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Where we are and where we’re going

Church-Turing thesis: TMs capture all algorithms

Consequence: studying the limits of TMs reveals the limits
of computation

Last time: Sizes of infinite sets, countability
Today: Uncountable sets

Existential proof that there are undecidable and
unrecognizable languages

An explicit undecidable language?



How can we compare sizes of infinite sets?

Definition: Two sets have the same size if there is a
bijection between them

A set is countable if either

 itis a finite set, or
* it has the same size as N, the set of natural numbers
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How to show that N X N is countable?
(TN pN=

Wy | (2 , (5,2)

(4, 3) (5,3)

(3,4) (4,4) (5,4)

(3,5) (4,5) (5,5)
) > vl
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How to argue that a set S is countable

* Describe how to “list” the elements of S, usually in stages:
Ex: Stage 1) List all pairs (x,y) suchthatx +y = 2
Stage 2) List all pairs (x,y) suchthatx +y = 3

Stage n) List all pairs (x,y) suchthatx +y=n+1

* Explain why every element of S appears in the list
Ex: Any (x,y) € N X N will be listed instage x + y — 1

* Define the bijection f: N — S by f(n) = the n’th element
in this list (ignoring duplicates if needed)



Another version of the dovetailing trick ‘j

Ex: Show that F = {L € {0, 1}" | L is finite} is countable
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So what isn’t countable?
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Cantor’s Diagonalization Method

Georg Cantor 1845-1918

3/19/2026

* Invented set theory
* Defined countability, uncountability,
cardinal and ordinal numbers, ...

Some praise for his work:

“Scientific charlatan...renegade...corruptor of youth”
—L. Kronecker

“Set theory is wrong...utter nonsense...laughable”
—L. Wittgenstein
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Uncountability of the reals

Theorem: The real interval [0, 1] is uncountable.

Proof: We'll show that there is no surjection N — [0,1].
Let f: N — [0,1] be an arbitrary function

1A WN RS

o & o

Construct b € |0,1] which does not appear as any f(n)

—Then f can’t be a surjection!
where b,, # d;; (digit n of f(n))

b — O b1b2b3
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Diagonalization

This process of constructing a counterexample by
“contradicting the diagonal” is called diagonalization
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Structure of a diagonalization proof

Say you want to show that a set T is uncountable
1) Let f: N — T be an arbitrary function

2) “Flip the diagonal” to construct anelementb € T [ such
that f(n) # b for every n

Ex: Let b = 0.b;b,bs... where b,, # d;
(where d7; is digit n of f(n))

3) Conclude that f is not a surjection. Since f was
arbitrary, there is no surjection from N — T so T is not
countable



A general theorem about set sizes

Theorem: Let X be any set. Then the power set P(X) does not
have the same size as X. 236 | 5 X}

Proof: Let f: X — P(X) be arbitrary. We’ll show that f is not a
surjection -

What should we do to show f isn’t a surjection? OfE =
a) Show that for every S € P(X), there exists x € X such that

fx)=S
lﬂ Constructaset S € P(X) (meaning, S € X) that cannot be
—  theoutput f(x) foranyx € X

c) ConstructasetS € PgX) and two distinct x, x" € X such

that f(x) = f(x') =




Diagonalization argument

Let f: X = P(X) be an arbitrary function
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Diagonalization argument

Let f: X = P(X) be an arbitrary function

Te 1y ¢ F(X2) 72

x |x1 € f()?| %z € F(X)? | x3 € F(XIP | x4 € f(%)?
X X N N Yy Ll Y
X2 N Ny I Y | Y
X3 Y Y YA N
X4 N N Y N Y
Define S by flipping the diagonal: STqx., %y, .. 3
Put x;, €5 & x; € f(x;)
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Example

let X ={1,2,3}, P(X) ={0,{1},{2},{3},11,2},{1,3},1{2,3},{1,2,3}}

Ex. f(1) =11,2}, f(2) =0, f(3) = {2}

X lef(x)? |2 €ef(x)? |3 € f(x)?
1 ¥y N Y N

2 N g N

3

N w My

S #'F(l) vecnse | e F0) =171,23

Construct S = 372,35  S#H) becu Zfs%) =g
S # £  hecue -sz’g.,p(',)-: 51?5%
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A general theorem about set sizes

Theorem: Let X be any set. Then the power set P(X) does
not have the same size as X.

k JJlubn .. da't need o &sm\{
Comie S diaysralde her fo

Proof: Let f: X — P(X) be an arbitrary function.
Define

S={xeX|x ef(x)) e Px)

Suppose, for contradiction, that S = f(y) forsomey € X
Yes mas YeFDDYEs
Theny € Sifandonlyif y €S y¢s wws 9¢419) ~yect

Hence S € P(X) cannot be the output f(x) for any x € X,
_ SO f is not a surjection. J
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Undecidable Languages
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Undecidability / Unrecognizability

Definition: A language L is undecidable if there is no TM
deciding L

Definition: A language L is unrecognizable if there is no
TM recognizing L
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An existential proof x
L €101}

Theorem: There exists an undecidable language over {0, 1}
Proof:

Set of all languages over {0, 1}:
a) {0,1}
b) {0,1}
@_ P({0,1}") : The set of all subsets of {0, 1}*
d) P(P({0,1}")) : The set of all subsets of the set of all
subsets of {0, 1}*




An existential proof

Theorem: There exists an undecidable language over {0, 1}

Proof:

Set of all encodings of TM deciders: X € {0, 1}"
Set of all languages over {0,1}: P({0,1}")

There are more languages than there are TM deciders!
= There must be an undecidable language



An existential proof

Theorem: There exists an unrecognizable language over {0, 1}

Proof:

Set of all encodings of TMs: X € {0, 1}"
Set of all languages over {0,1}: P({0,1}")

There are more languages than there are TM recognizers!
= There must be an unrecognizable language
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“Almost all” languages are undecidable

But how do we actually find one?

3/19/2026 CS332 - Theory of Computation

22



An Explicit Undecidable
Language
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Our power set size proof

Theorem: Let X be any set. Then the power set P(X) does
not have the same size as X.

1) Let f:X — P(X) be an arbitrary function

2) “Flip the diagonal” to construct aset S € P(X) such
that f(x) # Sforeveryx EX  S= §x X \ re F(x)y

3) Conclude that f is not a surjection



Specializing the proof

Theorem: Let X be the set of all TM deciders. Then there
exists an undecidable language in P({0, 1}")

1) Consider the function L: X — P ({0, 1} )
LIm)=  lageaye  desded

2) “Flip the diagonal” to construct a language UD €
P({0,1}") suchthat L(M) # UD forevery M € X

3) Conclude that L is not a surjection
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An explicit undecidable language
T™MM

Why is it possible to enumerate all TMs like this?

a) The set of all TMs is finite
I_Lo/_\)_"we set of all TMs is countably infinite
C)

The set of all TMs is uncountable
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M(LA7) T whab 2 ot by iy TR W e Matla)
An explicit Lndeud Ie‘language/ ‘L:'tfffﬁ
TMM [ M((M1))? | M(M2))? | M(M3)? | M(ML)? | | D(D))?

M, X N N Y Y
M, N M Y Y
N

M Y Y p.
M, N N Y M Y
D AN | R

UD = {{M) | M is a TM that does not accept on input (M)}

Claim: UD is undecidable Sqpee D ddy 00
a E o — 9 0 weade a mible »
Case 1 0 awph £0) = L0) ¢ WO > o %

ax - 0 sl = L0727 ¢ YD 5o ) wele o mykbhe
on wpek LO5 X
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An explicit undecidable language

Theorem: UD = {{M) | M is a TM that does not accept on
input (M)} is undecidable
Proof: Suppose for contradiction that TM D decides UD

3/19/2026 CS332 - Theory of Computation 28



