BU CS 332 — Theory of Computation

Lecture 13: Reading:

* Decidable Languages Sipser Ch 4.1, 4.2
* Universal TM

e Countability and
Diagonalization

Mark Bun
March 8, 2021



A “universal” algorithm for recognizing regular
languages Gien DFA D, hing w,

doo, ) acepr .
Appa = {{D,w) |DFA D accepts w}

Theorem: Appp is decidable

Proof: Define a 3-tape TM M on input (D, w):
1. Check if (D, w) is a valid encoding (reject if not)

2. Simulate D onw, i.e.,

e Tape 2: Maintain w and head location of D
e Tape 3: Maintain state of D, update according to

3. Acceptif D ends in an accept state, reject otherwise
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More Decidable Languages: Emptiness Testing

Theorem: Epga = {(D) | D is a DFA that recognizes @} is

decidable < 5407 LDz @ o OFa ), does
D recognixe

Proof: The following TM decides Epga _—%;;\j

(\w(lu-, he QO%V\\e lo alhh an a(‘,d}" Sdade N dh«,ﬁ o S"“;")S

fom He We Glqed atale
On input (D), where D is a DFA with k states:

1. Perform k steps of breadth-first search on state
diagram of D to determine if an accept state is
reachable from the start state

2. Reject if a DFA accept state is reachable; accept
otherwise
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Epra Example (N £ ¢4 (ea Wietm)
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New Deciders from Old: Equality Testing

EQpra = {(D1, D2) | D1, D, are DFAs and L(D,) = L(D;)}
Theorem: EQppp is decidable

Proof: The following TM decides EQpga

On input (D4, D), where (D, D,) are DFAs:

1. Construct a DFA D that recognizes the symmetric
. . = 16 1w Okadt ot
difference L(D;) A L(D,)= 4w | “ L(QOJ y—a?)zg‘ﬁs
2. Run the decider for Eppa on (D) and return its output
[\M\qs‘.s (c,owu‘\ﬂ-%\ .

4 - = LIONA L) =
bTE 0,0 EEQ e, Mon LOOD = L(N) 22 L(M=¢@L\au(?;s~/

2316 (0,004 EBpra e L(DYF U S DY A Lo, 7S
) DUN TP =S reeds /S
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Symmetric Difference
AAB={w|w € Aorw € B but not both}

iy
G | 1a~s-
N, Qu\uell\ ar
wi &5

ARG = (ANR) U (ma)
(AND ) U A) <
* (Fve YU(TTua)

TEAILEDY, B2 L) D o kel OFA G LGS,
ucrg  (oplevert, uana and Syl
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Meta-Computational Languages

Appa = {{D,w) | DFA D accepts w}
At = {{M,w) | TM M accepts w}

Eppa = {{D##) | DFA D recognizes the empty language @}
Etm = ({M4p) | TM M recognizes the empty language @}

EQpgra = {{D1, D) | D1 and D, are DFAs, L(D;) = L(Dz)}
EQrm = {{M, M3) | My and M, are TMs, L(M;) = L(Mz)}
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The Universal Turing Machine

Arm = {{M,w) | M is a TM that accepts input w}
Theorem: ATy is Turing-recognizable

The following “universal TM” U recognizes Aty

Can (,'.\lvtu‘ql'e L o"ty ‘TM
On input (M, w):
1. Simulate running M on input w

2. If M accepts, accept. If M rejects, reject.
DT N ahy W Hlen \J(ZN W) acepte J
) TE M egeds VJ foa U (4w, ) eyecky V

YY) T M o o Q Hen \J\(QW\.A)) Jrogs
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Universal TM and Atu m

Why is the Universal TM not a decider for Atp?

O O T Q

— | —

The following “universal TM” U recognizes Aty

([\ﬂ . o
Oninput (M,w);  @woadry ol & javr cogisy of o T m
1. Simulate running M on input w mnd aiiy W
2. If M accepts, accept. If M rejects, reject.

It may reject inputs (M, w) where M accepts w

It may accept inputs (M, w) where M rejects w

It may loop on inputs (M, w) where M loops on w ui‘:\w
It may loop on inputs (M, w) where M rejectsw
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More on the Universal TM

"It is possible to invent a single machine which can be used to compute any
computable sequence. If this machine U is supplied with a tape on the beginning of
which is written the S.D ["standard description”] of some computing machine M,
then U will compute the same sequence as M.”

"2 o\ a(oywn M

\}/ ‘M., -Lo
\)((W\, wgﬁ- B

* Foreshadowed general-purpose programmable computers

- Turing, “On Computable Numbers...” 1936

* No need for specialized hardware: Virtual machines as software

- Central Processing Unit
Instruction ’ Cot;tol 1 Data Input N Arithmetic/Logic Unit Output
memory { unit N memory Device Devic
T) Memory Unit
Harvard architecture: von Neumann architecture:
Separate instruction and data pathways Programs can be treated as data
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Undecidability

A1y is Turing-recognizable  vie  Uavewl W
..but it turns out Aty (and Etp, EQTp) is undecidable

i.e., computers cannot solve these problems no matter
how much time they are given
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Countability and
Diagonalizaiton
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What's your intuition? m

Which of the following sets is the “biggest”?

Posz < £ ¢ IN
a) The natural numbers: N ={1,2,3, ...}

b) The even numbers: E = {2,4,6, ...}

rt\ahel \)2)3) .

c) The positive powers of 2: POW?2 = {2,4,8, 16, ...}
reladad . |7 ) 5, u,. .
wﬁw\

d) They all have the same size -
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Set Theory Review
y .J\@\td’\ E\bj Qéi VE:\GQ
A function f:A - B is >

* 1-to-1 (injective) if f(a) #
f(a") foralla # a’

e onto (surjective) if forall b € B,
there exists a € A such that

fla) =D

 a correspondence (bijective) if
it is 1-to-1 and onto, i.e., every
b € B has a unique a € A with

fla) =D
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How can we compare sizes of infinite sets?

Definition: Two sets have the same size if there is a
bijection between them A x u. 2% freys

ia h ¢y Kb

S {Ry:=C

A set is countable if

e itis a finite set, or

e it has ' e set of natural numbers ‘
e. 4 o \)‘.je(k-m ‘Y’ N = 9\ " Counlebly nfade”
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Examples of countable sets

.

 {0,1} fale =S comkble
- {0,1,2, ...,8675309}

-E = {2,46,8,..3 f() =1L .
SQUARES = {1,4,9,16,25,..} £ =
« POW?2 =1{2,4,8,16,32,...} £()= 2
A
s |E| = |SQUARES| = |POW?2| = |N|

) (o
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(ot Wedn 7 (N N %N

How to show that N X N is countable?
VY fhy: (10 W) | xe I, yeld

(L) —2 1 3,1) — 4 1) (5, 1)
— —7
' ’ / ' / )

[ 307 (42 (52
Qe L7 / S

(1,3) (2,3) 33 (43) (5,3)
(1,4) (2,4) (3,4) i (4,4) (5,4)

V7

(1,5) (2,5) (3,5) (4,5) (5,5)
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How to argue that a set S is countable

* Describe how to “list” the elements of S, usually in stages:
Ex: Stage 1) List all pairs (x,y) suchthatx +y =2 0"
Stage 2) List all pairs (x,y) such thatx +y = 3 ((un)

Stage n) List all pairs (x,y) suchthatx +y=n+1
n W J:«qmoﬂ
* Argue that every element of S appears in the list
Ex: Any (x,y) € N X N will be listed instagex + y — 1

* Define the bijection f: N — S by f(n) = the n’th element
in this list (ignoring duplicates if needed)



Subsets of countable sets m

If A and B are sets with A € B (A4 is a subset of B), which
of the following statements are true?

a) If A is countable, then B is countable

b) If B is countable, then A is countable\

c) Both are true
d) Neither is true




More examples of countable sets

. (0,1} * . ) 3a My S §o,\’;'r
* {{M) | M is a Turing machine} < %0,»"

* Q = {rational numbers} s ke eductien & IUON

7 N
Ndver ot &m.w"as

So what isn’t countable?
—
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Cantor’s Diagonalization Method

* Invented set theory
* Defined countability, uncountability,
cardinal and ordinal numbers, ...

Some praise for his work:

“Scientific charlatan...renegade...corruptor of youth”
—L. Kronecker

Georg Cantor 1845-1918 “Set theory is wrong...utter nonsense...laughable”
—L. Wittgenstein
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Uncountability of the reals

Theorem: The real interval (0, 1) is uncountable.

Proof: Assume for the sake of contradiction it were
countable, and let f: N — (0,1) be a bijection

n f(n)
N
1 0faf{aldldidat.. 4, = Hth dgh
2 0.d?[d5 W3 dj d? .. of {ln)
3 0.d3 d3lad\a3 s ...
4 0. d4 d4 d4E4]d4 o F d,
%t b, fA

Construct b E (0,1) which does not appear in th|s table
— contradiction!  © “*h,)”"\ v oy "
b = 0.b1bybs .. where by LA™ (digita of Fin))

; He Jo
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