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Last Time

* Regular expressions characterize the regular languages
e Every NFA can be converted to a regex generating its language
* Every regex can be converted to an NFA recognizing its language

* Limits of Finite Automata
 How can we tell if we’ve found the smallest DFA recognizing a
language?
* Are all languages regular? How can we prove that a language is
not regular?



An Example ~(» D
A={we€{0,1}" | w ends with 01 } 1

Claim: Every DFA recognizing A needs at least 3 states

Proof: Let M be any DFA recognizing A. Consider running
Moneachofx =¢,y=0,w =01
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A General Technique A= {w €{0,1}" | w ends with 01}

Definition: Strings x and y are distinguishable by L if there
exists a “distinguishing extension” z € X" such that exactly one
of xzoryzisinL.

Ex.x=¢, y=0 2=l H a J.‘rl'mpbﬁ‘.oj ey, hecnise

L2l =1 ¢A
\Jls ol eA

Definition: A set of strings S is pairwise distinguishable by L if
every pair of distinct strings x,y € S is distinguishable by L.

Ex. S = {¢,0,01 Yz& Yz0 . Llet 2=|
{ } 1€ ‘5\,:0“ Lot 3= ¢. Ten x2=¢ #L
R=0 el

220 \"‘:ol: Let £=&. Ten 22 -0 ¢L
yz- 0l eC.
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. » W eds 4
A General Technique @- &, AT R A B

. . . . . . A ﬁués ’ 3 s
Theorem: If S is pairwise distinguishable by L, then every DFA

recognizing L needs at least |S| states
Proof: Let M be a DFA with < |S| states.

Claim: There are distinct strings x, y € S such that M ends up in
same stateonxandy vyt (enbde  peacil?
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Another Example

B={we{0,1} | |w| =2}

Theorem: If S is pairwise distinguishable by L, then every
DFA recognizing L needs at least |S| states

S = { ., 0_, 00) 000 } g,,.h;\;.,,‘,'
Oa it £ M rehs o wett fo-

x=£ TO v Lt 220

1250¢L 0 e

4y e L \ | mee 93"5')
- 00" (e T=E€ ol
xz & Y 12-€ ¢L e° O nor ekl

yz* 0o el 000 M sl eed
IZ€ 4> 090, ex 2>9°9 _ : _ B

9 v so0 €L XS9O0 ool let e
Yo = 000 EL Y¥-00el.
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K xz=0 ¢L |
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Distinguishing Extension

Which of the following is a distinguishing extension for x =
0andy = 00 for language B ={w € {0,1}" | lw| =2}7?

@ Z =& 122 O¢H ye= 00 eB
‘@ z=10 xt> 0 ewh \j:z.-.ooa¢6
ol z= 12: 01 €H  y2= 001 €6

Of=-H0
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Historical Note

Converse to the distinguishing set method:

If L has no distinguishing set of size > k, then L is
recognized by a DFA with k states

Myhill-Nerode Theorem (1958): L is recognized by a DFA
with < k states if and only if L does not have a
distinguishing set of size > k
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Non-Regularity

Theorem: If S is pairwise distinguishable by L, then every

DFA recognizing L needs at least |S| states
Cotmpoine. TC¢ ) o OFA G L uf W shirg
T Men L doee axt Wt o pas dof: SeF oF size ket

Corollary: If S is an infinite set that is pairwise

distinguishable by L, then no DFA recognizes L

Condaposhe’. T J « (P& 4o L
= M L doey 4o Nae o wheke pav. d3h s

Prok that (arlpostive of Ton) = (Canbrpmriic of (o )

Sage L D eopd by OF4 M. Lof j=# of cldes of M |
by (commposiie & Tha), L des not hue o pan.dit, s of <& W
_"—’7 '/ ¢b‘5 b“' lﬂslr an 'M‘ﬁ'lk IOV. J.',-‘-,SCI-
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The Classic Example

Theorem: A = {0"1" [n = 0} is not regular

Proof: We construct an infinite pairwise distinguishable set
Lot o= 30" |n20%= L(0Y  iekie /
Gede S & pairwhe datmguishde |

le}y x,9 €S he orbtey dohect chring.

m _:n
3J wfn 20 . 1o, y=0
n
et 2=1™ Twn xz= 0"I e4
n _ m
= 0\ ¢4

So S h e ke da},

2/12/2025 CS332 - Theory of Computation 10



Palindromes

Theorem: L = {w € {0,1}* |[w = w®}is not regular
Proof: We construct an infinite pairwise distinguishable set

et alowt: Lob 5= 50085 (whie)
Let 11#3 €sS. Ll 2= xF T x%r—zx"éL
\‘,a = vz"‘ m"bg el

" vhaybe. éLZ
e.q, xe Doo 35 o000 > w = oooanaeL.

e ]

et ¢= $a"l) hz 03

et xfyeS. Too 3 mén o 2= O, =o'l
let 2= O™. T xz=o™i0"eL
yz=o" 10" ¢ L
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r~TIMETO WORK IN

Now vou try! R S
* SMALL GROUPS "

Use the distinguishing set method to show that the
following languages are not regular

L, ={0'1|i>j =0}

Your job: Build an infinite set S such thatforall x =y € §,
there exists a z such that exactly one of xz and yzisin L

Sz 40" | n3dh

TS za‘j €S, WOt M7V o y=o" 3:0"
ot 2=1" = xzel
YT €L,
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r~TIMETO WORK IN

AL,

Now you try! ol T
 SMALL GROUPS ="

Use the distinguishing set method to show that the
following languages are not regular

Lzz{lnz‘nEO}

S= L,= ;‘n"\wzos

Lt x4y €5, o Fwman ob. x=1" 9= 1" (wod)
Le-\— 2= nil
Y+2ni | <
Yyt = "t = ("0 &L,
%% = ‘m‘&zuu 2 4 2
dL mMem sTaH < mteimd g =(mi)
2 .
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