0,7€E Gora = L0 =LN) =D LY A L) = &
=5 LD =P =S duder aieh

1) L, 007 ¢ e, T L) £ L0) =2 Loy & Ly g
S LN #FF D decir rejecky

10/25/2022 CS332 - Theory of Computation 10




Symmetric Difference
AAB={w|w € Aorw € B but not both}

1 \AAB
| 0 g

ADoz (AN U (RNA) = (AnAYJ (A NR)
\rf €\4M¢l" 6 i D 0 Can  consiuet OFA "'39‘?;2‘17
L) L(O\ /\Lmd L) ULM,)
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Universal Turing Machine
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Meta-Computational Languages

/Al@rz {(D,w) | DFA D accepts w}

Eppa = {{D) | DFA D recognizes the empty language @}

Ety = {{M) | TM M recognizes the empty language ¢}

EQpga = {{D1, D) | D1 and D, are DFAs, L(D;) = L(Dz)}
EQrm = {{M, M;) | My and M, are TMs, L(M;) = L(Mz)}
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The Universal Turing Machine

Arv = {{M,w) | M is a TM that accepts input w}
Theorem: Ay is Turing-recognizable

The following “Universal TM” U recognizes Aty
On input (M, w):
1. Simulate running M on input w

2. If M accepts, accept. If M rejects, reject.
(anecivess
4 dm,N€ Asn . Tn swddhin, M oagl o) so U acgdc

Tf LMD A ten M deo ot a0
(ae 8© WM satg QA = Swmdaon viecch =5 VU rejaix
Cat 1= M (9%s 6 W =S Swmddkisn (oyrs => J [=%5s
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OfA0

. L LT
Universal TM and Apu 1 ey
e ;;'ﬁ

Why is the Universal TM not a decider for Atp? EIE... -

The following “Universal TM” U recognizes Aty
e S

On input (M, w):
1. Simulate running M on input w
2. If M accepts, accept. If M rejects, reject.

a) It may reject inputs (M, w) where M accepts w

b) It may accept inputs (M, w) where M rejects w
@ It may loop on inputs (M, w) where M loops on w

d) It mayloop on inputs (M, w) where M accepts w
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More on the Universal TM

"It is possible to invent a single machine which can be used to compute any
computable sequence. If this machine U is supplied with a tape on the beginning of
which is written the S.D ["standard description”] of some computing machine M,
then U will compute the same sequence as M.”

- Turing, “On Computable Numbers...” 1936

* Foreshadowed general-purpose programmable computers

* No need for specialized hardware: Virtual machines as software

- Central Processing Unit
Instruction ’ c";.ol 1 Data lnppt N Arithmatic/Loglc Unit Output
memory { unit . memory Device Devic
T) Memory Unit
Harvard architecture: von Neumann architecture:
Separate instruction and data pathways Programs can be treated as data
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Undecidability

Aty is Turing-recognizable via the Universal TM

..but it turns out Aty (and Etp, EQTp) is undecidable

i.e., computers cannot solve these problems no matter
how much time they are given

How can we prove this?

First, a mathematical interlude...



Countability and
Diagonalizalfion
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dr
What’s your intuition? IEI.;.*, EI

Which of the following sets is the “biggest”? i rErr”_
a) The natural numbers: N ={1,2,3, ...}

b) The even numbers: E = {2,4,6, ...}

c) The positive powers of 2: POW?2 = {2,4,8, 16, ...}

They all have the same size
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Set Theory Review o Noi allsel

A function f:A - B is

* 1-to-1 (injective) if f(a) #
f(a") foralla # a’

A B

* onto (surjective) if for all b € B, o Se
there exists a € A such that o >e ®

fla)=0»b : —):

 a correspondence (bijective) if
it is 1-to-1 and onto, i.e., every
b € B has a unique a € A with

fla) =D
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How can we compare sizes of infinite sets?

Definition: Two sets have the same size if there is a
bijection between them

A set is countable if
e itis a finite set, or
/it has the same size as N, the set of natural numbers

gel \ o romhuj M{v.i-e‘
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Examples of countable sets

* 0
° {0’1} -(-mt-' = (Ml-u\)\(
+£0,1,2, ..., 8675309}

' E = {2,46,8,..} £ N>E FO= 2
« SQUARES = {1,4,9,16,25,...} §)= ¢
e POW2 ={2,4,8,16,32,..} )~ 7"

|E| = |SQUARES| = |POW?2| = |N|
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