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Regular Expressions — Syntax

A regular expression R is defined recursively using the
following rules:

1. &, @, and a are regular expressions for every a € X

2. If R; and R, are regular expressions, then so are
(R1UR3), (R1° Ry), and (Ry)

Examples: (over £ = {a, b,c}) (with simplified notation)
ab ab*c U (a*b)* 0
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Regular Expressions — Semantics

L(R) = thelanguage a regular expression describes

L(®) =0

L(e) = {¢}

L(a) = {a}foreverya € X
L((R1U Ry)) = L(Ry) U L(R;)
L((Ri° R3)) = L(R1) o L(R>)
L((R1)) = (L(RY)*

O U1 WD

Example: L(a*b*) = {a™b" | m,n = 0}

2/10/2025 CS332 - Theory of Computation



Syntactic Sugar

* For alphabet X, the regefo represents L(X) = £ = {a,\,¢
-re — om———

e'ﬂ' i ﬂ K ;4)b.p c"l
fen mqq\ur O~ pressiu, 2 Ymds Lo (mU % JL)

* For regex R, theregex R = RR"

‘L‘\' n wminptled ay Tane & Wt priuvtre oF a

Ghony qmemed ky N
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Regexes in the Real World

grep = globally search for a regular expression and print
matching lines

$ grep 'Axy*z' myfile

de
yd

$ grep 'Ax.*z' myfile

de

$ grep 'Ax\*z' myfile

$ grep '\\' myfile
vh
s i
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Regular Expressions Describe Regular Languages

Theorem: A language A is regular if and only if it is

described by a regular expression(\ rtisquied by o OFA
) n.o,u::ué \'\1 an NFA

Theorem 1: Every regular expression has an equivalent NFA

Theorem 2: Every NFA has an equivalent regular expression

Né“' V“’\A\d~o IZ ﬁ“ \a“ \ V\"/a.z
ﬂcqq\-r: g«“ W ) o‘,vnszo?-{S
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Regular expression -> NFA

Theorem 1: Every regex has an equivalent NFA

Proof: Induction on size of a regex

Base cases:
R =0
R =¢
R =a
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Proof: Induction on size of aregex = # of syalls, ie.
WIS  Stelmar 0 e (v Vegeses, of e Wit ¢J£;"', C,),oV %

2¢ = leghh
What should the inductive hypothesis be? e 188

a) Suppose some regular expression of length k can be
converted to an NFA

b) Suppose every regular expression of length k can be
converted to an NFA

@ Suppose every regular expression of length at most k
can be converted to an NFA

d) None of the above

2/10/2025 CS332 - Theory of Computation 8



Regular expression = NFA

Theorem 1: Every regex has an equivalent NFA

Proof: Induction on size of a regex

TH . Assmt eveay gt of sFe Sl has an eguv. NFA

Ste % L hoa nec F 2 WL M L hay anCguv- NIFA

Inductive step:
R = (Rlu RZ) LI L(ﬂ.\ \)L(L\ € ﬁh k’n

%TH . nNed Ml ....

e newdy by Na ey \, b9

R = (RyR;) _ .
B0 Frn g

R = (Ry) C

AL (o)
2/10/2025 CS332 - Theory of COmputation 9




S.“e\‘b ‘-0‘.

=& 1 Oy ___

= : (S
©)—x HO';{J

SO

2/10/2025

Convert (1(0U 1))" to an NFA
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Regular Expressions Describe Regular Languages

Theorem: A language A is regular if and only if it is
described by a regular expression

Theorem 1: Every regular expression has an equivalent NFA

Theorem 2: Every NFA has an equivalent regular expression
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NFA — Regular expression

Theorem 2: Every NFA has an equivalent regex

Proof idea: Simplify NFA by “ripping out” states one at a
time and replacing with regexes

00



Generalized NFAs

* Every transition is labeled by a regex

- One start state with only outgoing transitions

* Only one accept state with only incoming transitions
 Start state and accept state are distinct

an

-0=0-0



Generalized NFA Example
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Which of these strings is accepted?

Which of the following strings is accepted by this GNFA?

a Ub
a
(D)=
\oeL[a*\))
a) aaa bél{avb)
blaabb
c_)—b'b'b‘ L L o
|d) bba 4e—> 44— g — g,
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NFA — Regular expression

NFA I

k + 2 states

k states

k + 1 states

-
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NFA — GNFA

&
Ol
%

 Add a new start state with no incoming arrows.
 Make a unique accept state with no outgoing arrows.



GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one
out and relabel the arrows with regexes to account for the

missing state
‘ @



GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one
out and relabel the arrows with regexes to account for the
missing state auUb

a) a*b(aUb)a b
@__a*b(a Ub)a |
c) athbu(aUb)Ua

d) None of the above

AT\ (aUsS e
————————————l




GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one
out and relabel the arrows with regexes to account for the
missing state auUb

a*b a
— ()= ()

—




GNFA -> Regular expression

ldea: While the machine has more than 2 states, rip one
out and relabel the arrows with regexes to account for the
missing state




ba Uo&
ook 2) @(‘93_":_@:‘9, - = ({oav)® ©)
A\ € (oo Ja) oo e Jlog @ ((oavada V')
o - T %a
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Limitations of Finite
Automata
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Motivating Questions

* We've seen techniques for showing that languages are

regular “Cprsimd o OFA — (anshmdt o gl
~ (ashact ar NFA - Use clomt puptries

e How can we tell if we've found the smallest DFA
recognizing a language?

* Are all languages regular? How can we prove that a
language is not regular?
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