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Where we are in CS 332

Automata

Computability

Complexity

Previous unit: Computability theory

What problems can / can’t computers solve?

Final unit: Complexity theory
What problems can / can’t computers solve under
constraints on their computational resources?
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Time and space complexity

Today: Start answering the basic questions
1. How do we measure complexity? (as in CS 330)
2. Asymptotic notation (as in CS 330)

3. How robustis the TM model when we care about
measuring complexity?

4. How do we mathematically capture our intuitive
notion of “efficient algorithms”?
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Time and space complexity

Time complexity of a TM = Running time of an algorithm

= Max number of steps as a function of input length n
# of (rad, wite, noe) .0\05""'6’:“3 TN eeecyigs

Space complexity of a TM = Memory usage of algorithm
= Max number of tape cells as a function of input length n
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Example

In how much time/space can a basic single-tape TM decide
A={0"1"|m = 0}? gt 14+ 000l
l. Litar scan of W¥ b ocee all O lefoe

all 1’y
2.0 #00 /H

b. ¢g$o Y\
c. b8 AN
3. o 0s o I's f, o agpl.

One particular TM M deciding this language:
M = “On input w:
1. Scan input and reject if not of the form 0*1"
2. While input contains both 0’s and 1’s:
Cross off one 0 and one 1
3. Accept if no 0’s and no 1’s left. Otherwise, reject.”
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Example

M = “On input w: otn)
1. Scan input and reject if not of the form 0*1*
2. While input contains both 0’s and 1's: & s O(N) hes
Cross off one 0 and one 1 & 0) +it +o fad ad cors off-

3. Accept if no 0’s and no 1’s left. Otherwise, reject.”

What is the time complexity of M?

a) O(1) [constant time] E%E

b) O(ng [linear tiane]. O(n)] ¥ ‘o(\n)l ) oS '
}/_C_D 0 (n*) [quadratic time] trase | Foe teoab ;h avoedfay ;
d) 0(n>) [cubic time] e 1 low o Puse 2- W] ?

- >
What is the space complexity of M? = O(r*)
She: OWM) (podof te b gt B wtin o)
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Review of asymptotic notation ¢-sw)

O-notation (upper bounds) %kﬂ
: 9(0)

f(n) =0(g(n)) means: = v‘s
There exist constants ¢ > 0,1, > 0 such that

f(n) < cg(n) foreveryn = n,

Example: 2@ = @ (c = 3, ng = 4)
L{

ONO“- Leb ¢ ’-'7, n, =

T n2d e L & Lot
(.J\uf. Veawe oY =5 nt % 16 ?rlZ)

2=
£ Sp
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Properties of asymptotic notation:

Transitive:

f(m) = 0(g(n)) and g(n) = 0(h(n)) means f(n) = 0(h(n))
28 n= Ota*) n o= O(V'?> —=> v\'—a(w")

Not reflexive:
f(n) iO(g(n)) does not mean g(n) = 0(f(n))

Example: f(n) = 2n?%, g(n) = n3
1" f,o( ne)  wak vt D wet o(nt)

Alternative (better) notation: f(n) € O(Q(n))—_zhm

1 C, Mo SH
glw) < C - hin)

o ¥V w2 Yo
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Examples

. b, Wt ot “Phaa)”
*10°n3+ 2n2 —n +10 = O (n")

= 0(n”)

*Vn + logn = o)
"l

09> Qs sloe Than all puljuaecals

*n(logn++vn) = g leyn +w'rn O(n‘Tn) orn¥™)
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Little-oh

If O-notation is like <, then o-notation is Ji

f(n) =o0(g(n)) means: a‘ﬁa%c 6.k

For every constant ¢ > 0, there exists ng > 0 §u9(cl:‘)h that

f(n) <cg(n)foreveryn = ny ¢

&2 ¥ 729 a\'o S.-'-.-f(—:'%‘,(. ¥ v 2w,
R P ) ?

n-=109 _‘ﬁ“—) | :
Example: 2n?+ 12 =o(n3®) (ny = max{4/c, 3}
ok & ek 70 e wbday | fmf 2
Clooe W= mé %)g 3w . laril
5 y - km  ——— =
T 2o+ =40 (= "‘7'32 Wiy v

. Ty X ™
i @"‘) " (as w"/%)
3

-~ wn

k
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True facts about asymptotic expressions

Which of the following statements is true about the

function f(n) = Z/f? L) = OCam)) mears E@E
s 9(n) .

Hn) < (wst "o
) f)y=o0@Y) / Rereled) wes b

Z é %ﬂ Vq/\ ?(“) — O EI

D) f()=0B < .
b A ([(3) =0

M—)00

c) f(m)=0n?) X

Extmerlals g Gstor Hhen 'a(yumqk

d) n®=0(f(n)/
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Asymptotic notation within expressions

Asymptotic notation within an expression is shorthand for
“there exists a function satisfying the statement”

Examples:

fnd
n9@)

neas 3 P) Sy ST o) sb. Man p
&7 “\l\b & sme cusnt © &2 Vsor pilyanslt
g, wn o = n" 3 & ke glenf became (00= D06).

° ﬂz + 0(7’1) news I {0) o). wq'-rﬂﬂ)

v\q'J’ 10000 n = V= +0(n) beause (0000 =O(:)
T\‘C‘, 1\1'4'0(“)"— cDCu‘) (Oﬂ.nt: 0("1) ) b.“, (90w { \07" D(ﬂ),

* (1 + 0(1))7’1 = N+ DN Femy n+ s:c'”&-; Su‘clkz
B2 0+ any fr R.n) 0.
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FAABs: Frequently asked asymptotic bounds

Polynomials. a, + a;n + ... + an® is 0(n%) if a; > 0
Logarithms. log ,.n = O(log,n) for all constantsa,b > 0

bja‘l\” %b—n— = (s} ¢ 2‘3613 wonesr ob at condomb .

*Foreveryc > 0, logn = o(n°) Wl \

q‘l‘l‘l"‘i

Exponentials. Forallb > 1andalld > 0, n? = b")
") = o ( 000039\)

Factorial. n!=n(n—1)---1

n
By Stirling’s formula, >0

~ nl=(V2m) En(1 0(1)) = 20 1og™
B Cooo sy
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Time and Space Complexity
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Running time analysis

Time complexity of a TM (algorithm) = maximum number of
steps it takes on a worst-case input

wiet fodh 4 o anpkion | sipS
Vv &

Formally: Let f : N = N.ATM M runsintime f(n) if on
every input w € ", M halts on w within at most f(n) steps

- Focus on worst-case running time: Upper bound of f(n)
must hold for all inputs of length n
- Exact running time f(n) does not translate well between

computational models / real computers. Instead focus on
asymptotic complexity.
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Time complexity classes

letf : N—> N
TIME(f (n)) is a set (“class”) of languages:
“Lowpendy clats”
~ Gk o poMens b T O(F0)) e

A language A € TIME(f (n)) if there exists a basic single-
tape (deterministic) TM M that

1) Decides 4, and ex. §0 |7 | w203 e-r:me(w‘)

2) Runs in time O (f(n)) beawe feo B oo O )b
digenthnm by i gdliom.
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