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Last Time: Reductions

A reduction from problem A to problem B is an algorithm

for problem A which uses an algorithm for problem B as a
subroutine

If such a reduction exists, we say “A reduces to B”

Positive uses: If A reduces to B and B is decidable, then A
is also decidable

Ex. Eppra is decidable = EQpp, is decidable

Negative uses: If A reduces to B and A is undecidable,
then B is also undecidable

Ex. UD is undecidable = A+ is undecidable
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Halting Problem
HALTry = {(M,w) |M is a TM that halts on input w}

Theorem: HALTty is undecidable

Proof: Suppose for contradiction that there exists a decider H
for HALTtp. We construct a decider for V for Aty as follows:

On input (M, w): $ e of o If (M, W) € Ary:

. M accepts input w

1. Run H oninput (M, w) = H accepts input (M, w)

fH rejects reject = Proceed to line 3; V accepts in line 4
V4

2
3. If H accepts,run M onw | (M,w) & Aqp, then either:
4

f M accepts, accept a) M rejects oninput w
= H accepts input (M, w)

Otherwise, reject. = Proceed to line 3; V rejects in line 4

or b) M loops forever on input w
= H rejects input (M, w)
= V rejectsin line 2
This is a reduction from Aty to HALTTM
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Emptiness testing for TMs
Etm = {{M) |M isaTM and L(M) = @}

Theorem: Etpy is undecidable

Proof: Suppose for contradiction that there exists a decider R
for Etp. We construct a decider V for Aty as follows:

On input (M, W): 9 Tashme & b
1. Run R on inputdM))
2. If R rejects, accept.

f R accepts, reject

If (M,w) € Aty
M accepts input w
=>w € L(M),soL(M) + @
= R accepts input (M) = V accepts v

LM
If (M,w) & Arum: Y dé\.& e
M does not accept input w o [(INZ 'P
= L(M) may or may not be emptyw“\ .

= R may or may not accept g i\t\’. N
= I/ may or may not accept \L*P

This is a reduction from Ary to Erm
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Emptiness testing for TMs

Erm = {{M)|MisaTMand L(M) = ¢} -: '

Theorem: ETp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for Ety. We construct a decider V' for Ay as follows:

On input (M, w):
1. Constructa TM N such that:
(M, 9) € 1y &2 N acphr

& L (N) ‘f¢

= L rtyech

=V oacan
2. Run R on input (N)

3.If R reieeh | accept. Otherwise, reject

What do we want out of

machine N?

a) L(N)isemptyiff M
accepts w

@ L(N) is non-empty iff M

accepts w

c) L(M)isemptyiff N
accepts w

d) L(M) is non-empty iff N
accepts w

This is a reduction from Ary to Eum
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Emptiness testing for TMs

Etmy = {{M) [M isaTM and L(M) = @}

Theorem: ET)p is undecidable

Proof: Suppose for contradiction that there exists a decider R

for ETym. We construct a decider V' for Ay

[ 1
Oninput (M,w): L(n)= 2? &,':\‘:f‘

1. Constructa TM N as follows: e+ 2
“Oninput x: Jdagwe x

Run M on w and output the result.”

2. Run R on input (N)
3. If R rejects, accept. Otherwise, reject

as follows: _
Pros of (swechiess

T¢ M) € A‘M .

M aceph
D)= T EP
D o wixh <N) /
=) \/ attﬂﬁ“

¥ Lma) ¢ Am-
* M 'us‘#m' acph

= (V) =
a (L at-ﬁ'\’s (N?
= V rejeh J/

This is a reduction from Ary to Erum
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Equality Testing for TMs

EQrm = {{(My, M3) |My, M, are TMs and L(M,;) = L(M,)}
Theorem: EQTp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for EQ1y. We construct a decider V for E1y as follows:

Oninput (M): 4 Juwe o Emw
1. Construct TMs Ny, N, as follows:
Nl — N2 —

2. Run R on input (Ny, N,)
3. If R accepts, accept. Otherwise, reject.

This is a reduction from Etp to EQ1vm
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EQan = 3 LNLN?) LENN=LINDY Oy s
Fquality Testing for TMs Grm=1 <m7|umeg}

What do we want out of the machines Ny, N,? EI,,- o
a) L(M) =@ iff N, =N, [b)\L(M) = @ iff L(N;) = L(N,)

c) L(M) =Qiff N, # N, d)L(M) = @ iff L(N,) # L(N,)
WMy

‘CTrTinput (M): eq. L(A)= 307 Uant'

1. Construct TMs Ny, N, as follows: (W7 ¢ Era €O LiM=g
N1 = N, = ﬁ
LIN)= 73 L(N) = L(m)

o LINDZ LW

(= LN, N2eECmy
2. Run R on input (N, N,) S R awey
3. If R accepts, accept. Otherwise, reject. GV acatts

This is a reduction from Ety to EQTm
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Equality Testing for TMs

EQtm = {{My, M;) [M;, M, are TMs and L(M;) = L(M,)}

Theorem: EQTp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for EQTm. We construct a decider V for £y as follows:

On input (M): LM) € Erm . L(Mffy‘
1. Construct TMs N;, N, as follows: ¢7j LZA:;\‘:)sé = lg;inwg
7 . . _ = 4G 2.7 & TN
M=o |n.put”x. Na=H =) L scsh Mt KNLNZD
reject IV acph B
L(N.\‘; ? UNaL} :UM) (M74 Em " (_(M\f%
2 LN G F L) = (v
' =) N,V € O<w
2. Run R oninput (N, N,) | | ey &g‘f S
3. If R accepts, accept. Otherwise, reject. | =5 V  yeseq

This is a reduction from Ey to EQrym
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Regular [anguage testing for TMs

Covmptdasl  (ohlem™  (Jen TWA M, deey M H.ogh € o ye“‘i.,_._?
~ REGpy = {(M) |M is a TM and L(M) is regular} " '
Theorem: RE Gty is undecidable v

Proof: Suppose for contradiction that t%re exists a decider R
for REGTy. We construct a decider for A1y as follows:

Oninput (M,w): dIudec o Ay

1. Construct a TM N as follows: Gwal'-  (obut N b
(j"\,u’]eA‘M\ %7 " MA\;; - io.i')* H M aceh O
. L(N)=
é:;? L(NS (Y *74‘”‘ éoa "‘hw(’ ;L M Ju$ o
(&7 L awvh CN) ocet 9

SV oawh
2. Run R on input (N)

3. If R accepts, accept. Otherwise, reject
This is a reduction from Apy to REGTy
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Regular [anguage testing for TMs

REGTy = {(M) |[M isaTM and L(M) is regular}

Theorem: RE Gty is undecidable v

Proof: Suppose for contradiction that th#re exists a decider R_
eYor REGty. We construct a decider for Ay as follows:

On input (M, w): Podk O cowechugs i
1. Constructa TM N as follows: °<#™2] 57":‘(""3?,::“5‘;!:’““‘“\
— o . = ﬂ\ N
N =“Oninput x, 2h da;m

L o wm =) M dsqu.l-
o170 f 2.RunTM M oninputw ° <%+ ¢ Ao =)

acth 9
moES 3 M accepts, accept. Otherwise, reject

C M a9
L(n):zi""? b Moty fx € {0™"1" | n = 0}, accept™

”
[ ]

2. Run R on input (N) T weh el
3. If R accepts, accept. Otherwise, reject =) f_ Ksth <N?

This is a reduction from Ary to REGTy
= \ ,{m, .
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Mapping Reductions
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» P> \Warning »> P

What’s wrong with the following “proof”?
Bogus “Theorem”: Aty is not Turing-recognizable

Bogus “Proof”: Let R be an alleged recognizer for Atp. We
construct a recognizer S for unrecognizable language Aty:

Oninput (M, w): e o Awm T¢ L o et on
1. Run R on input (M, w) may .

1 ; S Galse loan w
2. If R accepts, reject. If R rejects, accept. i date,

L5 € hon

This sure looks like a reduction\ from Aty to At
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Mapping Reductions: Motivation

How do we formalize the notion of a reduction?

2. How do we use reductions to show that languages are
unrecognizable?

3. How do we protect ourselves from accidentally
“proving” bogus statements about recognizability?



Computable Functions

Definition:
A function f: X" = X% is computable if thereisa TM M

which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

J:f'f"‘" 1 W, ‘dtﬁ - T
i o

Dales¥ ; ) Fe) {
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Computable Functions

Definition:

A function f: X" = X% is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 1: f(w) = sort(w)

Example 2: f({x,y)) =x+ vy
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Computable Functions

Definition:

A function f: X" = X% is computable if thereisa TM M
which, given as input any w € X%, halts with only f(w) on
its tape. (“Outputs f(w)”)

Example 3: f({(M,w)) =(M') where M isaTM, w is a
string, and M’ is a TM that ignores its input and simulates

running M on w
W cmplig
on  wpr WD) -
I Codhut TWL_ m'.

) ul 1 - e
"o ..'M m on % 8 -‘-‘F @ ) E’ ‘F :‘,::f’.\(

2. 0.;-\'0.:\' (Ml7
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Mapping Reductions

Definition:

et A,B € X7 be languages. We say A is mapping reducible
to B, written
A<, B

if there is a computable function f: X" — X" such that for
all stringsw € X%, we have w Ef):j f(W)Lm— vy T™

%)(
palP ; LT x
A c B
* ) [ °
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Mapping Reductions

Definition:
Language A is mapping reducible to language B, written
A<y, B

if there is a computable function f: X" = X" such that for
all stringsw € £, wehavew € A < f(w) € B

If A <., B, which of the following is true?

Q)

S8
e N

\Q:B_

o

IN IN IA TN
5 2 B8 B
>, ol g o
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Doslr S (owtchesy .
Decidability  wea = & e Thés of wy |
D M ey [ of m A‘"':‘_']

DN ageb
Theorem: If A <, B a d B is decidable, then A is also
decidable 3y Hw X

=) M ﬂ)“‘: =D N 'ﬂ"‘":)
Proof: Let M be a decider for Bandlet f:X* = X" be a
mapping reduction from A to B. We can construct a
decider N for A as follows:

On input w: T N decdy A |

1. Compute f(w) L ) T N decdy O | et eiect
2. Run M oninput f(w) B L E
3. If M accepts, accept. y

If it rejects, reject.
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Undecidability

Theorem: If A <, B and B is decidable, then A is also
decidable

Corollary: If A <, B and A is undecidable, then B is also
undecidable
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Old Proof: Equality Testing for TMs

EQrm = {{My, My) [My, M, are TMs and L(M;) = L(M;)}
Theorem: EQp is undecidable

Proof: Suppose for contradiction that there exists a decider R
for EQ1y. We construct a decider for E1y as follows:

On input (M):
1. Construct TMs My, M, as follows: A
M;=M M, = “Oninput x,
1. Ignore x and reject”
\- J

2. Run R on input (M, M,)
3. If R accepts, accept. Otherwise, reject.
This is a reduction from Etpy to EQmp
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