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How can we compare sizes of infinite sets?

Definition: Two sets have the same size if there is a
correspondence (bijection) between them

A set is countable if
* itis a finite set, or
* it has the same size as N, the set of natural numbers
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A general theorem about set sizes

Theorem: Let X be a set. Then the power set P(X) does

not have the same size as X. Seb of all cubsek,
ot

Proof: Assume for the sake of contradiction that there is a
correspondence f: X — P(X)

Goal: Use diagonalization to construct a set S € P(X) that
cannot be the output f(x) foranyx € X
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Undecidable Languages
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Problems in language theory

Accephaee QbW

' - EDFA ECFG ETM
CpRNLGE Yooty decidable decidable ?

— . EQDFA EQCFG EQTM
E dvalr) decidable ? ?
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Undecidability

These natural computational questions about
computational models are undecidable

l.e., computers cannot solve these problems no matter
how much time they are given



An existential proof

Theorem: There exists an undecidable language over {0, 1}
Proof: "C 0wy Ot

A simplifying assumption: Every string in {0, 1}" is the

encoding (M) of some Turing machine M ¢ 5 5 wt "k wid
Onodm O Some W,

of We TN Yt akags
Set of all Turing machines: X = {0, 1}* ath
Set of all languages over {0, 1}: all subsets of {0, 1}" T
0(29;\"7*) — P(X) o

There are more languages than there are TM deciders!

3/23/2020 CS332 - Theory of Computation 7



An existential proof

Theorem: There exists an unrecognizable language over {0, 1}
Proof:

A simplifying assumption: Every string in {0, 1}" is the
encoding (M) of some Turing machine M

Set of all Turing machines: X = {0,1}"

Set of all languages over {0, 1}: all subsets of {0, 1}"
= P(X)

There are more languages than there are TM recognizers!
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An explicit undecidable language

™ M
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An explicit undecidable language

TMM | M((M))? | M((M2))? | M({M3))? | M({M,))? D((D))?
M, Y N N Y Y

M, N N Y Y

M, Y Y ¥ M N

M, N N Y NLY

D Y

) ( . R M ll,d‘h N M“} (\M)
; .CYH & a
Q\\ M \MJ L) (b‘\W\\'\ ) % N Y m mre(h or ledrs ‘F@‘P\” on qui (‘Q)

L = {{M)| M is a TM that does not accept on i .Put (M)}
Suppose D decides L. < = 3w | f'wf’d 099* w5t
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An explicit undecidable language

Theorem: L = {{M) | M is a TM that does not accept on

input (M)} is undecidable® (M0 € Lgz> (<) iﬁ;f}

Proof: Suppose for contradiction, that D decides L
N deride L7 dMoe L& 0(EW) aagk (D

Claim'. ) (L07) 0 b sell-deded

0L awh = (Ol MY => 0(<0) do o acet 1)
0( CO\)\ dats wd atgplt =) (o4l M =S (D) agts (1)

X
Ny \f -allpiate Pview

J _
Corollary: SAry = L ={{M) | MisaTM that' accepts on \
y |04 . /7
input (M)} is undecidable (hewne de:aade lowq- Cloed wdy “onptror
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A more useful undecidable language

Arv = {{M,w) | M is a TM that accepts input w}
Theorem: Aty is undecidable

But first: Aty is Turing-recognizable
The following “universal TM” U recognizes Aty

On input (M, w):
1. Simulate running M on input w - =

2. If M accepts, accept. If M rejects, reject. -
Nol aldecla \eane M wy loog frenwr o0 W
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More on the Universal TM

"It is possible to invent a single machine which can be used to compute any
computable sequence. If this machine U is supplied with a tape on the beginning of
which is written the S.D ["standard description”] of some computing machine M,
then U will compute the same sequence as M.”

- Turing, “On Computable Numbers...” 1936

* Foreshadowed general-purpose programmable computers

* No need for specialized hardware: Virtual machines as software

- Central Processing Unit
Instruction ’ c";.ol 1 Data lnppt N Arithmatic/Loglc Unit Output
memory { unit . memory Device Devic
T) Memory Unit
Harvard architecture: von Neumann architecture:
Separate instruction and data pathways Programs can be treated as data
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A more useful undecidable language

A = {{M,w) | M is a TM that accepts input w}
Theorem: Aty is undecidable

Proof: Assume for the sake of contradiction that TM H
decides Atp:

accept if M accepts w

reject  if M does not accept w
M e w o loofS

H((M,w)) = {

ldea: Show that H can be used to decide the
(undecidable) language SAT\ -- a contradiction.
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A more useful undecidable language

Aty = {(M,w) | M is a TM that accepts input w}

Suppose H decides Ay [ & Shem =7 m(¢m) ace
= A [{m (w)) atts

i : =D 0 (W awghy,
Consider the following TM D.
i d Shim =D M(CM7) does ust

On input (M) where M is a TM: alc et

H . M (M =7 H (L my)) itk
1. Run H on mput( ,( )) S5 D(aM) resech
2. If H accepts, accept. If H rejects, reject.

Claim: D decides
SAtym = {{M) | M is a TM that accepts on input (M)}

...but this language is undecidable =
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Unrecognizable Languages

Theorem: A language L is decidable if and only if L and L

are both Turing-recognizable. ( L widedadle + L recognie
=D 7w+ rtoogniabie
Proof:

=) L deaabie =2 L reomEIC

=3 T g aaMe ((oswe) => L recogniie

[l 7 pel
C:;‘ L,L wcoyu.’ta\qtf) vecaghel VI e WM, My egfckey

(st gocar for L‘ \ wel 43'\{\). algh
=" On it w " =) ) awph W
1) Lo~ M, oand My fadel o g g et
) 10 W, aweh, alft =D 0 wsets v
16 Wy aduh, re jeet
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Classes of Languages

recognizable

context free

regular

L(D™)

/
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Reductions
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A more useful undecidable language

A = {{M,w) | M is a TM that accepts input w}
Theorem: Aty is undecidable

Proof: Assume for the sake of contradiction that TM H
decides Atp:

accept if M accepts w
reject  if M does not accept w

H((M,w)) = {

ldea: Show that H can be used to decide the
(undecidable) language SAT\ -- a contradiction.

“A reduction from SA1y to Arm”
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Scientists vs. Engineers

A computer scientist and an engineer are stranded on a
desert island. They find two palm trees with one coconut
on each. The engineer cllmbs a tree, picks a coconut and
eats. 7

The computer scientist cllmbs the second tree, picks a
coconut, climbs down, climbs up the first tree and places
it there, declaring success.

“Now we’ve reduced the problem to one we’ve already
solved.”
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Reductions

A reduction from problem A to problem B is an algorithm

for problem A which uses an algorithm for problem B as a
subroutine

If such a reduction exists, we say “A reduces to B”
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Two uses of reductions
Mag¥am fv 19 =D Aopnthw v A

Positive uses: If A reduces to B and B is decidable, then A
is also decidable

.Q/\A

(EQDFA {{(D{, D,) |Dq, D, are DFAs and L(D;) = L(D,)}
em: EQppp is decidable

Proof: The following TM decides EQppa

Oninput (D¢, D,), where (D, D,) are DFAs:
1. Construct a DFA D that recognizes the symmetric

difference L(D;) A L(D: o
2. Run the decider for n (D) and return its output
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Two uses of reductions

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

&
@ {{M,w) | M is a TM that accepts input w}
ose H decides Aty

Consider the following TM D.
On input (M) where M is a TM:

1. Run H on input (M, (M))
2. If H accepts, accept. If H rejects, reject.

Claim: D decides
@4 = {{M) | M is a TM that accepts on input (M)}
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Two uses of reductions

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

Proof template:
1. Suppose to the contrary that B is decidable

2. Using B as a subroutine, construct an algorithm
deciding A

3. But A4 is undecidable. Contradiction!
[(onclube o ot de‘l"\“"€>
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Halting Problem

HALTyy = {{M,w) |M is a TM that halts on input w}
Theorem: HALTty is undecidable

Proof: Suppose for contradiction that there exists a decider H

for HALT+y. We construct a decider for Aty as follows:

i L\"\,wj L'll\ = M hatbe and aceh aw
On input (M, w): T M) atabs, mectn

7

: = alephy
Run H on input (M, w) w9t e
. . . >
2. |If H rejects, reject rag Vo T u(z_:fo) ’awnz, M wostch
. = rpylch
3. If H accepts, simulate M onw [ e r. m (oots o W) .
: . =M (dwm~Y) reyec
4. If M accepts, accept. Otherwise, reject \a Hg,d 7
S Vewme Doy unkidade :

This is a reduction from Aty to HALT 1y
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Empty language testing for TMs

Etpy = {{M) |MisaTMand L(M) = @}
Theorem: Ety is undecidable

Proof: Suppose for contradiction that there exists a decider R
for ETp. We construct a decider for Aty as follows:

On input (M, w):
1. Run R oninput ???

This is a reduction from Aty to Ey
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Empty language testing for TMs

Etpy = {{M) |MisaTMand L(M) = 0@}

Theorem: Etp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for E1p . We construct a decider for Aty as follows:

On input (M, w):

1. Constructa TM M’ as follows:
W\”' B 01\ s\;\c‘l\' X
1) '-[Q\nof‘ﬁ 2«
Z\ flun YW en )

24 I¢ M awh, «wepf, If W
reseh s&r&;\ o
2. Run R on input (M")

Téa” y
L(m) = ¢ i md &Y
M does wol ak("" w

M agph w = Llm") = [
M goes it atgt W =) L(M‘V}?f

3.1f R wjects | accept. Otherwise, reject
wo W dedes pm X This is a reduction from Ay to Etum
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