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The Basic Turing Machine (TM)

Input

Tape a | b |a|a

Finite

control

* Input is written on an infinitely long tape

 Head can both read and write, and move in both
directions

 Computation halts as soon as control reaches
“accept” or “reject” state
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Formal Definition of a TM

ATMisa 7-tuple M = (Q,%,T, 9, qo, Qaccept’ Qreject)
* () is afinite set of states

e ) is the input alphabet (does not include L)

e ["is the tape alphabet (contains LI and )

0:QXTI' > QXTI X{L,R}is the transition function
(P, ),\’— (@gu\“)‘f\v\ nonort (166 or it

/ I\N“’
Casiet Shade TN (p0d) Z:Elg symbo\ (Wi ¥e)

do € Qis the szc“ rt state
* Jaccept € U is the.accept state

* Qreject € () is the reject state (Qreject a qaccept)
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Configuration of a TM: Formally

A configuration is a string uqu whereq € Q and u,v € I'*
* Tape contents = uv (followed by blanks U)

* Current state =g

* Tape head on first symbol of v

Example: 1019g:0111

17010 1 1|1 U

o
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‘Q'n‘)n.

How a TM Computes O—> @

On MY W [4,4«4 clade @ bne, K
Start configuration: gow N $(g,0)= (9 ,¢|R) m

% Jalbl o ) =7 %

One step of computation: ™ = e
* ua q bvyieldsuac q' vif §(q,b) = (q',c,R) &q
*ua q bvyieldsu q' acvif §(q,b) = (q',c,L) = M:I

* If we are at the left end of the tape in conflguratlon q bv,
what configuration do we reach if §(q,b) = (q', ¢, L)?

l/q'
c;(\o\f Yo v ] .
’ h =,
Vexd weiumden - Co(ﬂ,‘b) : (a\, <, L) @/3 @
¢ .

N ew (mifc)). ' m q‘ C
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How a TM Computes

Start configuration: gow

One step of computation:

* ua q bvyieldsuac q' vif §(q,b) = (q',c,R)
*ua q bvyieldsu q' acvif §(q,b) = (q',c,L)
* g bvyieldsq' cvif §(q,b) = (q,¢c, L)

Accepting configuration: g = Qaccept

Rejecting configuration: g = qreject
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How a TM Computes

M accepts input w if there is a sequence of configurations
C]_) L) Ck SUCh that: C( as g“.()gl...v\ o! ™m @ +we ‘

° Cl = oW ™ olh » Ghord (mﬁf,
 C;yields C;pq foreveryi Teomsditn tfukes ™ fom  ( foly
* () is an accepting configuration W nibk ad acgts

L(M) = the set of all strings w which M accepts
A is Turing-recognizable if A = L(M) for some TM M:
*w €A = M halts on w in state qaccept

*w&A = M haltson w in state qreject OR
M runs forever on w
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Recognizers vs. Deciders

L(M) = the set of all strings w which M accepts

A is Turing-recognizable if A = L(M) for some TM M:
*w €A = M haltson w in state q,ccept

*w€&A = M halts on win state qpgject OR
M runs forever on w

A is (Turing-)decidable if A = L(M) for some TM M
which halts on every input
*w €A = M haltsonw in state q,ccept

*w&A = M haltsonwinstate Greject  (ny nf o lospiny )
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Recognizers vs. Deciders m

Which of the following is true about the relationship
between decidable and recognizable languages?

Oe‘ft\q\nlc ‘cuas C_ (lu,ogu.‘zab'e |q~9¢‘
a) The decidable languages are a subset of the
recognizable languages

b) The recognizable languages are a subset of the
decidable languages

c) They are incomparable: There might be decidable
languages which are not recognizable and vice versa



Example: Arithmetic on a TM

The following TM decides MULT = {aibjck ‘ i XJ =k}
On input string w: we 2Zakb, (%

1. Check w is formatted correctly H“"h'#'{ |
a's M’A{ by welye ¢S

2. For each a appearing in w:

3 For each b appearing in w:

4, Attempt to cross off a c. If none exist, reject.
5. Ifall ¢’s are crossed off, accept. Else, reject. e

cXhzw K->ix)
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Example: Arithmetic on a TM

The following TM decides MULT = {aibjck ‘ i XJ =k}
On input string w:

1. Scan the input from left to right to determine whether
itisa member of L(a*b*c*) ccar & </ 0FA

) 0 ds 0 O Sten W M
2. Return head to left end of tape

3. Cross off an a if one exists. Scan right until a b occurs.
«o» | Shuttle between b’s and ¢’s crossing off one of each

* luntil all b’s are gone. Reject if all ¢’s are gone but some
b’s remain. e <ix)

4. Restore crossed off b’s. If any a’s remain, repeat step 3.
5. Ifall ¢’s are crossed off, accept. Else, reject.

% ;{ ¢ W« x) KV('K‘.)
/a(aa VM ¢(cccc Qe S\kabol ia,\n,c, ﬁ)ud[,‘—’z’ aca # Wb Hocecee
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Back to Hilbert’s Tenth Problem

Computational Problem: Given a Diophantine equation,

does it have a solution over the integers?
(2,,., % P s on nteger pdymoainl
t Pit, m) \ 3 x,,.,2. ¢ 2 e(z,),_,)am)'ﬂ%
L is Turing-recognizable
Cmple  Case . Lz" %» P(")‘O) l 3 1 P(X,'ﬂ):ozb
c|% \M)) all K%W (Y,w)élz

™)  oar (W & Qthh‘“
oad see 4 plx,9) " dowdaiey

Ot '7/~L~77_§- 79 pl02). 3€ 0, acet

X
‘0"";7’ j/ - Toy @0, 0. T( 0, acy!
TS - SRR
- (>(| 2)
-1 / :

e Lis not decidable (1949—78)«'
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TM Variants
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How Robust is the TM Model?

Does changing the model result in different languages being
recognizable / decidable?

A e
So far we’ve seen... 6 O-F

- We can require that NFAs have a single accept state

- Adding nondeterminism does not change the languages
recognized by finite automata  Guowt aduches

- Bonus problem on test: Allowing DFAs to have multiple
passes over their input does not increase their power

Turing machines have an astonishing level of robustness
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TMs are equivalent to...

* TMs with “stay put”

* TMs with 2-way infinite tapes

* Multi-tape TMs

* Nondeterministic TMs

* Random access TMs

* Enumerators

* Finite automata with access to an unbounded queue
* Primitive recursive functions  auoy of rcoy  fuy. Fom
* Cellular automata N caleades
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Extensions that do not increase the power of
the TM model

 TMs that are allowed to “stay put” instead of moving
left or right

5:0xI' Q0 xT x{L,R,S}
Vglay put
How would you show that TMs with stay put are no more
powerful than ordinary TMs?
TNY W W ) 05 Avor ™M o ot lead o5 pI& "t“\
&’ Pagtrg W ol ‘s‘mj it ccn 4, an

ydniwj TM can 49
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Extensions that do not increase the power of
the TM model

 TMs that are allowed to “stay put” instead of moving
left or right
5:0xXI' >0 xTI x{L,R,S}

TWe o Skﬁ 0d  of e&.«lm* o Qedr ’. Show ity a“”\"(\ o> Heit

M&a«\j ™S an
Proof that TMs with “stay put” are no more pdverful: * .,

——
-

. . L ) - rade e
Simulation: Convert any TM M with “stay put” into an 44:,4%;&
equivalent TM M’ without

Tﬂ(kwtﬁ‘\“"’ M
Replace every “stay put” instruction in M with a move
right instruction, followed by a move left instruction in M’

18 (,( ?‘ a\) ‘ (q',b) 9) = place thy u/ - %(P,?\\‘; (%'» b, IL)
@AM g Dty S = (4,x.0)
\c\g'z/24/2021 @.——5 @ \

_ - (W al %) o wm
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Extensions that do not increase the power of

the TM model
* TMs with a 2-way infinite tape, unbounded left to right

Input
L A T BV IR S
Tape a | b |a

Proof that TMs with 2-way infinite tapes are no more
powerful:

Simulation: Convert any TM M with 2-way infinite tape into
a 1-way infinite TM M’ with a “two-track tape”

Vo

R T A IR S + — J‘c. b | & \ |
TYa lh ;&
pelulcTdlel3 14 \EY@ £ g| b

| ~ -
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Formalizing the Simulation m=(e.z,7, ¢.4,

Qacc | Qrt’,s

M’ = (Q’; 2, F’; 6’» Q(’)» qgccept' q{*eject )

New tape alphabet: T’ = (I' x I') U {$}
New state set: Q' = Q X {+, —}

(g, —) means “q, working on upper track”
(g, +) means “q, working on lower track”

New transitions:

L1 0

- )0 w—
= IO
)
9
(8-> A7)
”\a— — <:7],..\b\
.| Ax _Ja&

If 5(p' Cl_) — (q' b' L), let 6,((29! _): (Cl_, Cl_|_)) — ((q' _)r (b: Cl_|_), R)

Also need new transitions for moving right, lower track, hitting $,

initializing input into 2-track format
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Multi-Tape TMs

( anriton
a Ta\?"\‘" ( ved Onl/_;)

Finite 7(
control | c y""“ €5

mak = K

Fixed number of tapes k  (can’t change during computation)
Transition function § : Q X T — Q x T'* x {L, R, S}* \M‘t bage
Vv

%( Q) ;‘)"‘)o\z) = (q) ;')"')\”KJ‘:;\'J")MR)
rod e \ M&«R“ Wit ke | uaR bt )
21
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Multi-Tape TMs are Equivalent to Single-Tape TMs

Theorem: Every k-tape TM M with can be simulated by an
equivalent single-tape TM M’

v

b |b |a|a
Finite -
a | b | U | a
control
]
U |b |a | a

Finite

control

~
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