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Last Time

Church-Turing Thesis

v1l: The basic TM (and all equivalent models) capture our
intuitive notion of algorithms

v2: Any physically realizable model of computation can be
simulated by the basic TM

Decidable languages (from language theory)
Apra = {{D,w) | DFA D accepts input w}, etc.

N\~

“Drobiy oF UFh O + shiy
Today: More decidable languages

Are there undecidable languages? How can we prove so?
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A “universal” algorithm for recognizing regular

languages
Appa = {{D,w) |DFA D accepts w}

Theorem: Appp is decidable

Proof: Define a (high-level) 3-tape TM M on input (D, w):
1. Check if (D, w) is a valid encoding (reject if not)

2. Simulate D onw, i.e.,
* Tape 2: Maintain w and head location of D
* Tape 3: Maintain state of D, update according to 0

3. Acceptif D ends in an accept state, reject otherwise
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Regular Languages are Decidable

Theorem: Every regular language L is decidable

Proof 1: If L is regular, it is recognized by a DFA D. Convert
this DFAtoa TM M. Then M decides L.

Proof 2: If L is regular, it is recognized by a DFA D. The
following TM M, decides L.

On mput w: _ 540,4)) 07 O« A,
1. Run the/deuder for@DF on input (D, w)
2. Accept if the deuder?c/cepts reject otherwise

(mcres’. « T€ gL, 0 awh o = £0,07€hia =D TN awh
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Classes of Languages

: ")
recognizable Ll e

regular
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More Decidable Languages: Emptiness Testing

Theorem: Eppa = {{(D) | D is a DFA such that L(D) = @}is
decidable Compaabom! doblewm. Gver NFA O doec 0 rtisgnie He

. - eaphy langasge ?
Proof: The following TM decides Epga

On input (D), where D is a DFA withSE lstates:

1. Perfora@teps of breadth-first search on state diagram

of D to determine if an accept state is reachable from the
start state

2. Reject if a DFA accept state is reachable; accept otherwise
0»9(' ot 'm\-e«é;-
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-, L0 #P & 2 Lom st shle o€ O b an aee-gie
R EORTY ’baaf,ﬂhh st do andt oF b <l
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EDFA Example

D= start — ') %o
@\ 1) 9,
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New Deciders from Old: Equality Testing
EQppa = {{D{,D,) |D;, D, are DFAs and L(D;) = L(D,)}

ONU m's Qm OFA’S °'|‘ OL ) do

Theorem: EQpgp is decidable Ry womise He wae laspage 2
Proof: The following TM decides EQppa N m oy

Oninput (D, D,) , where4D,, D,§are DFAs: §_~J\ "y o 0

Il Construct DFA D recognm{ng the symmetrlc)dlfference]
- 4 %) | Gae L(0) ad « ¢ L)) OR 4
\ L(D1) ALD) | 9 ety i op o)

2. Run the decider for Epra on (D) and return its output

Prct of (ovmchets”
- P = =5 Tt B we oy 3 fet ) do esondl
TS 40“00 ¢ EQGca = LCO.\ o) =5 . ; LCO?), 100 J
= Llo) A UQ,) = f
D L) = § b cosdeaiae I ok

. 0, EQus =D LADFUO) =D I = shin w  exaly O F U4)), L0y)
T 0000 ¢ Eaxs ‘VUO.BAL,&?.S#S D Tl ks
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Symmetric Difference
AAB={w|w € Aorw € B but not both}

L AgD

(A \N8) O («J\A) A &) u(®na)

“e‘]""l"ﬁ' .n-nm e c’t dg‘-a‘ nhll". ‘-'l'h‘l'f‘}'q) ““ “ ) (&‘.#&-Mi_
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Universal Turing Machine

3/17/2025  (CS332 - Theory o f Computat ion



Meta-Computational Languages

Appa = {{D,w) | DFA D accepts w}
Arpm = {{M,w) | TM M accepts w}

Eppa = {{D) | DFA D recognizes the empty language @}
Etym = {{M) | TM M recognizes the empty language @}

EQpra = {{D1, D) | D, and D, are DFAs, L(D;) = L(D,)}
EQrym = {{M1, M3) | M; and M, are TMs, L(M,) = L(M,)}
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The Universal Turing Machine

Arv = {{M,w) | M is a TM that accepts input w}

“PhoNwe's G M M a4
Theorem: Aqy is Turing-recognizable (& o bey M axet

The following “Universal TM” U recognizes Aty
On input (M, w):
1. Simulate running M on input w

2. If M accepts, accept. If M rejects, reject.
0ol A- Conechrese .

e TC JdWL) &ﬁAW,J N awhk J =) U awah /
' Lﬂ,"’)f'ﬂm M 465 o) cAceet A =D U doeg ot acat v

)
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Universal TM and Arym

Why is the Universal TM not a decider for Aty ? '

[=] e
The following “Universal TM” U recognizes Aty

TN V. “"‘ g

~ Oninput @ W)
1. Simulate running M on input w
2. If M accepts, accept. If M rejects, reject.

a) It may reject inputs (M, w) where M accepts w

b) It may accept inputs (M, w) where M rejects w
@ t may loop on inputs (M, w) where M loops on w

d) It may loop on inputs (M, w) where M accepts w




More on the Universal TM

—

"It is possible to invent a single machine which can be used to compute any
computable sequence. If this machine U is supplied with a tape on the beginning of &
which is written the S.D ["standard description"] of some computing machine M,
then U will compute the same sequence as M.” /

- Turing, “On Computable Numbers...” 1936

* Foreshadowed general-purpose programmable computers

* No need for specialized hardware: Virtual machines as software

- Central Processing Unit

Control Unit

Instruction ‘ Control 1 Data Input » Arithmetic/Logic Unit
memory } [ unit q memory Device

10 Memory Unit

Harvard architecture: von Neumann architecture:
Separate instruction and data pathways Programs can be treated as data
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Undecidability

A1y is Turing-recognizable via the Unlvg'rfa?l TM Turis wached

decides eadh of Hewe
Vet ) (mquess

..but it turns out Aty (and E1y, EQ7y) is undecidable

l.e., computers cannot solve these problems no matter
how much time they are given

How can we prove this?
... but first, a math interlude
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Countability and
Diagonalization
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What’s your intuition? EI

o

a) The natural numbers: N = {1@,@ Podzc & <IN

[}/ -

b) The even numbers: E = {2,4,6,...’}

Which of the following sets is the “biggest”? Fin

c) The positive powers of 2: POW?2 = {2,4,8, 16, ... }

d) They all have the same size



Set Theory Review

A function f:A - B is

* 1-to-1 (injective) if f(a) +
f(a") foralla #a'

* onto (surjective) if for all b € B,
there exists a € A such that

fla)=">b

e a correspondence (bijective) if
it is 1-to-1 and onto, i.e., every
b € B has a unique a € A with

fla) =D
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How can we compare sizes of infinite sets?

Definition: Two sets have the same size if there is a
bijection between them

A set is countable if either

 itis a finite set, or
Eit has the same size as N, the set of natural number’s}
\___/\/\_/

G v " Lo«l-\‘] Wbide
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Examples of countable sets

. 0 £LIN & defel
My FM=2n
° {011} ‘F.“"\C «hs 7 0 a bythen
¢ {O, 1, 2, car ) 8675309} S‘,-‘ N._jso—dkﬂ.&'bl
) dofaed Ay () = n
B a biché
' E = {2,4,6,8,..) ”\ ’
Combely iafie

- SQUARES = {1,4,9,16,25, ...}
- POW2 ={2,4,8,16,32,..}  —

|E| = |SQUARES| = |POW?2| = |N|
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L uy.,%\ 1e N, yeny
How to show that N X N is countable?
f(i\- -a‘l')’ S{q\r
; ; ; (4,1) (51)

(4,2) (5,2)
(4, 3) (5,3)
(1,4) (2,4) (3,4) (4,4) (5,4)
(1,5) (2, 5) (3,5) (4,5) (5,5)

£ N =N xw)
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How to argue that a set S is countable

* Describe how to “list” the elements of S, usually in stages:

£0)=

Ex: Stage 1) List all pairs (x,y) suchthatx +y = 2 %(m)
)% Ho-
Stage 2) List all pairs (x,y) suchthatx +y =3 .n 1y

Stage n) List all pairs (x,y) suchthatx +y=n+1
(n) (-1,1) ... (0,0
(' Explain why every element of S appears in the Iisg
Ex: Any (x,y) € N X N will be listed instage x +y — 1

"+ Define the bijection f: N = S by f(n) = the n’th element
|_in this list (ignoring duplicates if needed)

Adomdiidly  Nokes -
t-\
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More examples of countable sets

@ 1. LN goJr;‘ F‘”) > haa) repeimiol e * » :‘:"J'””

e {0,115 . X A =T e e b el Lege
') ek 2. §€,0 1,00 000,01, . 01, 001 ,.. o k¥ by

* {{M) | M is a Turing machine £

(odd Gumele o shpes
* Q = {rational numbers}

o Con Oiode s os ey Woags e 1Y \e Quireele ﬂ;.;t“"’z\:.c/
* QLMY M5 amy & Ty

 If A € B and B is countable, then A is countable

. |f121 and B are countable, then A X B is countable

Save @5 Quat e (NXx N (an‘-“r_, N bepeting fmdy, }5 @y (7(, 7)
C fede v oabhl e . .
* Nonempty S is countable if and only if there exists a

surjection (an onto function) f : N - §

\Tn dﬂf, T. (CU r‘°.s‘)"),
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