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The Basic Turing Machine (TM)

Input

Tape a | b |a|a

Finite
controi

* Input is written on an infinitely long tape

 Head can both read and write, and move in both
directions

 Computation halts as soon as control reaches
“accept” or “reject” state
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Three Levels of Abstraction

High-Level Description
An algorithm (like CS 330)

Implementation-Level Description

Describe (in English) the instructions fora TM
* How to move the head
 What to write on the tape

Low-Level Description
State diagram or formal specification
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Example

Determine if a stringw € {0}" isin the language X & an

alauanle.
A={0%|n =0} M“"ﬁh
. — Tapt ™ 0 s Y
° . . ..h‘m ‘
High-Level Description lowtn 2
Hoshon B
(5 ol

Repeat the following forever:

* If there is exactly one 0 in w, accept

* |f there is an odd (> 1) number of Os in w, reject
* Delete half of the Os inw
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Example

Determine if a string w € {0}" is in the language
A={0%"|n=>0}

Implementation-Wption
| Mead locaday

1. r\/(VhiIe moving the tape head left-to-right:

a) Cross off every other 0 te. cfaz uf X

b) If there is exactly one 0 when we reach the first blank symbol,
accept

c) Ifthereisan odd (> 1) number of Os when we reach first blank
symbol, reject

2. Return the head to the left end of the tape
3. Gobacktostep1l
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Determine if a stringw € A = {0%" | n = 0}

Example o
Low-Level Description

x — x, L
0 - 0L

o»,

U—LU,R
L — U, L
x = x,R / \ x = X,R
ad O Feryrad . ©
0 -,R 0 - xR

x - X, R U - LR 0 - O,R
- U,R 0 - x,R

)

X — X R
U—-u,R



Differences between TMs and Finite Automata

“Tadre adomin  cm ply we Mol S e N S
Ve T Wy both shks  aad  tape Lo ey

~Me Can sde
- T'A.‘J Con we Wi lefb od v.‘ﬁ!‘-} Paddens Fé Canact
o\v& 9. WMvow
Vo  FA as oy woe rygh vy 9
~ TWy  con  wd] wie add#al o Wegnd  chas @ Sped alphsb-ef
‘. = The as Weve defied Hom
0:9- 8, X e delrmnsin

— TMo W\t wmedibl e eackuy acth o vejedt shle
vs. F& Wk Wl @ vt ed of wpal shig

— FA conaly gad | ve. TS cow red  and wile
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Formal Definition of a TM

ATMisa 7-tuple M = (Q, %, T, 0, q, Qaccepts Qreject)
* () is afinite set of states

e Y is the input alphabet (does not include LI) e.q. T=30%

["is the tape alphabet (contains LI and ¥ o R
is the tape alphabet (contains LI an )eﬁ. = 4ot,0,X%

* 0 is the transition function

...more on this later
* o € (is the start state

*{Qaccept € 0 is the accept state 8
* \Greject € ( is the reject state (Qreject a Qaccept)

J
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T
el ”mﬁo\ \0 v

TM Transition Function A
0 : QxF —>Q><F X {L, R}& orant Nsickin

Curt. ﬁ-k. cm e_ah\ rext shic (L* Letd, ﬂ\"““’)

L means “move left” ancrﬁ means “move right”

16(p,a) = (q,b,@means. ( @ a-b, R @ 7

e Replace a with b in current cell @
* Transition from state p to state g O - b

* Move tape head right —= ] W)

el

a-do, L
5(p,a) = (q, k,T) means: Oamn O,

* Replace a with b in current cell =
* Transition from state p tostateg { ﬂu | 1 1ol |
*fMove tape head left UNLESS we are at left end of tape, iﬁ

hich case don’t move g‘ @
> |
o i W -
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Configuration of a TM: Formally

A configuration is a string uqv whereq € Q and u,v € I'”
* Tape contents = uv (followed by infinitely many blanks Li)

* Current state = q

* Tape head on first symbol of v

Example: | 10150111

~—

1 |0 1*0 1 (11 |0

o
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How a TM Computes

On -Mlu\' We'f“
Start configuration: qow [l - |¢al !

In one step of computation: ? \

* 1f (g, b) = (q ¢, R), then ua q bv ylelds uac q' v
*If 6(q,b) = (q C, L) then ua g bv ylelds@ 3!

* If we are at the left end of the tape in configurati

what configuration do we reach if 6(q, b) = (q’,“c, L)?
(onfrquation 4oV

a) cq'v @
\,q Cv] = 5‘@
c)g' Ucv ) B [zTv..--
d) g'cbv
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How a TM Computes

Start configuration: gow

In one step of computation:

*If 5(q,b) = (q',c,L),then q bvyields g’ cv
. _ _ My cnkq. Lo dich
Accepting configuration: ¢ = qaccept

Rejecting configuration: q = qreject
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* If5(q,b) = (q',c,R), then ua g bv yields uac q’' v
*If 5(q,b) = (q',c,L), thenua q bvyieldsu q' acv
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How a TM Computes

M accepts input w if there exists a sequence of
configurations Cy, ..., Cj such that:

* (1 =qoW Stk cmbguabes
° Ci YieldS Ci+1 for everyi ™  dam¥os S C: +o G

. . . . ne glep of c(gupuinid
- * (}. is an accepting configuration

L(M) = the set of all strings w which M accepts

A is Turing-recognizable if A = L(M) for some TM M.

*w €A = M haltson w in state q,ccept

*w&A = M halts on w in state qreject OR
M runs forever on w
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Recognizers vs. Deciders

L(M) = the set of all strings w which M accepts

A is Turing-recognizable if A = L(M) for some TM M:
*w €A = M haltson w in state q,ccept

*w &A = M haltson w in state greject OR
M runs forever on w

A is (Turing-)decidable if A = L(M) for some TM M
which halts on every input
*w €A = M haltsonw in state q,ccept

ew & A = M halts on w in state Qreject

2/26/2025 CS332 - Theory of Computation 14



[m] 315 [m]

Recognizers vs. Deciders
T A D dedale,  Hea AU“)&MMA*E'-H}
-jjﬂ-L(u)-ﬁrsmmm always E

Ouele

Which of the Pon'owmg is true about the relationship
between decidable and recognizable languages?
& Decde \aguesesty i 2 Tusey reuya’talne lasguoyes 3

The decidable languages are a subset of the
recognizable languages

b) The recognizable languages are a subset of the
decidable languages

c) They are incomparable: There might be decidable
languages which are not recognizable and vice versa
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Example: Arithmeticona TM

The following TM decides MULT = {aibjck ‘ [ XJ=k}:
On input string w:
1. Check w is formatted correctly . cld o =of b* <

2. For each a appearing in w: fr o fiAR
3 For each b appearing in w:

4, Attempt to cross off a c. If none exist, reject.

5. If all ¢’s are crossed off, accept. Else, reject.
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X X X
g\anth ClccecC

Example: Arithmeticon a TM £ we #&c cec
Tdesentatin -lae)  Nesciin  Kha W E e
The following TM decides MULT = {albfck ‘ [ XJ=k}:

. . X b Xxx X c
On input string w: §§g \E" ek £ KX

kh Cce cec

1. Scan the input from left to right to determine whether
it is a member of L(a*b*c*) G accept

2. Return head to left end of taES qeto %p 5~
9

\
73. Cross off an a if one exists‘.(Scan right until a b occurs.
Shuttle between b’s and ¢’s crossing off one of each

until all b’s are gone. Reject if all ¢’s are gone but some
b’s remain. cromd o

4. Restore crossed off b’s. If any a’s remain, repeat step 3.
5. Ifall ¢’s are crossed off, accept. Else, reject.
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Back to Hilbert’s Tenth Problem

Computational Problem: Given a Diophantine equation, does
it have a solution over the integers?

o wiegy fJ:’UMJ
— ;. P(x-u )zn) , ? %“-%“ cL of. P(}...,)z-.ﬁ ‘.'OS
. L is Turing-recognizable |

Gpaca) e Jee wsL, te. P LY 0ny. (> xiy- LAyt
3 'U‘ ™ edudy { al pswle favs (L) € e’
o |-t |n )L | ---- ) Bwhle pL0,0). T =0,

0 1) W — 7)) Puluk pt-1,0). ?-‘:J’, S
" 1 dacet, che
"{ (4 - D e o). ...
¥Z \l + - I P kes o sy, M aceh

Ew.,

* L is not decidable (1949-70)
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TM Variants
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How Robust is the TM Model?

Does changing the model result in different languages being
recognizable / decidable?

So far we’ve seen...

- Adding nondeterminism does not change the languages
recognized by finite automata

- We can require that NFAs have a single accept state

Other modifications possible too: E.g., allowing DFAs to have
multiple passes over their input does not increase their power

Turing machines have an astonishing level of robustness



TMs are equivalent to...

* TMs with “stay put”

 TMs with 2-way infinite tapes

* Multi-tape TMs

* Nondeterministic TMs

* Random access TMs

* Enumerators

* Finite automata with access to an unbounded queue
* Primitive recursive functions

* Cellular automata




Equivalent TM models

* TMs that are allowed to “stay put” instead of moving left or
right
5:0XI' >0 xTI xX{L,R,S}

TMs with stay put are\pt least)as powerful as basic TMs
(Every basic TM is a TM with stay put that never stays put)

How would you show that TMs with stay put are no more

powerful than basic TMs? 8ok & ™ w/ shy gt an o,
A Vat't ™ (cas Ao

a) Convert any basic TM into an equivalent TM with stay put
@_Convert any TM with stay put into an equivalent basic TM

c) Construct a language that is recognizable by a TM with
stay put, but not by any basic TM

d) Construct a language that is recognizable by a basic TM,
but not by any TM with stay put
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