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Reductions

A reduction from problem A to problem B is an algorithm

for problem A which uses an algorithm for problem B as a
subroutine

If such a reduction exists, we say “A reduces to B”

Positive uses: If A reduces to B and B is decidable, then A
is also decidable

Ex. Eppa is decidable = EQppa is decidable

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

Ex. Ety is undecidable = E Q1) is undecidable
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What’s wrong with the following “proof”?
Bogus “Theorem”: Aty is not Turing-recognizable

Bogus “Proof”: Let R be an alleged recognizer for Aty. We
construct a recognizer S for unrecognizable language Aty :

TVV\ < QN"J‘C/W‘ E\en P+ (L rfla"a..w

mut (M, W): b, S dsess t rtdssanl,
. VPeOgn-.‘%e —A—._,;.m

1. Run R on input (M, W)T/? L acech

2. If R accepts, reject. Gtherwrase, accept.

if dm,wo e A_:-m whe m (ogps 0 mpat W
= L A loopor <, 07 =D S (ould fop & W) =D o ¢ <)

This sure looks like a reduction from Aty to Ay
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Mapping Reductions: Motivation

How do we formalize the notion of a reduction?

2. How do we use reductions to show that languages are
unrecognizable?

3. How do we protect ourselves from accidentally
“proving” bogus statements about recognizability?
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Computable Functions

Definition:
A function f: X" = X" is computable if thereisa TM M

which, given as input any w € X*, halts with only f(w) on
its tape. (“Outputs f(w)”)

';v\F.A\'". Tuw AUl wal vyl ...
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Computable Functions

Definition:

A function f: X" = X" is computable if thereisa TM M
which, given as input any w € X*, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 1: f(w) = sort(w) HWS5 Problem 3
1S o fWuLu"}‘@ Lmi\inq

Example 2: f({x,y)) =x+y
Tapal © (G Il %1719 Ty 4
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Computable Functions

Definition:

A function f: X" = X" is computable if thereisa TM M
which, given as input any w € X*, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 3: f({(M,w)) =(M') where M isaTM, w is a
string, and M’ is a TM that ignores its input and simulates
running M on w

TV rsmyhng —F;

On mpt LMW

\. COV\SW" ™ M' :
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Mapping Reductions

Definition:

Let A, B € X" be languages. We say A is mapping reducible
to B, written
A<, B

if there is a computable function f: X" — X* such that for
all stringsw € X", wehavew € A & f(w) €B
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Mapping Reductions

Definition:
Language A is mapping reducible to language B, written
A<y, B

if there is a computable function f: X = X" such that for
all stringsw € £*, wehavew € A & f(w) €B

If A <., B, which of the following is true?

a) A<y B — SR
B A | Q
b) A <m B / f W
dB <, A >
T L
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Theorem: If A <,,, B and B is decidable, then A is also
decidable

Proof: Let M be a decider for Bandlet f: X" = X" be a
mapping reduction from A to B. Construct a decider N for

A as follows: (owechvage”
DT wea = HDHE® { by defa of

P e (pny rew‘a
On input w: =T M acehs £ ] N\ dedes |

> N wwh v
1. Compute ]_E(W) 1) 3F WA D EWE B LY defn of
2. RunMoninput f(W) 5\ ek 10 L d«s&:“‘,g;’ reduct)

3. It M accepts, accept. If it rejects, reject.
DN ek V
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Undecidability

Theorem: If A <,,, B and B is decidable, then A is also
decidable

Corollary: If A <, B and A is undecidable, then B is also
undecidable

(OJ\L:\‘):{ We of h m
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Old Proof: Equality Testing for TMs

EQrm = {(My, M) [My, M, are TMs and L(M,) = L(M;)}
Theorem: EQty is undecidable Exw= 2 <{wS | N b a ™

L) :¢3

Proof: Suppose for contradiction that there exists a decider R
for EQ1p. We construct a decider for Ety; as follows:

On input (M):

1. Construct TMs M, M, as follows: Y
M;=M M, = “On input x,

1. Ignore x and reject”

/

2. Run R on input (My, M)
3. If R accepts, accept. Otherwise, reject.
This is a reduction from E1y to EQ1m
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New Proof: Equality Testing for TMs

EQrm = {{My, M3) [My, M; are TMs and L(M;) = L(M,)}
Theorem: Ety <y EQ1m hence EQty, is undecidable

Proof: The following TM N computes the reduction f: i
IC MY EBm =Y LMY= ¢ =2 L) = Limy) = f =2CW, A2 € ESmm

I-(: LMY ¢ (™ =) L(M)#¢ =D L,(M.) % C(m = = ' EQ.
On input (M): ) =F =2 cnmg f Eon

q. Construct TMs M, M, as follows: FCREY A
M;y=M LMY= L(wm) M, = “Oninput x,
L 1. Ignore x and reject”

2. Output (M, M)
Clam - F » a mo\fp;;\:) Aduchan Lo Ewm Yo € O~nn

ﬁ

e ) Kwmd e Gy > R e Loy,
1) €W ¢ Emm => <) & Esma
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Mapping Reductions: Recognizability

Theorem: If A <,;; B and B is recognizable, then A is also
recognizable

Proof: Let M be a recognizer for Bandlet f: X" = X" be a
mapping reduction from A to B. Construct a recognizer
N for A as follows: Comtchre S *
l» o wed =5 .c(w)é n, N .
. . =27 M awph—D LI (P
On input w: 1Y T oudd = D) 4o +
1. Compute f(w) =D M % uet  alep

2. RunMoninput f(w) =2 N ds it augt /
3. If M accepts, accept. Otherwise, reject.
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Unrecognizability

Eeheorem: If A <,, B and B is recognizable, then A is also
cognizable

Corollary: If A <, B and A is unrecognizable, then B is
also unrecognizable

Corollary: If Aty < B, then B is unrecognizable

Cordlom . T¢ Ay €m &, Han a3 wnt ognTable
WV AL B D AL, e
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Recognizability and A1

Let L be a language. Which of the following is true?

]aj] If L <, ATm, then L is recognizable
b) If Aty <m L, then L is recognizable
L If L is recognizable, then L <, Ay
d) If L is recognizable, then Aty <y, L

lassi.  BonZ GLm @ | M M o WA Y 0 oyn TEable
Theorem: L is recognizable if and only if L <., Atm
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Recognizability and ATy 5\ “ewiele o 1o crg «

Theorem: L is recognizable if and only if L <., Atm ::’?:;;w

PI‘OOf b‘" kaee A H re‘o,\.lhlv\e | L U maiay ned.cha g
6 L:) TMM GLM“\ re ¢ Sgh.hb:r.b MA" iﬂ-g‘f.o\—? RL‘(*:AQ‘SI R
L Gn Awm =2 L ognruble
ré. v b

“f'—i, Let L we T Qyuaadple | (D'EL» Cysiudt ooy r'clu‘“ﬂa
Cam L +o Awm

¥t M % o ™M recgai2ey |
T (llooty ™ cagdes a  thaping  Rehun from [ s Ay,
\ D) TC wé L= WM dee av awt

[ﬁ s | Cowechoss”
D Oubpat LM,0D
= Cﬂ,.—ﬁ ¢ Am

) =F we LY M awh W
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Example: Another reduction to EQ1ym

EQrm = {{My, M;) |[My, M, are TMs and L(M;) = L(M,)}

Theorem: Aty < EQrm A =% <M, D) TR M ek A of
Proof: The followmg TM N computes the reduction f: T ;

What should the inputs and outputs to f be?

a) f should take as input a pair (M, M,) and output a pair (M, w)
rbﬂ f should take as input a pair (M, w) and output a pair (M, M,)

c) f should take as input a pair (M, M,) and either accept or reject
d) f should take as input a pair (M, w) and either accept or reject
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Example: Another reduction to EQ1y

EQrm = {{My, M3) |[My, M, are TMs and L(M,;) = L(M;)}
Theorem: Aty < EQTM
Proof: The following TM computes the reduction f:

IT Mt e Aoy = F@,w7) = ¢m wp € Eom | (W) =TT
r g S élﬂld" d Ay = -C(Ln,,.n) = <“U "N # EQ 1w Sv i M
On input (M, w): LM'D:%Z " acafhy W
1. Construct TMs M, M, as follows: | ?5 olertoe
M; = “On input x, M, = “On input x,
A“‘PlN Lin M on . T
Gaph,  atpl 1€ esich
ve3€cd ’

e EEEE————

2. Output (M{, M)
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Consequences of Aty <m EQTMm

1. Since Aty is undecidable, EQty is also undecidable

2. ATM Sm EQTM |mp||e5 ATM Sm EQTM
Since A1)y is unrecognizable, E (1) is unrecognizable
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EQry itself is also unrecognizable

EQrm = {{My, M3) |[My, M, are TMs and L(M,;) = L(M;)}
Theorem:(Ary )<y EQTM hence EQ1y is unrecognizable
Proof: The following TM computes the reduction: i

On input (M, w):
1. Construct TMs M, M, as follows:
M; = “On input x, M, = “On input x,
1. lIgnore x 1. Ignore x and reject”
2. Run M oninputw

3. If M accepts, accept.
Otherwise, reject.”

2. Output (M, M)
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