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Last Time: Reductions

A reduction from problem A to problem B is an algorithm

for problem A which uses an algorithm for problem B as a
subroutine

If such a reduction exists, we say “A reduces to B”

Positive uses: If A reduces to B and B is decidable, then A
is also decidable

Ex. Eppra is decidable = EQpp, is decidable

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

Ex. UD is undecidable = A+ is undecidable
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Halting Problem
HALTry = {(M,w) |M is a TM that halts on input w}

Theorem: HALTty is undecidable

Proof: Suppose for contradiction that there exists a decider H
for HALTtp. We construct a decider for V for Aty as follows:

On input (M, w): #Taste o hom
1.

2.
3.
4

Run H on input (M, w)
f H rejects, reject
f H accepts, run M onw

f M accepts, accept
Otherwise, reject.

f (M, W) € ATM:
M accepts input w
= H accepts input (M, w)
= Proceed to line 3; V accepts in line 4

If (M,w) & Aty then either:
a) M rejects on input w
= H accepts input (M, w)
= Proceed to line 3; V rejects in line 4
or b) M loops forever on input w
= H rejects input (M, w)
= V rejectsin line 2

This is a reduction from Aty to HALTTM
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Emptiness testing for TMs

Erm = {(M) |MisaTM and L(M) = @}
Theorem: Etpy is undecidable

Proof: Suppose for contradiction that there exists a decider R
for Etp. We construct a decider V for Aty as follows:

On input (M, w):dl Tshe of It (M, w) € Aqp:
M accepts input w
1. Run R on inputd\fy =>w € L(M),soL(M) # @

. = R accepts input (M) = V acce ts/
2. If R rejects, accept. pts input (M) P

f R accepts, reject If (M, w) & Ary:

M does not accept input w

= L(M) may or may not be empty
= R may or may not accept

L= IV may or may not accept
This is a reduction from Ary to Erm
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Emptiness testing for TMs e

Erm = {(M) |Misa TM and L(M) = 0} [w]7%:
Theorem: E1y is undecidable

Proof: Suppose for contradiction that there exists a decider R
for Ety. We construct a decider V' for Ay as follows:

On inpUt (M; W): What do we want out of
1. Construct a TM N such that: ”;aczi(”ﬁ)’\,’? e
d ISem |
Wl M aghu & LINZY sceptow
== R tech @_L(N) is non-empty iff M
acceptsw
c) L(M)isemptyiff N
. acceptsw
2. Run R on input (N) d) L(M) is non-empty iff N
3.If R reseels | gccept. Otherwise, reject accepts w

This is a reduction from Ary to Eum
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Emptiness testing for TMs (mﬂq«' Em

(W) €T =) RALND) wys

S L(LM?) wieds
LMy ¥ ¢

Etmy = {{M) [M isaTM and L(M) = @}

Theorem: ET)p is undecidable

LIN) D ewiy&d M awgh w

Proof: Suppose for contradiction that there exists a decider R

for ETym. We construct a decider V' for Aty as follows:

On input (M, w): L(AD-—-E{k t ':\“z'": L
1. Constructa TM N as follows: %"

“On input x:

2. Run R on input (N)

3. If R rejects, accept. Otherwise, reject

HTgeoe N's om mp¥ X

Run M on w and output the result.”

3/26/2026

—_

LM,Q? é A-m "
M acweh VRN
= UN)= 3% £ 4
=) L ek =)V acgh 7

<m.p"‘)> ¢A1d\°
M does uot acsgt vt W
"”7 A’ Jus e 4 alap‘ a.:’ <
= LN = ¢
=) L acgh ~2U alechV

This is a reduction from Ary to Erum
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MY a ™M

Equality Testing for TMs erm=3 M| " = g 3

EQrm = {{(My, M3) |My, M, are TMs and L(M,;) = L(M,)}
Theorem: EQTp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for EQ1y. We construct a decider V for E1y as follows:

Oninput (M): #CTwhkw of tm
1. Construct TMs Ny, N, as follows:
N, = N, =

2. Run R on input (Ny, N,)
3. If R accepts, accept. Otherwise, reject.

This is a reduction from Etp to EQ1vm
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0 dectis  BOoqy LAN, N LU ETRT
Equality Testing for TMs e §4m1) Lem) = # 38

What do we want out of the machines Ny, N,? O
a) L(M) = @iff Ny = N, [olL(M) = @ iff L(N,) = L(N,)
o) L(M) = @iffN, £ N, d)L(M) = @ iff L(N,) = L(N,)

LS

On input (M): 4 Jestme of B Goal "

1. Construct TMs Ny, N, as follows: e Erw & L(M)‘:y‘
N1 - N2 -

&7 LIN)=LIN)

&7 I awhy

2. Run R on input (N, N,) 5V oawh

3. If R accepts, accept. Otherwise, reject.
This is a reduction from Ety to EQTm
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Equality Testing for TMs

EQtm = {{My, M;) [M;, M, are TMs and L(M;) = L(M,)}

Theorem: EQTp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for EQ1y. We construct a decider IV for Aty as follows:

On input (M): Beet- &Efueflﬂs :
1. Construct TMs Ny, N, as follows: C"L?M) 2_"¢
N; = “On input x: N,=M ) | (N)=Lm) = P=UM)
. ” =) Q. acyh gt LN,NY
reject S
LN :75 LN = UM) '\ ZmSy & B - LemEg
=) LMY= ¢&>d LNY=Uw,)| =) L(N,) =L(f'l) # =Ly
2. Run R on input (N4, N;) ’16"6:?5;” <M e}
3. If R accepts, accept. Otherwise, reject. ~ 7

This is a reduction
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Regular [anguage testing for TMs

(oqetahn) bobbu™ Gita ™M M, §s (M) woulor’
REGty = {{M) |[MisaTM and L(M) is rﬁgular} ‘
Theorem: REGTy is undecidable An =3 KM, [ TR M aceh .'3"'3

Proof: Suppose for contradiction that there exists a decider R
for REGTy . We construct a decider for Aty as follows:

On input (M, w):
1. Constructa TM N as follows:

Gou! - M awph O o LCN) R rrqde~
—_—

gon'u'nzoﬁ - M doey wi acem o)

Lin)= §D,|‘;A £ M ok O

2. Run R on input (N)
3. If R accepts, accept. Otherwise, reject.

This is a reduction from Apy to REGTy
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Regular [anguage testing for TMs

REGTy = {(M) |[M isaTM and L(M) is regular}
Theorem: REGTy is undecidable ™ v

Proof: Suppose for contradiction thgt there exists a decider R
for REGTy. We construct a decidertor Aty as follows:

On input (M, w): Corgchess

= Mawh Q
1. Constructa TM N as follows: ¥ B, € hon .27 LNV~ Qo‘:}:‘

N =“On input x, (76’ fo,8") f)”\\/“‘:’::,s
1. Ifx € {0™"1" | n = 0}, accept ;¢ L § hoa 1
2. Run TM M on input w = L= 4" 12 6}
3. If M accepts, accept. Otherwise, reject.”
2. Run R on input (N) =2 R Ryeh
3. If R accepts, accept. Otherwise, reject = Ve

This is a reduction from Apy to REGTy
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Mapping Reductions
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» P> \Warning »> P

What’s wrong with the following “proof”?
Bogus “Theorem”: Aty is not Turing-recognizable

Bogus “Proof”: Let R be an alleged recognizer for Atp. We
construct a recognizer S for unrecognizable language Aty:

™ S° hoblew -

Oninput (M,w): (swme ot E) 16 Q";«J;\‘-’ A
canl no

1. Run R on input (M, w) v 4

R, ¢~ on s ot <.“‘u3>
(oep
=) S v»"l\\\’ el o (up

2. If R accepts, reject. If R rejects, accept.

This sure looks like a reduction from Arpy to Atm
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Mapping Reductions: Motivation

How do we formalize the notion of a reduction?

2. How do we use reductions to show that languages are
unrecognizable?

3. How do we protect ourselves from accidentally
“proving” bogus statements about recognizability?



Computable Functions

Definition:

A function f: X" = X% is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

L

Z\AN‘.' "J‘ \"'L‘ ce e |‘Jn

—

Oubed” | €(0) ]
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Computable Functions

Definition:

A function f: X" = X% is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 1: f(w) = sort(w) RWegoNy

= Ghin ol by
sord (W) ol chamdis

of 3 % all 0%

Example 2: f({x,y)) =x+ vy (ae hofae al\ 15
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Computable Functions

Definition:

A function f: X" = X% is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 3: f({(M,w)) =(M') where M isaTM, w is a
string, and M’ is a TM that ignores its input and simulates

running M on w )
0 omped by tk T V.

@ﬂ \\(“‘" <M) “37 e

l. (udv\l(.’\' ™ M
" v - | .
o ﬁj\: M o W. IF acvh, acegt. If re,ech ~3et

L. Ot '
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Mapping Reductions

Definition:

et A,B € X7 be languages. We say A is mapping reducible
to B, written
A<, B

if there is a computable function f: X" — X" such that for
all stringsw € X%, we havew € 4 & {&‘W € B
- ZJK

4—“" —
{‘K ‘———J/ \>o S
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Mapping Reductions

Definition:
Language A is mapping reducible to language B, written
A<y, B

if there is a computable function f: X" = X" such that for
all stringsw € £, wehavew € A < f(w) € B

O
IN
=
vy

, which of the following is true?

3

= o
IN IN IN
S 5 3

>, ol g o

=
o
IA
=

3/26/2026 CS332 - Theory of Computation 19



Corvedrmoy Paot', WIS N dacdeg K

Decidability — weh = £ en  Lbb o with wida]

Lfs o
DN wr KDL e

weA ’3 £w) ¢ 8
Theorem: If A <, Band B is deudable then 4 is also

decidable BTN Lol

Proof: Let M be a decider for Bandlet f:X* = X" be a

mapping reduction from A to B. We can construct a
decider N for A as follows:

On input w:

1. Compute f(w)

2. Run M on input f(w)

3. If M accepts, accept.
If it rejects, reject.
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Undecidability

Theorem: If A <, B and B is decidable, then A is also
decidable

Corollary: If A <, B and A is undecidable, then B is also
undecidable
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Old Proof: Equality Testing for TMs

EQrm = {{My, M;) [M;, M, are TMs and L(M;) = L(M,)}

Theorem: EQp is undecidable

Proof: Suppose for contradiction that there exists a decider R

-

onstruct TMs M,
M]_ - M

for EQ1y. We construct a deci g
On M): (Tatenh gty vededin © frown Grm bo EOnn
ﬁ% M, as follows: )

M, = “Oninput x,
1. Ignore x and reject”

J/

2 Run-Roninput{M;,M,)

3. If R accepts, accept. Otherwise, reject.

3/26/2026

This is a reduction from Etp to EQ1vm
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New Proof: Equality Testing for TMs

EQrm = {{My, M3) |My, M, are TMs and L(M,) = L(M,)}
Theorem: Ety <m EQOtMm (Hence EQty is undecidable)
Proof: The following TM N computes the reduction f:

On input (M):

1. Construct TMs My, M, as follows: A
M;=M M, = “Oninput x,

_ 1. Ignore x and reject”j

2. Output (M, M)
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Mapping Reductions: Recognizability

Theorem: If A <, B and B is recognizable, then A is also
recognizable

Proof: Let M be a recognizer for B and let f:X* = X" be a
mapping reduction from A to B. Construct a recognizer
N for A as follows:

On input w:

1. Compute f(w)

2. Run M on input f(w)

3. If M accepts, accept.
If it rejects, reject.
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Unrecognizability

Theorem: If A <., B and B is recognizable, then A is also
recognizable

Corollary: If A <, B and A is unrecognizable, then B is
also unrecognizable

Corollary: If Aty < B, then B is unrecognizable
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Other Undecidable
Problems
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Problems in Language Theory

Apparent dichotomy:

* TMs seem to be able to
solve problems about the
power of weaker
computational models
(e.g., DFAS)

* TMs can’t solve problems EDFA ETM
about the power of TMs decidable undecidable
themselves

Question: Are there E E

undecidable problems that .QDFA Q.TM

do not involve TM decidable undecidable

descriptions?
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Undecidability of mathematics [Sipser 6.2]

Peano arithmetic: Formalization of mathematical statements
about the natural numbers, using +,X, <

Ex: “There exist infinitely many primes”

Theorem [Church, Turing]:
TPA = { (@) | ¢ is atrue statement in PA } is undecidable

Corollary [Godel’s First Incompleteness Theorem]:

There exists a true statement @ in Peano arithmetic that is
not provable
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A simple undecidable problem
Post Correspondence Problem (PCP) [Sipser 5.2]:

Domino: a%] . Top and bottom are strings.

nput: Collection of dominos.
[ ab | [bal [abab
abal’ aba_ ‘laal’| b

Match: List of some of the input dominos (repetitions

allowed) where top = bottom
- ab [ —ba [ ‘abab
_aba abal’ aa abal’ b

Problem: Does a match exist? This is undecidable
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