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What makes a good theory?

* General ideas that apply to many different systems
* Expressed simply, abstractly, and precisely

Parts of a Theory of Computation
* Models for machines (computational devices)
* Models for the problems machines can be used to solve

e Theorems about what kinds of machines can solve what
kinds of problems, and at what cost
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What is a (Computational) Problem?

For us: A problem will be the task of determining whether
a string is in a language

E.g. Parity: Given a string of a’s and b’s, does it contain
an even number of a’s?

Z: = Za,b3 7T =8ab) =3¢, ab, aa,ub ka ko .3

PARITY

;éx élﬂ.b’!*\ |
% hag an even

H ot a's$

\l
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What is a (Computational) Problem?

For us: A problem will be the task of determining whether
a string is in a language

* Alphabet: A finite set X Ex. X = {a, b}

 String: A finite concatenation of alphabet symbols
Ex. bba, ababb

¢ denotes empty string, length O

Y" = set of all strings using symbols from X
Ex. {a,b}* = {¢,a,b,aa,ab, ba,bb, ...}
* Language: A set L € XY™ of strings
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Examples of Languages

Parity: Given a string consisting of a’s and b’s, does
it contain an even number of a’s?

Y ={a, b} L={x € {a,b}" | x has an even # of a’s}

Primality: Given a natural number x (represented in
binary), is x prime?

X={0,1} L={x€{0,1}* | xisthe binary rep. of a prime}

Halting Problem: Given a C program, can it ever get
stuck in an infinite loop?

2 = Extended ASCIl L ={P € X" | P describes a C program
that loops forever on some input}
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Machine Models

Computation is the processing of information by the
unlimited application of a finite set of operations or rules

Input a|b |a|a

Finite

control

Abstraction: We don’t care how the control is implemented. We just
require it to have a finite number of states, and to transition between
states using fixed rules.
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Machine Models

e Finite Automata (FAs): Machine with a finite amount of
unstructured memory

Input a|b |a|a

Control scans left-to-right
Can check simple patterns
Can’t perform unlimited counting

Useful for modeling chips, simple control systems, choose-your-
own adventure games...
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Machine Models

* Turing Machines (TMs): Machine with unbounded,
unstructured memory

Input a|b |a|a

Control can scan in both directions
Control can both read and write

Model for general sequential computation
Church-Turing Thesis: Everything we intuitively think of as
“computable” is computable by a Turing Machine
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What theorems would we like to prove?

We will define classes of languages based on which
machines can solve the associated computational problems

Inclusion: Every language recognizable by a FA is also
recoghizable by a TM

Non-inclusion: There exist languages recognizable by TMs
which are not recognizable by FAs

Completeness: Identify a “hardest” language in a class
Robustness: Alternative definitions of the same class
Ex. Languages recognizable by FAs = regular expressions



Why study theory of computation?

* You’ll learn how to formally reason about computation
* You’ll learn the technology-independent foundations
of CS

Philosophically interesting questions:

* Are there well-defined problems which cannot be solved by
computers?

e Can we always find the solution to a puzzle faster than trying
all possibilities?

e Can we say what it means for one problem to be “harder” or
“no harder” than another?
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Why study theory of computation?

* You’ll learn how to formally reason about computation
* You’ll learn the technology-independent foundations
of CS

Connections to other parts of science:
* Finite automata arise in compilers, Al, coding, chemistry
https://cstheory.stackexchange.com/a/14818
* Hard problems are essential to cryptography

e Computation occurs in cells/DNA, the brain, economic
systems, physical systems, social networks, etc.
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What appeals to you about the theory of
computation?

Why do you want to study the theory of computation?

88 responses

| want to learn new ways of thin... 45 (51.1%)

| like math and want to see ho... 41 (46.6%)
I'm excited about the philosoph... 29 (33%)
| want to practice problem solvi... 48 (54.5%)

| want to develop a "computatio... 28 (31.8%)

| actually wanted to take CS 32...
The textbook's preface says, "T... 1(1.1%)
This topic appeared frequently i... 1(1.1%)

turing machines/ turing test 1(1.1%)

0 10 20 30 40 90
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Why study theory of computation?

Practical knowledge for developers

“Boss, | can’t find an efficient algorithm.
| guess I’'m just too dumb.”

“Boss, | can’t find an efficient algorithm
because no such algorithm exists.”

Will you be asked about this material on job interviews?
No promises, but a true story...
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More about strings and
languages
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String Theory )) ,;,

 Symbol: Ex.a,b,0,1
* Alphabet: A finite set X of symbols Ex. ¥ = {a, b}

 String: A finite concatenation of alphabet symbols
Ex. bba, ababb

¢ denotes empty string, length O
2" = set of all strings using symbols from X

Ex. {a,b}* = {¢,a,b,aa,ab, ba,bb, ...}
* Language: A set L € XY™ of strings
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String Theory 3 ’;

Q=
* Length of a string, written |x|, is the number of symbols

Ex. |abba| = 4 el = O
X oY

* Concatenation of strings x and y, written xvy, is the
symbols from x followed by the symbols from vy

Ex. x = ab,y = ba = xy = able
x =ab,y =¢ = Xy = ab

» Reversal of string x, written x~

of x written backwards
Ex. x = aab = xF= baa

, consists of the symbols

1/24/2024 CS332 - Theory of Computation 16



Fun with String Operations

What is (xy)&?
Ex.x =aba,y =bba = xy=

a) xRyR

yRxR

c) (yo)F
d) xyR
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00 . .
Fun® with String Operations
Claim: (xy)f = g)&xa

Proof: Letx = x1X5 ... X, and y = y1V5 ... ¥y

Then (xy)® = (%% %a Y9, ..

In)"

= \ON\ "m—! .‘019¢ Lo Apr 1o X2 2
= @

9 ®

Not even the most formal way to do this: |
1. Define string length recursively

|

2. Prove by induction on |y|
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Languages

A language L is a set of strings over an alphabet 2
e, L€ X"

Languages = computational (decision) problems
Input: Stringx € X~

Qutput: Isx € L? (Yes or No?)
Acegt or fleject




Some Simple Languages
> = {0, 1}

@ (Empty set) ¢-3 3

Y* (All strings) so=32,0,\, oo,m,,%’

2,
S = {x € 2% | |x| =n} Tom {000,103
(All strings of lengthn) w=%_

3.
29'\77 = 2000, ool 210 o\,
(09,19, (19 m3
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|

\

Y~ ={a,b,c}

-3 3

S4)0,3 =
ge) a,b,C, aq, ab)ut,..,g

wr o
saj,cy * §aa, ab, ... ccd

n5%
g“; chSS = {adﬂ) Mb)-o

ccce 3
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Some More Interesting Languages

* [ = The set of strings x € {a,b}" that have an equal
number of a’'sand b’s abka e Ly  baa ¢ L

L."§7C€,§4,b§* 4 of a's w x K?WI%#OFblss
4
* L, =The set of strings x € {a, b}" that start with (0 or
more) a’s and are followed by an equal number of b’s

—-g‘[e‘%qb‘s*) —"45 = ?a\"lo") "’025

* L3 = The set of strings x € {0, 1}" that contain the
substring “0100" 10199 | €Ly 00 1010 ¢ L,
N of THe sAMe: 3901°% | ye 15,35
L=~ g')ce?o,\ﬁ X =Y Oo\oo 7T, 3c20\’z 2 e3N 5 .
= g x e %9 \’S“T 0\00 B a Sabshiy of 3 = {j‘Dlooz-\") 2 €Y
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Some More Interesting Languages

* L, = The set of strings x € {a,b}" of length at most 4

L_L‘ =3 Qfo\,\g_{“] | x| 4/\"('3

* L = The set of strings x € {a,b}" that contain at least
two a’s

Le> § x e iq by | %= t)"\?’“L \
> §9azal]y,z 2 3y

1,%,4 < 39, b3"4

Lt{—L :;Z Ao A L AT Q.. AXy, \ %a ;) Ly2 6'3%'0?*;
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New Languages from Old

Le = The set of strings x € {a, b}" that have an equal
number of a’s and b’s and length greater than 4

Since languages are just sets of strings, can build them
using set operations:

AUB

ANB

A

1/24/2024

“union” E 55
(A0

“intersection” ] : §

“complement” h-jc@ K:
<}
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2,
2

AU =
g,¢| xeld or
xe %

ANG-
$x ' x A _(_)LA:(@@S

%xl 7(?-"«‘2
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New Languages from Old

L, = The set of strings x € {a, b}" that have an equal
number of a’s and b’s and have length greater than 4

-_——

* L; = The set of strings x € {a, b}" that have an equal
number of a’s and b’s

* L, = The set of strings x € {a,b}" of length at most 4

T

= L = er%,b‘;“' xely ond x¢l"1§
= L, N Ly
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Operations Specific to Languages

* Reverse: L = {x®|x € L}
Ex. L = {¢, a, ab, aab}

= ?baa) ha, a GS
= 2M\o,°“°,%es gé

e) a, ‘qu bqﬁ\s

* Concatenation: L, o L, = {xy |x €L,y € L,}
Ex. L; = {ab, aab} L, = {¢,b,bb}
= Ll o LZ — f ﬂb’ a\o\o, abbh} mk; aabb.qub'abg

~

ol e ) 2 Lhoxtel = AL k.
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A Few “Traps”

String, language, or something else?

E 6—1\.-_\}_-‘3 khp.-o 5_% l‘Mg.‘;‘l\(!j DF o Clnorad-eé
Conld be a .
) Language - Ewply set (lasguage) 7os3hwy  of-
o SvivgS
{E} L:Mgﬂdge, L‘“‘ﬂ- (aq:yﬁg o-F 94‘7 'HQ
Capty  Shivg

() Sorcthiy eloe’  Sel of (perely) languagec
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_LdnNguages
languages = computational (decision) problems

nput: Stringx € X°

Qutput: Isx € L? (Yes or No? l.e., Accept or Reject?)

The language recognized by a program is the set of strings
x € X that it accepts




What Language Does This Program Recognize?

Alphabet X = {a, b}
a) {xext

. b) {x €X”
Oninputx = x1X5 ... X ) {xex*

count=0 ggj{xez*
. _ e) [x EX”
Fori =1, ..., n: ez
|f Xi = d.
count =count+ 1

If count < 4: accept
Else: reject
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x has more than 4 a’s}
x has at most 4 a’s}
x has exactly 4 a’s}
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