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Nondeterministic time and NP
letf: N—> N
ANTM M runs in time f(n) if on every input w € ",

M halts on w within at most f (n) steps on every
computational branch

NTIME(f (n)) is a class (i.e., set) of languages:
A language A € NTIME(f (n)) if there exists an NTM M that

1) Decides 4, and
2) Runsin time O(f (n))

Definition: NP is the class of languages decidable in
polynomial time on a nondeterministic TM

NP = Uy, NTIME(n"®)
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Speeding things up with nondeterminism
TRIANGLE = {{G)|digraph G contains a triangle}

Deterministic algorithm: (?7———»
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Hamiltonian Path

HAMPATH = {(G, s, t) |G is a directed graph and there

is a path from s to t that passes
through every vertex exactly once}
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HAMPATH € NP

The following nondeterministic algorithm decides
HAMPATH in polynomial time:

(.
N

On input mz (Vertices of G are numbers 1, ..., k)
1. Nondeterministically guess a sequence
€1, Cp, ..., Ck Of nUMbers 1, ..., k

2. Check that ¢4, ¢, ..., C is @ permutation: Every
number 1, ..., k appears exactly once

3. Check that ¢c; = s, ¢, = t, and there is an edge
from every c; to ¢; 1

4. Accept if all checks pass, otherwise, reject.



An alternative characterization of NP

“Languages with polynomial-time verifiers”
How did we design an NTM for HAMPATH?

* Given a candidate path, it is easy (poly-time) to check
whether this path is a Hamiltonian path

* We designed a poly-time NTM by nondeterministically
guessing this path and then checking it

* Lots of problems have this structure (CLIQUE, 3-COLOR,
COMPOSITE,...). They might be hard to solve, but a
candidate solution is easy to check.



An alternative characterization of NP

“Languages with polynomial-time verifiers”
. ngwce o Dul
A verifier for@ﬁangu%ge is a deterministic algorithm I/

such that w\€ L iff there exists a strlng C such that
V({w, c)) accepts Cechau

IF wel, A ¢ <d. (Lo, O) acat "othesy v peof
T vdL, o frad c, V(< O) reed
Running time of a verifier is only measured in terms of |w|

IV is a polynomial-time verifier if it runs in time polynomial
in |w| on every input (w, c)

(Without loss of generality, |c| is polynomial in |w|, i.e.,
lc| = O(Jw|*) for some constant k)
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HAMPATH has a polynomial-time verifier

Certificate c:  ¢,,¢,, .,¢. €V a I of wehes

Verifier V: « - Lok 1= Oulogle) pa',um\
™M ICGQ f)l = PQ«A-A-’

Oninput (G, s, t;c): (Vertices of G are numbers 1,.
M OQ/' '[Qhwu’ Oo‘q -|w(’ d(cks

1. Check that ¢y, €3, ..., € is @ permutation: Ever(y
number 1, ..., k appears exactly once " 09 MM

2. Check that ¢c; = s, ¢, = t, and there is an edge
from every ¢; to ¢; 41

3. Accept if all checks pass, otherwise, reject.
(o«echus
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NP is the class of languages with polynomial-
time verifiers

Theorem: A language L € NP iff there is a polynomial-
time verifier for L
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Alternative proof of NP € EXP

«eTf wél, Fc 3 Vu ) acceph WEIE

One can prove NP € EXP as follows. Let V be a verifier for a
language L running in time T(n). We can constructa
ZO%T(")3 time algorithm for L as follows.
- — Tapt o Ml ) Uad on dlg R awny €L
and  rtiechy wg L
On input (w, c), run VV on (w, ¢) and output the result

On input w, run V on all possible (w, c¢), where c is a
certificate. Accept if any run accepts.

%On input w, run V on all possible {(w, c¢), where c is a

certificate of length at most T (Jw]). Accept if any run

accepts. o bic ,Lo(r}m\) . T( 1)

On input w, run V on all possible {(x, c), where x is a string
of length |w| and c is a certificate of length at most
T(|w|). Accept if any run accepts.
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NP is the class of languages with polynomial-
time verifiers

Theorem: A language L € NP iff there is a polynomial-
time verifier for L

Proof: «< Let L have a time-T (n) verifier V({w, c))

Idea: Design NTM N for L that nondeterministically

guesses a certificate |Puatn . Slep 1) twles TCd) Hoe

M N Sp 2) toleey TCK) e |

=2 NTM rus ia hae ofr () | hede s '3'}_#5"' £

W Sepal W ~ T(lul)\‘ T 3y
) NM&-I‘em.whHua“j gniss §4-7~1 C & g o_‘t’;
) Ran V(€uw,?). Tf ocgh, atgpt £ eyady myed

€ ot hecs

e WL =7 3 < 53 V(cuw) awly ¢ wdl =) By gexg

~ : of C w\ cquse
Mobolr, ¢mee VU runs » hwe TOw)y c<a T(}
9 bk of cwmhy e C N gushd  acph :‘"D V4, e3) s prect.
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NP is the class of languages with polynomial-
time verifiers

= Let L be decided by an NTM N running in time T'(n)
and making up to b nondeterministic choices in each step

Idea: Design verifier V for L where certificate is sequence

of “good” nondeterministic choices < o

LO-‘ b = A poeeenle chores o ewy Slep /@3\
T ()

Cevibiae - (¢, ., Capuny) € 1) 3 A A

Vendhe O~ et Luw, O , A}W
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(Vo @ ey hi ol (.

T4 howk awnl,  aqpl . T4 Ayeds, o i
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WARNING: Don’t mix-and-match the NTM and

verifier interpretations of NP
To show a language L is in NP, do exactly one:

1) Exhibit a poly-time NTM for L
N =“Oninput w:
<Do some nondeterministic stuff>...”
OR

2) Exhibit a poly-time (deterministic) verifier for L
IV = “On input w and certificate c:

N

<Do some deterministic stuff>...”
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Examples of NP languages: SAT

“Is there an assignment to the variables in a logical
formula that make it evaluate to true?”

 Boolean variable: Variable that can take on the value
true/false (encoded as 0/1) Y.4,2 X, , T2, Xy

* Boolean operations: A (AND), v (OR), = (NOT)

* Boolean formula: Expressmn made of Boolean variables
and operations. EX: (x; VI;) AXxg X*'s T2 = %3
P (%1 V X2) A X3 @iy = 1 Uheed
* An assignment of Os and 1s to the variables satisfies a

formula ¢ if it makes the formula evaluate to 1 *’“.'.0& :os

* A formula @ is satisfiable if there exists an assighment

that satisfies it A, A7, 4o cakshanp
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Examples of NP languages: SAT

Ex: (x; VX)) Axg (L 0 m o« ssfyly  Satisfiable?
6%iqgned =) sl lidhle

Ex: (X{ VX)) AX]{AXy  aob sarfiahie Satisfiable?
D, N

SAT = {{(p)|@ is a satisfiable formula}
Claim: SAT € NP

NTwW . ‘ .
LI P T

on *M\’ 4?(‘;»‘“)’('\)? f_’_@‘ o C:' 1 Ca € 39,1}

1) NV‘&RIM»\.‘»:'JJ 5S> C,,...Cn 0n wwput CQ) c) -

€S0, 1) Bulde WO . 3f o,

accel . TE = O,  ,oyed.
1) Uece *§ V(< ytn)T 1.
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Examples of NP languages: Traveling

Salesperson

“Given a list of cities and distances between them, is

there a ‘short’ tour of all of the cities?”
o 2 l

More precisely: Given 2 ~ ‘/‘QL‘

* A number of cities m z—i‘wff

e A function D: {1, ..., m} % - N giving the distance
between each pair of cities !

* A distance bound B A

TSP = {(m, D, B)|3 a tour visiting every city
with length < B}
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P vs. NP

Question: Does P = NP?
Philosophically: Can every problem with an efficiently
verifiable solution also be solved efficiently?

Millennium Problems

Yang-Mills and Mass Gap
Experiment and computer simulations suggest the existence of a “mass gap" in the solution to the quantum versions of the Yang-Mills equations. But
o procf of this property

A central problem in mathematics e

Tha prima numbar thecrem detarmines the avarage dis

s known,

nfrom the
h real part /2.

i of the primes. The Riemann hypothasis tells us sbout the d
hat all the 'non-obvious' 2ercs of the function are compiex numbers wi

average Formulated in Riemannis 1859 paper, it ass

Pvs NP Problem

IFitis ea: check that a solution to a problem is correct. is it also easy to soive the problem? This is the essence of the P
the NP problems is that of the Hamiltonian Path Problem: given N cities to visit, howcan one do this without visiting a city tv
0 easily find a solution

NP question. Typical of
ice? If you giveme a

and computer science

is correct. But | canno

solution, | can easily checs

Navier-Stokes Equation

This s the equation which governs the flow of fluids such s water and air, Howa

ver, there is ne procf for the most basic questions one can ask: do

solutions exist, snd are they unique? Wiy ask for a proof? Because s proof gives not only certitude, but siso understanding

Hodge Conjecture
The answer to this conjecture determines how much of the topology
further algebraic equations. The Hodge conjecture is knov in certain special cases, &g, when the solution set has dimension less than four. Butin

# the solution set of 3 system of algebraic equations can be defined in terms of

dimension four it is unknewn.

EXP

EXP Poincaré Conjecture
In 1904 the French mathematician Henri Poincard asked if the three dimensional sphere i3 characterized a3 the unique simply connected three
manifold. This question, the Poincaré conjecture, was a special case of Thurston's geometrization conjecture. Perelman's proof tells us that e
 one of eight well-underst

three manifold is built from a set

od secmetries

Birch and Swinnerton-Dyer Conjecture
Supported by much experimental evidencs number of points on an elliptic curve mod pto the rank of the group of
rational goints. Elliptic curves, defined b,

is conjecture ralates ¢

Ubic eqUations in two vari

5, 3re fundamentsl mathematical objects that arise in many sreas: Wiles

proaf of the Fermat Conjecture. fac three

ion of numbers into primes. and cryptography, to nam

If P=NP If P=NP
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A world where P = NP

* Many important decision problems can be solved in
polynomial time (HAMPATH, SAT, TSP, etc.)

* Many search problems can be solved in polynomial time
(e.g., given a natural number, find a prime factorization)

* Many optimization problems can be solved in polynomial
time (e.g., find the lowest energy conformation of a
protein)




A world where P = NP

* Secure cryptography becomes impossible

An NP search problem: Given a ciphertext c, find a plaintext
m and encryption key k that would encrypt to ¢

* Al / machine learning become easy: Identifying a consistent
classification rule is an NP search problem

* Finding mathematical proofs becomes easy: NP search
problem: Given a mathematical statement S and length
bound k, is there a proof of S with length at most k?

General consensus: P #= NP
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