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Last Time

* Regular expressions characterize the regular languages
* Every regex can be converted to an NFA recognizing its language
* Every NFA can be converted to a regex generating its language



NFA — Regex
Theorem 2: Every NFA has an equivalent regular expression

Given NFA N:

1. Make N into a GNFA by adding new start and accept state
2. For each non-start and non-accept state g:

For each pair of states p,r:  Qesshle o p=r
Replace %

320 @30

3. Output regex Iabellng transition from start to accept state
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Limits of Finite Automata
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Motivating Questions

* We've seen several techniques for showing languages

are regular :
— (adoud OFA' = C.IM ‘va')ws

T Consgtut Nieh
T (astuct  veger
* How can we tell if we've found the smallest DFA
recognizing a given language?
* Which languages are not regular? How can we prove so?
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An Example {O) — ()
A={w € {0,1}" | wends with 01}

Claim: Every DFA recognizing A needs at |least 3 states

Proof: Let M be any DFA recognizing A. Consider running
M oneachofx =¢,y=0,w =01

let  gu= shle M oeades o ek x2g ) Clam: Qx, 4, 9, ot
g, 0 “yzo an  ditind g
q‘a: \\ “ wT 0|

Caw l> 9, #q o=d 9.\493 beate Qu T 6~ acpl shie

et $x) gj [ 2 Rf& shafes
Clam2’. q,‘,f qj hosse G cthaddidn et g, = LA
Le-\- ¢=|. Let ‘lu; = sl M reacky o et x2 =gl<|
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, A={we€{0,1}" | w ends with 01 }
A General Technigue

Definition: Strings x and y are distinguishable by L if there

exists a “distinguishing extension” z € X" such that exactly one
of xz oryzisin L.

Ex. x=¢ y=0 ot dvkagushMe hy 4 beawc
2 | D a dudwgediy Lxie s .

x3= € | = | §‘A’

y:= 0O e A
Definition: A set of strings S is pairwise distinguishable by L if
every pair of distinct strings x,y € § is distinguishable by L.

Ex. S ={0,01}  *¢ 9zo 2= |

AT E jy o‘ 2—5 & =7 ' C ik A At 3 #A
Yyz=2= olg A

<0 - E: =) AT =0 A
x Y= 0f t Ja = of"A
8
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A General Technique

Theorem: If S is pairwise distinguishable by L, then every DFA
recognizing L must have at least |S| states
Proof: Let M be a DFA with < |S]| states. WTS: M does wek

. . . ogrt L
Claim: There are distinct strings x, y € S such that M ends up in
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Another Example Qem. Boy OFB rogatsy 6

it hae 22 Y sheles
B={we{0,1}" | lw| =2}

Theorem: If S is pairwise distinguishable by L, then every
DFA recognizing L must have at least |S| states

S={ ¢ 0, 00, OOO}) b A DFA Aegim

st
. - h 3

dm/‘,’ & quee dbpdile 8 wpd € ke pepord o wctod
Deot - ? H N s 2w
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xcge Y=< O 2= 0 [ i o . .
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Distinguishing Extension

Which of the following is a distinguishing extension for x =
0 and y = 00 for language B = {w € {0,1}" | |[w| =2}7?

_ 2= 0¢z0 €%
\/3) Z =¢& Yy = 00¢ = 00 ef}

J — A2 = @0 ¢
b) z=0 ’”o“*‘i

\/ — zolety
c) z=1 e o N s

)(d) z =100 22= 9000 ¢W
Jy2 =000¢R
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Historical Note

Converse to the distinguishing set method:

If L has no distinguishing set of size > k, then L is
recognized by a DFA with k states

Myhill-Nerode Theorem (1958): L is recognized by a DFA
with < k states if and only if L does not have a
distinguishing set of size > k
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Non-Regularity

Theorem: If S is pairwise distinguishable by L, then every

DFA recognizing L must have at least |S| states
(ondragoshe favm. T o OFA psguitsy L «/ <l Slaks
= M D v paven (dwahk 2 &/ L S

: - e : _ Sdaks
Corollary: If S is an infinite set that is pairwise
distinguishable by L, then no DFA recognizes L
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The Classic Example ot
ol esr 00\ ¢A
Theorem: A = {0"1" [n = 0} is not regular

Proof: We construct an infinite pairwise distinguishable set
$= § ¢, 0, 00, 000, ..3=30"]|nzo}
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