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Last time: Two equivalent definitions of NP

1) NP is the class of languages decidable in polynomial time
on a nhondeterministic TM

™
NP = Uy~ NTIME(n*) -

2) A polynomial-time verifier for a language L is a

deterministic poly(|w])-time algorithm V such that w € L
iff there exists a string ¢ such that V(éw, c)) accepts

L (o w.hes &2 3c s Vo
o lieale p G whesg wel J a;’e{”&)

Theorem: A language L € NP iff there is a polynomial-time
verifier for L
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Examples of NP languages: SAT

“Is there an assignment to the variables in a logical
formula that make it evaluate to true?”

 Boolean variable: Variable that can take on the value

‘,_ﬁ/\jﬂg (encoded as 0/1) Z
+ Boolean. operations: A (AND), vV (OR), = (NOT)

* Boolean formula: Expression made of Boolean variables
Ex - 420, xy= Tk S

and operatlons EX: (Xl VXZ) /\X3 - ok ‘nh“ﬂ“‘b
Y S B FE

* An assignment of Os and 1s to the variables satls’fles a ;s
formula ¢ if it makes the formula evaluate to 1

* A formula ¢ is satisfiable if there exists an assighment
that satisfies it To gakSTiable
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Examples of NP languages: SAT

Ex: (x; VX3) Axg Nes. 2,21, 7,2 1,252 | Satisfiable?

Ex: (xy VX)) A(xy VX)) A Xy Satisfiable?
A, = ’ A, > O

SAT = {(p)|@ is a satisfiable formula}
Ly /\;q ¢ SAT

Claim: SAT ENP  On ot 29N

1) buss an amgmint B wrs X e,y
c iO,y‘:
'LS Clce  Hhat assfclmu./!!‘ 9 <ok shiy

A cee ‘)L A 9e<, 030t oW,
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Examples of NP languages: TSP

“Given a list of cities and distances between them, is

there a ‘short’ tour of all of the cities?’, .

More precisely: Given wof\/\/zm ¢y
v &

e A number of cities m

e A function D: {1, ..., m} % - N giving the distance
between each pair of cities

A distance bound B

TSP = {(m, D, B)|3 a tour visiting every city
with length < B}
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- o(n) -
- R VT mnlal TMe
AT AquTs 1 Ih' Nopalted. s (t‘:’h*\))

O Lien Wel.ed’.- SAT requrts te G(2""® _
P VS. NP ‘(sr w~3>$7a ( )[SWJ BTH)
(v
. - ONT regadres tine 9('2,1( Q) Vero
Question: Does P = NP? eun & guakiem  (oafuldy
: : L@ vanhim kv ETH)
Philosophically: Can every problem with an efficiently

verifiable solution also be solved efficiently?
(OM,??C;:)'\\% ‘t’eﬁ‘:q € NP (dll.o “ P) Millennium Problems '

Yang-Mills and Mass Gap
Experiment and computer simulations suggest the existence of a “mass gap" in the solution to the quantum versions of the Yang-Mills equations. But
o procf of this property is known.

A central problem in mathematics e

The prima numbar thecrem detarmines the avarage distribution of the primes. Tha R ypothasis tells us sbout th

average Formulated in Riemann's 1859 paper, it asserts that all the 'non-obvious’ 2eros of the zeta function are complex numbers with real part /2.

w\
P vs NP Problem

L]
Ifitis easy to check that 2 solution to a problem is cormect, is it 2l30 easy to soive the problem? This is the essence of the P vs NP question. Typical of
the NP problems is that of the Hamiltonian Path Problem: given N cities to visit, how can one do this without visiting a city twice? If you siveme
solution, | can easily check that it is correct. But | cannot so easily find a solution.

L]
' - 50 04N, A NP-wle/vebaly -
. Over s odm ) Navier-Stokes Equation
N Ve This is the equation which governs the flow of fluids such as water and air. However, there is na proof for the most basic guestions one can askc do
¢ 0 Mb solutions exist, and are they unique? Why ask for a procf Because a proof gives not only certitude, but also Lnderstanding.
A &l writer W

Hodge Conjecture
m W further algebraic equations. The Hodge conjecture is knov in certain special cases, e.g. when the solution set has dimension less than four. Butin

The answer to this conjecture determines how much of the topology of the solution set of 3 system of slgebraic equations can be defined in terms of
dimension four it is unknown

EXP Poincaré Conjecture
In 1904 the French mathematician Henri Poincard asked if the three dimensional sphere i3 characterized a3 the unique simply connected three
manifold. This question, the Poincaré conjecture, was a special case of Thurston's geometrization conjecture. Perelman's proof tells us that every
three manifold is built from a set of standard pieces, eachwith one of eight well-understood geometries.

EXP

Birch and Swinnerton-Dyer Conjecture

Supported by much experimental evidenca, this conjecture relates the number of points on an alliptic curve mod pto the rank of the group of

rational points. Elliptic curves, defined by cubIC 6quations in tvo varisblés, sre fundamental mathematical objects that arise in many areas: Wiles'

N P proaf of the Fermat Conjecture factorization of numbers inte primes. 3nd cryptography, to name three.
-( p

If P=NP If P=NP
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A world where P = NP

* Many important decision problems can be solved in
polynomial time (HAMPATH, SAT, TSP, etc.)

* Many search problems can be solved in polynomial time
(e.g., given a natural number, find a prime factorization)

* Many optimization problems can be solved in polynomial
time (e.g., find the lowest energy conformation of a
protein)



A world where P = NP

* Secure cryptography becomes impossible

An NP search problem: Given a ciphertext C, find a plaintext
m and encryption key k that would encrypt to C

* Al / machine learning become easy: Identifying a consistent
classification rule is an NP search problem

* Finding mathematical proofs becomes easy: NP search
problem: Given a mathematical statement S and length
bound k, is there a proof of S with length at most k?

General consensus: P #= NP
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NP-Completeness
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What about a world where P # NP

Believe this to be true, but very far from proving it

P # NP implies that there is a problem in NP which
cannot be solved in polynomial time, but it might not be a
useful one

Question: What would P # NP allow us to conclude about
problems we care about?

ldea: Identify the “hardest” problems in NP
Find L € NPsuchthatL € P iff P=NP



Recall: Mapping reducibility

Definition:

A function f: X" — X" is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
Its tape.

Definition:

Language A is mapping reducible to language B, written
A<, B

if there is a computable function f: X = X such that for
all stringsw € X", wehavew €A &< f(w) €B
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Polynomial-time reducibility

Definition: dedor m caaky

A function f:Z* - Z*&[polynomial-time computable if there
is a polynomial-time TM M which, given as input any w € X7,
halts with only f(w) on its tape.

Definition:

Language A is polynomial-time reducible to language B,

written
A Sp B

if there is a polynomial-time computable function f:X* - X*
such that for all stringsw € £*, wehavew € A & f(w) €B
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Implications of poly-time reducibility

Theorem:If A <, Band B € P,then A € P

Proof: Let M decide B in poly time, and let f be a poly-
time reduction from A to B. The following TM decides A

—_—

in poly time:

)

own :V\Pd\‘\' w..
) Len madkit o)A Clu fn da o due P(w\
'L) VL«'\/\ WM en 'F(VJ\

v) thwm aweph, augt. O-w et

2 g
o gdy f. M S pyde van on 3y Lewth .
miat ()
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NP-completeness

Definition: A language B is NP-complete if
1) B € NP, and
2) Every language A € NP is poly-time reducible to
B,ie.,A <, B (“B is NP-hard")
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Implications of NP-completeness

Theorem: Suppose B is NP-complete.
Then B € Piff P = NP

Proof:
é/,—/[sc - NP and neNP  her 2ef
) 36 el e A e o abley lesuay A4enP

Acyh =) AP (oot of Tt &)
=) Q= NFf
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Implications of NP-completeness

Theorem: Suppose B is NP-complete.
Then B € P iff P = NP
Consequences of B being NP-complete:

1) If you want to show P = NP, you just have to show
BeP

2) If you want to show P # NP, you just have to show
B &P

3) If you already believe P # NP, then you believe B & P
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Cook-Levin Theorem and
NP-Complete Problems
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Cook-Levin Theorem

Theorem: SAT (Boolean satisfiability) is NP-complete

Proof: Already know SAT €NP. Need to show every
problem in NP reduces to SAT (Iate?)

Stephen A. Cook (1971)

Leonid Levin (1973)
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New NP-complete problems from old

Lemma: If A <pBandB <, (,thenA <, C

(poly-time reducibility is transitive)

sh ¢ C
Theorem: If C € NP and B <, C for some NP-complete

language B, then C is also NP-complete
Ql‘oa“z Need b= - Gl A éf( $o e 4y ﬁ(/\]P

% denP ., Aep s (e & ncogere)
Lee ¢ ( ysllesz)
=) hep C ( ronedds)

/
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New NP-complete problems from old

All problems below are NP-complete and hence poly-time reduce to one another!

by definition of NP-completeness

SAT

|

3SAT

INDEPENDENT SET DIR-HAM-CYCLE GRAPH 3-COLOR SUBSET-SUM
VERTEX COVER HAM-CYCLE PLANAR 3-COLOR SCHEDULING
SET COVER TSP -
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3SAT (3-CNF Satisfiability) | i‘

Definition(s): o
* A literal either a variable @ its negation Xs, X7
* A clause is a disjunction (OR) of literals  Ex. xt VX7 V X,

* A 3-CNF is a conjunction (AND) of clauses where each
clause contains exactly 3 literals

EX. Cl/\CZ/\/\Cm =
(Xs VX7 VX)) NSV XLV X )ANNAN(Xy VXLV X)

3SAT = {{@)|@ is a satisfiable 3 — CNF}

4/15/2020 CS332 - Theory of Computation 21



) Use & 91> pies i fush

3SAT is NP-complete Ql b0 o el leel
Theorem: 3SAT is NP-complete |
Proof idea: 1) 3SAT is in NP (why?)

2) Show that SAT <, 3SAT g

ldea of reduction: Given a poly-time algorithm cdnverting
an arbitrary formula ¢ into a 3CNF ) such that ¢ is

satisfiable iff 1 is satisfiable g, A \Ta qeend”
| - — Car (MG
Q, '\Q - QQ,S—Q.LUQ.Q AN %(\p,d“_
\(’ qu‘; X, /\11) A ?',}0,\377-)23,@
\ é | (O‘E’O‘L\"O‘)/\ N::(“_
(W
X, /\\@ (qvxsm) A g
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