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How can we compare sizes of infinite sets?

Definition: Two sets have the same size if there is a
bijection between them

A . 2

A set is countable if

e itis a finite set, or
* it has the same size as N, the set of natural numbers
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Uncountability of the reals

Theorem: The real interval (0, 1) is uncountable.

Proof: Assume for the sake of contradiction it were
countable, and let f: N — (0,1) be a bijection

f(n) |
ofaifd3didids .. 6,7 & 7> 0 F£0)

0. df\jdz d? d? ... 0, 7 A;’ S b {R2)

0.d3 d3\a3ld3 d2 ... -

0.d* d dtladas ..

0.dSdS dgg@.. ‘337[ Jf(n% ;CV e

Construct b € (0,1) which does not appear in this table:
b =0.bib,bs... where b, #d;; (digitn of f(n))

There is no n for which f(n) = b, which contradicts the

assumption that f is onto s
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Uncountability of the reals 0,159 2

A concrete example of the contradiction construction:
F N>= (0 a byt
f(n)

0/8/675309.. yn i fra)

0.14)15926.. = o o ned i teld
0.7182818.. = 7. Tiran”?
0.4444444... ' ypvine

""u‘j/—_ @ ¢ le. for
0.1337[33... Jui Zi g

o b W N | S

Construct b € (0,1) which does not appear in this table
b =0.b{b,bs... where b,, # d]; (digit n of f(n))
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Diagonalization

This process of constructing a counterexample by

“contradicting the diagonal” is called diagonalization
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Structure of a diagonalization proof

Say you want to show that a set T is uncountable

1) Assume, for the sake of contradiction, that T is
countable with bijection f: N > T

2) “Flip the diagonal” to construct an element b € T such
that f(n) # b foreveryn

Ex: Let b = 0.b{b,b5... where b,, # d}
(where dj; is digit n of f(n))

3) Conclude that f is not onto, contradicting assumption
that f is a bijection



A general theorem about set sizes

Theorem: Let X be any set. Then the power set P(X) does

not have the same size as X. |
(ordlory TS5 A s combably inkade, Hen (IX) 15 wacomdshie

Proof: Assume for the sake of contradiction that there is a

bijection f: X = P(X)

Goal: Construct a set S € P(X) that cannot be the output
f(x)foranyx € X
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Diagonalization argument

Assume a correspondence f: X — P(X)
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Diagonalization argument

Assume a correspondence f: X — P(X) /

X X1 € f(x)?|x, € f(x)? | x3 € f(xf? X4 € f(X)?
X1 X N -y Y Y

X, N Ny Y Y

x; Y Y Y N

X4 N N Y Ny

Define S by flipping the diagonal:

3/10/2021

Put

X, €ES &

Xn & f(Xn)
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Example
2% 31,33

let X = {1,2,3}, P(X) = {0, {1}, {2} {1,2},{2,3}, {1,2,3})
Ex.k fF(O=1{12} fF(Q) =0, f(3)={2} rloskd &

TaC S & 110(/ Fa.)

Hni\ﬁ »‘:’v x |1ef()? |2 €f(x)? |3 € f(x)?

VEATDY Yo

g |1 AL \S N

Y e N IV B T
le"ﬂ,?}s 3 |

&&\11%73'7\ & ! V(Y
§ 50\ e e 175

125 s e - b) {1, 2,3} d) @

Construct S = a) {1} c) {2,3} m
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A general theorem about set sizes

Theorem: Let X be any set. Then the power set P(X) does
not have the same size as X.

Proof: Assume for the sake of contradiction that there is a
bijection f: X = P(X)

Construct a set S € P(X) that cannot be the output f(x)
forany x € X:

=(xex|x &f@y X )

\‘34.' -Qets U\LO‘ —\’Lqe Cﬂ.ts 1. S _(\
IfS=f(y)forsomeyEX (awe 1 \566’7394‘2@)*
Y,
theny e Sifandonlyify €S |, .2 %#S‘”v”"’)
€S X

’7§ caedd Yo flg) J—v ""jj
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Undecidable Languages
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Undecidability / Unrecognizability

Definition: A language L is undecidable if there is no TM
deciding L

Definition: A language L is unrecognizable if there is no
TM recognizing L
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An existential proof

Theorem: There exists an undecidable language over {0, 1}

Proof: (¢, coe la\qwac,e L < 2())\7-;"L I un&«ihab\()

( .) ) ?‘] My over ],,.(u-\ o\Q\\ﬂ\Oﬂ 6,0} = 20)\_{&
Set of all encodings of TM deciders: X < {0,1}"

Set of all languages over {0, 1}:
a) {0,1} m
b) {0,1}"
c) P({0,1}") : The set of all subsets of {0, 1}* J
(a) P(P({0,1}")) : The set of all subsets of the set of all
subsets of {0,1}"

| * 2 3 lageges owr $9,1%3
P lospage LD o subued of 39)\% =9 94333; of ?o,)%“zé

_ ¥
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An existential proof

Theorem: There exists an undecidable language over {0, 1}
Proof:

Set of all encodings of TM deciders: X € {0,1}"

Set of all languages over {0,1}: P({0,1}")
20 Aot wob Wk M cme cze ay  (49,Y)

There are more languages than there are TM deciders!
= There must be an undecidable language
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An existential proof

Theorem: There exists an unrecognizable language over {0, 1}

Proof:

Set of all encodings of TMs: X € {0, 1}"
Set of all languages over {0,1}: P({0,1}")

Yf(bqr""?‘efs
There are more languages than there are TM deeieess!

= There must be an unrecognizable language

3/10/2021 CS332 - Theory of Computation 16



“Almost all” l[anguages are undecidable

So how about we find one?
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An explicit undecidable language

™ M

Why is it possible to enumerate all TMs like this?

a) The set of all TM deciders is finite
b) The set of all TM deciders is countably infinite
c) The set of all TM deciders is uncountable
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Y & M aceph s
napat W47

An explicit undecidable Ianguagyém g W, oo o

resech ‘,\M\..\' ")

TM M | M({M,))? | M((M,))? | M((M3))? | MEML)? | | D(D))?
Y

M )/ N N m Y

N My Y Y
M, Y Y y/I\J N
M, N N Y Ny

b | ]

UD = {{M) | M is a TM that does not accept on input (M)}

: Clax U = e dah!
Suppose D decides UD ; g 27 238&67 ) edm i it o
o (ai® 1. ¢ 0 dops (wt 430:3;(@'2”%2?"0'0“&,: & Npd <N XK

‘ [0}')__ 'j,c 0 C\O‘?s acif()*\ \\(,.“\’C07 1:) <07 ¢U0 :‘,) s v
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An explicit undecidable language

Theorem: UD = {{(M) | M is a TM that does not accept on

input (M)} is undecidable
Proof: Suppose for contradiction, that TM D decides UD

- , S —
Cost V' ) 4925 wo) acg) 0D =D S |V on s W
]
Cav 2~ 0 awghy L) = X gafﬁ .
<) D (\09'7 ns Clecic\e dD V\[Uﬂ) - fesecty

() wa ar\fs?\*ﬂg, oo JO N wdedddhie
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A more useful undecidable language

A = {{M,w) | M is a TM that accepts input w}

: ' "
Theorem: Ay is undecidable lecognded by winosal T

Proof: Assume for the sake of contradiction that TM H
decides Atp:

accept if M accepts w

reject  if M does not acceptw
(4 W dops o voyeh 81 9)

H((M,w)) = {

Idea: Show that H can be used to decide the | np, a0
(undecidable) language UD -- a contradiction.

—
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A more useful undecidable language

Aty = {(M,w) | M is a TM that accepts input w}
Proof (continued):
Suppose, for contradiction, that H decides Aty

Consider the following TM D:
“On input (M) where M is a TM:
1. Run H oninput (M, (M))
2. |If H accepts, reject. If H rejects, accept.”

Claim: D decides UD = {{M) | TM M does not accept (M)}
D) (W) & Uf) =7 M does ad  agept (M7 =1 M EM) d Ay = H (M)gmz)

’l,\ (W\\y ¢ UO =) W\ QWJS <M7 = <W|,(Wl7> & A;m = H(QM,<M>)
aaq
...but this language is undecidable =< = 0 eyt vk
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Unrecognizable Languages

Theorem: A language L is decidable if and only if L and L
are both Turing-recognizable.

Proof: =
/
L o decdde => [ 0 ecognFake

L > de-dave = Z '3 de.. dahle
’/5 -C M V'G(Q’W.' }ah‘e
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Unrecognizable Languages

Theorem: A language L is decidable if and only if L and L

are both Turing-recognizable. | Aplteaton”
PrOOf: ;! A—,m Ty ve«a.’n.?—a'de

° A= Y un f.dah
SAQQM L D Ye(an?"\"lf bj ™ M. A‘m > und@ le
L ' W(Q’ﬂ?’“\”le hj ™ ‘Ml “‘3006«\ -
Pim  Werelognahle

( oot T m -

" On Nat W B
‘\\ Q¢ peat e .
) Lan W, [y 0% ojop oo w f acqgk, acgt
) lan M o o0 o & . =f atceth ) ve seel

fodues D) W L D M awgh on N = W als
2) V“¢L =) dEL =) My augh on w =D M resect J.
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Classes of Languages

recognizable

regular

o
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