BU CS 332 —Theory of Computation
[m] sty [m]

https://forms.gle/dNFOECAsFxel48dp8

h -

Of
Reading:

* Mapping Reductions Sipser Ch 5.3

:\:'Xl be aroand 4o

Mark Bun take M) guestios
. aer Clonss th'_')
April 3, 2024

Lecture 17/:



Reductions

A reduction from problem A to problem B is an algorithm

for problem A which uses an algorithm for problem B as a
subroutine

If such a reduction exists, we say “A reduces to B”

Positive uses: If A reduces to B and B is decidable, then A
is also decidable

Ex. Eppa is decidable = EQprp is decidable

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

Ex. E1y is undecidable = EQty is undecidable
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A‘IM 3('“ “7, “Wh (]
What’s wrong with the following “proof”?

Bogus “Theorem”: Arw is not Turin ognizable
5 TMFaSe \oeawcsct% QT%\ Y o9u.

Bogus “Proof”: Let R be an alleged recognizer fOr /iTM We
construct a recognizer S for unrecognizable language Aty

LA
On input (M, w):
1. Run R on input (M, w)

2. If R accepts, reject._If R rejects, accept.

Tooue:  Suflese (m,m e A—m vecawe W loogs Wkn van & wpt Q

T van o M D et lop P S e on ot G wight Goop
By S wes syoed v acpt <D '

This sure looks like a reduction from Ay to Ay
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eun & (L Wl ergu BeS Am
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Mapping Reductions: Motivation

How do we formalize the notion of a reduction?

2. How do we use reductions to show that languages are
unrecognizable?

3. How do we protect ourselves from accidentally
“proving” bogus statements about recognizability?



Computable Functions

Definition:
A function f: X" — X* is computable if thereisa TM M

which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)
W
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A function f:X* — Z* is compltable if there isa TM M
which, given as input any w € ¥, halts with only f(w) on
its tape. (“Outputs f(w)”) -
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Example 1: f(w) = sort(w) b
DJO 0 ll l'
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Computable Functions

Definition:

A function f: X" — X* is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 3: f({M,w)) =(M') where M isa TM, w is a
string, and M’ is a TM that ignores its input and simulates
running M on w
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Mapping Reductions

Definition:

et A,B € X be languages. We say A is mapping reducible
to B, written
A<, B

if there is a computable function f: X™ = X" such that for

all strings w €EX*, wehavew € A & f(w)eBRB
i“ za-ct
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| e
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Mapping Reductions

Definition:

Language A is mapping reducible to language B, written
A<y, B

if there is a computable function f: X* = X" such that for
all stringsw € X", wehavew € A & f(w) €EB
T o mafis dudon fam A o 6 it
ts ale o mafiy Cheire, Toann &K 1o Q.
If A <., B, which of the following is true?

a) A<, B — 7| _

b) A <py B u e " (
@i <, &
d)ESm/T s 7° |
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b >

Theorem: If A <., B amEbj IS decidable, then A15als0
decidable

Proof: Let M be a decider for B and let f: X" = X" be a
mapping reduction from A to B. We can construct a
decider N for A as follows:

| (owechess
N D) Tf oek B H) e [bie o sy
On input w: DM g 5 Coomechecs of M)
1. Compute f(w) 2N acarh
2. Run M on input f(w)|2) ¢ A = FN¢EG Ldofo Jaﬁh
3. If M accepts, accept. = M rtch D T coreckess of 4)
f it rejects, reject. = N ey

IN Loy A
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Undecidability

Theorem: If A <, B and B is decidable, then A is also
decidable

Corollary: If A <, B and A is undecidable, then B is also

undecidable C oroporine. oF T,
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Old Proof: Equality Testing for TMs

EQtm = {{My, M;) My, M, are TMs and L(M,) = L(M,)}

Theorem: EQty is undecidable \‘: 4’”), ne u:f,TML(h)’- 755

Proof: Suppose for contradiction tha re exists a decider R
for EQTy. We construct a decider for as follows:

On input (M):

1. Construct TMs M,, M, as follows: A
M, =M M, = “Oninput x,
1. Ignore x and reject”
- J

2. Run R on input (M, M)
3. If R accepts, accept. Otherwise, reject.
This is a reduction from E7y to EQym
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New Proof: Equality Testing for TMs

Ml’ Mz) |M1, Mz are TMs and L(Ml) — L(Mz)}
<., EQrv (Hence EQTy, is undecidable)

—_——

Proof: The-following TM N computes the reduction f:

On input (M):
1. Construct TMs M,, M, as follows: A
M, =M M, = “Oninput x,
_ -~ 1.lgnore x and reject”j
2. Output (M, M;)
(quech. | 2) Lk LMY g by, Tha UMY Z P

) tet <) €Bra W L= 4 _
=) L(ﬁu\‘ﬁ ) L(ﬂﬂ"ﬁ 220D +¢ G '¢

SN, MY €EGa D¢, M7 # Bl
|
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Mapping Reductions: Recognizability

Theorem: If A <, B and B is recognizable, then A is also
recognizable

Proof: Let M be a recognizer for B and let f: X" = X" be a
mapping reduction from A to B. Construct a recognizer
N for A as follows:

(oetchese’.
| N 1% wed = fe &
On input w: =5 M awh $W)
1. Compute f(w) FIN - acyh.

. 2 T-? wgh =D ‘F(V\5¢6
2. Run M on input f(w) ) ,)¢M does wot acd £()

3. It M accepts, accept. >N does ot acph
If it rejects, reject. = N rtopizec.
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Unrecognizability

Theorem: If A <, B and B is recognizable, then A is also
recognizable

Corollary: If A <, B and A is unrecognizable, then B is
also unrecognizable

Corollary: If Aty < B, then B is unrecognizable

a——
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Recognizability and A

Let L be a language. Which of the following is true?

@ fL <, Atm, then L is recognizable

b) If Arm <y L, then L is recognizable

@ f L is recognizable, then L <, Aty Alse e
d) If L is recognizable, then Aty <, L

° Aém$ ad K QAQtOguT?ﬁV& = b qmte:,n.%le

T{eoaem% s fgcagnizalled’ asdionksitdugm At
. A'M T e amalde
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Recognizability and Arpm

Theorem: L is recognizable if and only if L <., Atm

PrOOf: @—/\ x? L S A“M\, Yen Swmee A\M “ R.agmqﬁ")(ﬂ)
L © wogmwule.

/
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Example: Another reduction to EQ1y

EQty = {(M{, M, ,M, are TMs and L(M;) = L(M,)}
Theorem: <m EQTtM™ OfeA0

Proof: The following TM N computes the reduction f:

<done "
What should the inputs and outputs to f be? Ng"‘ T
nduce of

a) f should take as input a pair (M4, M,) and output a paix (M, w)
@ f should take as input a pair nd output a pair@
c) f should take as input a pair (M, M,) and either accept or reject
d) f should take as input a pair (M, w) and either accept or reject

4/3/2024 CS332 - Theory of Computation 18



Example: Another reduction to EQ1ym

EQtm = {{My, M) |[My, M; are TMs an_d_l;(Mﬂ = L(M;)}
Theorem: Aty < EQtv =D Am S €8m0 =D ¢844 5

Proof: The following TM computes the reduction f: U mepnbde
M oagod 25 UMD = L) /
On input Q@,W): >
1. Construct TMs M, M, as follows:
M; = “Oninput x, M, = “Oninput x, (9= z)
- A—_@i_\' * I. Ra M 0n .
L = i"\t 2.5¢ acph, acgl.

. TE Rsecds, et
L(“)a,%z. :‘F M dlg‘)’) W
M does 4ot a(«-(llﬁb

’\

2. Output (M, M,)
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Consequences of Aty <m EOQtm

1. Since Aty is undecidable, E(Q)y, is also undecidable

2. Aty <y EOQT1v implies Aty <m EOQTM
Since Aty is unrecognizable, £ Q) is unrecognizable
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EQry itselt is also unrecognizable

EQrm = {{My, M;) My, M, are TMs and L(M,) = L(M;)}
Theorem: Ay <,y EQ1y (Hence EQry is unrecognizable)
Proof: The following TM computes the reduction:

On input (M, w):
1. Construct TMs M, M, as follows:
M; = “Oninput x, M, = “Oninput x,
1. Ignore x 1. Ignore x and reject”
2. Run M oninputw

3. If M accepts, accept.
Otherwise, reject.”

2. Output (M, M,)
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