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Where we are and where we’re going

Church-Turing thesis: TMs capture all algorithms

Consequence: studying the limits of TMs reveals the limits
of computation

Last time: Countability, uncountability, and diagonalization

Today: Existential proof that there are undecidable and
unrecognizable languages

An explicit undecidable language

Reductions: Relate decidability / undecidability
of different problems



Last time: A general theorem about set sizes

Theorem: Let X be any set. Then the power set P(X) does
not have the same size as X. »35 | 56X%3

Proof: Assume for the sake of contradiction that there is a
surjection f: X — P(X)

Goal: Construct a set § € P(X) that cannot be the output
f(x)foranyx € X
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Diagonalization argument o fID L,
. s‘ﬁ‘:“'&x
Assume a surjection f: X —,P(X) o £0x D) Q
TS ’.eF(iu d is %1
/
X X1 €Ef(x)? | xy € f(x)?/ X3 € f(x)? | x4 € f(X)? /
Bl A A A
X2 | —N N Y Y
x3 Y Y Y n N
X4 N Y | N
Xy ¢S v €S "‘5}{‘5

Define S by flipping the diagonal:
Put /x; €S & x; & f(x;)
N
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Last time: A general theorem about set sizes

Theorem: Let X be any set. Then the power set P(X) does
not have the same size as X.

Proof: Assume for the sake of contradiction that there is a
surjection f: X — P(X) x >S5

Construct a sethat cannot be the output f(x)
forany x € X:

S={xeX|x & f(x)}

TS = for some EX] 4 € ?D\‘”és fa
[oroomyer]  LTNE

g/then y € Sifandonlyify &
£ ot Pomg le ek
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Undecidable Languages
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Undecidability / Unrecognizability

Definition: A language L is undecidable if there is no TM
deciding L

Definition: A language L is unrecognizable if there is no
TM recognizing L
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An existential proof

Theorem: There exists an undecidable language over {0, 1}
Proof: A LCion St L 1o adk deiddde

¢ Set of all encodings of TM deciders: X € {0,1}"

Set of all languages over {0, 1}: Elh_:c [m]
a) {0,1) te | L gtanTy = i
b) {0,1}" -

c)\ P({0,1}") : The set of all subsets of {0, 1}* [,
d) P(P({0,1}")) : The set of all subsets of the set of all
subsets of {0, 1}*



An existential proof

Theorem: There exists an undecidable language over {0, 1}

Proof:

- Set of all encodings of TM deciders: X € {O,\l}*
" Set of all languages over {0,1}: P({0,1}")

There are more languages than there are TM deciders!
= There must be an undecidable language



An existential proof

Theorem: There exists an unrecognizable language over {0, 1}

Proof: | 9T deaden &
§T‘ﬂ fCquﬂ-%i

Set of all encodings of TMs: X € {0, 1} | | $ T deodss3 )
= \ 27“ ﬂcan%S)

= 1N

Set of all languages over {0,1}: P({0, 1}*)

There are more languages than there are TM recognizers!
= There must be an unrecognizable language
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“Almost all” languages are undecidable

But how do we actually find one?
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An Explicit Undecidable
Language
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Our power set size proof

Theorem: Let X be any set. Then the power set P(X) does
not have the same size as X.

1) Assume, for the sake of contradiction, that there is a
surjection f: X — P(X)

2) “Flip the diagonal” to construct aset S € P(X) such
that f(x) # S forevery x € X S

3) Conclude that f is not onto, a contradiction



Specializing the proof

Theorem: Let X be the set of all TM deciders. Then there
exists an undecidable language in P({0, 1}")
[

? L ' LS ;0\47;"3
1) Assume, for the sake of contradiction, that

| o~ - . . - lasguaqge_
L: X — P({0,1}") is a surjection |_(m) “Ljng‘cl hy M

2) “Flip the diagonal” to construct a language UD €
P({0,1}") such that L(M) # UD forevery M € X

3) Conclude that L is not onto, a contradiction
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An explicit undecidable language
T™MM

Why is it possible to enumerate all TMs like this? E

a) The set of all TMs is finite
Wwe set of all TMs is countably infinite|
c) The set of all TMs is uncountable
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Lan AW Wy on o LMD - IS e, Y

An explicit unMable languag 2 i on
n \AM’ & By
MM | M(M))? [ M(M5))? M (Ms))? | M(M,))? D((D))?
M, P\ N Y Y
M, N M A Y Y
M, Y Y Y N
M, N N Y N
D }’«/

UD = {{(M) | M is a TM that does not accept on 1nput (M )}

pr L7, B MO U0
C|a|m. UD |S %ﬁcmﬁléﬁ* .::q,f "= <“|,> Y <‘13)¢€—\70

of VO
IO s ™M we b dde M s < O mtep b OO #

1) 0 acgly wen 44 u607‘940>
40e> i aigr uler ran m40>—5<.0>e(]0 =) et o 81 SO
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An explicit undecidable language

Theorem: UD = {{M) | M is a TM that does not accept on
input (M)} is undecidable

Proof: Suppose for contradiction that TM D decides UD
Exomwn o  caves .

{ 0 awels  on mpt £0)
) =) 20> ¢ v0 L debutnn of 30)

. o woF m V0, s
= 0 ad-ﬂb ‘H& 5"'"" <o7 w\ntc‘ﬂ [p] )
0 mds a ke, 0 Mae doe> yof decde V0 *S-

2’) 0 aoes woy dcgh et <05
=5 40D € U0  Tdefuda of 003
D 0 LY to awdd <07 Skd D W N <
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A more useful undecidable language

Aty = {{M,w) | M is a TM that accepts input w}
Theorem: Aty is undecidable

Proof: Assume for the sake of contradiction that TM H
decides Atp:

accept if M accepts w
reject  if M does not accept w

H({(M,w)) = {

ldea: Show that H can be used to construct a decider for
the (undecidable) language UD -- a contradiction.

-
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A more useful undecidable language
Arm = {{M,w) | M is a TM that accepts input w}

Proof (continued):
Suppose, for contradiction, that H decides Aty

Consider the following TM D: 1) P
“On input (M) where M is a TM: 4“2»\4:,_4;77
1. Run H oninput (M, (M))
2. If H accepts, reject. If H rejects, accept.”

Claim: D decides UD = {{M) | TM M does not accept (M)}
Puck-- 1) T4 ZM7€ V), wis 0 s o Mpt M)
- ) U\,‘;?. W) € v = M) deos wik atgH B mpd ZMm)

=M, e09) & A
=> H(ZMJ4M>7¢) evect =S 0 a3 S

L) IC LMD ¢ U0 =) M) acph e <D
= LM, B ¢ Ay > H(LM, M%) acgh,
...but this language is undecidable! < =) ) ateds S
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Unrecognizable Languages

Theorem: A language L is decidable if and only if L and L

are both Turing-recognizable. Jpseal M shas

Corollary: Aty is unrecognizable \ A 2

Thm ’;-mﬂh‘ﬂ.f
A’M\ T M&c‘da\d( =) E:W@ QM&%@ o

/ -
Rm D 4l>;37“e°uf

Proof of Theorem: _ )
‘_’-/3 1&’ L &c'.Anhch ‘u*h L W’d C rCc°,W1"\'IQ

L decde =D L recoguiable
L’? Z O doc doble {, chcddle Wms, (ol “ad- za...‘,lgmﬂ

-

=) L 1 nrowlade
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Unrecognizable Languages

Theorem: A language L is decidable if and only if L and L
are both Turing-recognizable.

Proof continued: _ )
éJ ' L reqitshle ad T Yﬁco,nﬂ-\‘#% oo L D decdahlc

Qrﬁ: A™M M ey L ad ™ N recogerny L.

- -Je ; ig Jel’
Te Flovy ™  dadec L M‘hfﬂmﬁ'—é
Gﬂ (:nnd* V\)-o - 59 sa
y‘——d L\‘. ), awqt
') Copy Jo deges L and 3 c;: -r:\é L

’L) Do Yo followy wndl  a deciin rtk_& =
e aa M L o adehonl @ n T

¢ @gh, acgt
e tin N Ly 00 ddhed o o fee 3

%, gk Ayt
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Classes of Languages ~

¢ A’TN\ k,:«, n 47"\"'&

large ot :gk;

cloed \nder
cowplerery

recognizable

— Jim

iopln n2 0%

regular

-y

zq\ w ¢m'm.u> 00}
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Reductions
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Scientists vs. Engineers

A computer scientist and an engineer are stranded on a
desert island. They find two palm trees with one coconut
on each. The englneer cllmbs a tree, picks a coconut and
eats. :

The computer scientist climbs the second tree, picks a
coconut, climbs down, climbs up the first tree and places
it there, declaring success.

“Now we’ve reduced the problem to one we’ve already
solved.” (Please laugh)
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Reductions

A reduction from problem A to problem B is an algorithm
solving problem A which uses an algorithm solving
problem B as a subroutine

If such a reduction exists, we say “A reduces to B”

(| Ma. sdiq &
i 2 . W /
Dy W, - oy
—5| Me. cdiy & 7=
_“‘1.3 i.‘%"‘ml-
| :j—ﬁdm#hmﬂ
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Reductions

A reduction from problem A to problem B is an algorithm

solving problem A which uses an algorithm solving
problem B as a subroutine

If such a reduction exists, we say “A reduces to B”

If A reduces to B, and B is decidable, what can we say

about A?
is decidable :th: E

b) A is undecidable
c) A might be either decidable or undecidable -E




