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Mapping Reductions: Motivation

How do we formalize the notion of a reduction?

2. How do we use reductions to show that languages are
unrecognizable?

3. How do we protect ourselves from accidentally
“proving” bogus statements about recognizability?



Mapping Reductions
Definition:
A function f: X" = X% is computable if there is a TM M which,

iven as input any w € X%, halts with only f(w) on its tape.
%”Outputs f(w)”}l

Definition:

Let A, B € X* be languages. We say A is mapping reducible to
B, written

A<, B

if there is a computable function f: X" — X* such that for all

stringsw € X*, we havew € A < f(w)€eB
12 — ¥
T ] £ 4(w) 2.

®
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Theorem: If A <, B and B is decidable, then A is also

decidable

Corollary: If A <, B and A is undecidable, then B is also

undecidable
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New Proof: Equality Testing for TMs

EQTM — {<M1) MZ) |M11 MZ are TMs and L(Ml) — L(MZ)}
Theorem: Ery <y EQ1rvm (Hence EQy is undecidable)

Proof: The following TM N computes the reduction f:
ETM: 6(“) l M5 aTM wi L(ﬂ):é%

On input (M):
1. Construct TMs M,, M, as follows: A
M, =M M, = “Oninput x,
L 1. Ignore x and reject”/

2. Output (M, M,)
?mo& o\ Owelness {or redunction Q:
o 1 (e Eqy EUAAY Erw

L()=Lin)# ¢ 4
- LM)=Ln)=¢ ]
- MY = ¢ = (M, MDD Ry,
L) = ¢ = (MW EQy, ¢ '
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Unrecognizability

Theorem: If A <, B and B is recognizable, then A is also
recognizable

Corollary: If A <,,, B and A is unrecognizable, then B is
also unrecognizable

Corollary: If Aty <y B, then B is unrecognizable

Recol s ATy = L (M) | TH M dots nol accept w2
i Reognizaloe.
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Recognizability and A1y

Let L be a language. Which of the following is true?

@ If L <,, ATm, then L is recognizable
b) If Arm <m L, then L is recognizable
(c) If Lisrecognizable, then L <., Atm . olso 1
d) If L is recognizable, then Aty <, L

Theorem: L is recognizable if and only if L <,;, Atm



Recognizability and A1

Theorem: L is recognizable if and only if L <., Atm

. '
Proof:  “e=o 1t L, Apy | then owbive Rnown focts :

{o IAYTM’ \s vtcoqw(tofa\(
* Ae.B uwd B recopuzodble =y K fecopntolie

=) L MU \oe I‘Ccm’boUe,

=S, Suppose L (s reogmizable, We coustmd a unapping  jedulction
from L 4o A‘m as  follows .
Lt M be o T ok recogmices L.

'Dzhm € Occeppls W
Ou fm'oux W // W \s OM lustoue o\ Pw\o\eml, s we) = WU Occep .
=> (Mw) € ATM

Ourpwt (M w). <2 fwe A

_J

Pool ob (oweKuess:

™
o W& =7 M dotw nst occept w

=> (WD ¢ ATn /
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Example: Another reduction to EQ1y

EQtm = {{My, M3) |[M{, M, are TMs and L(M;) = L(Mz)}
Theorem: Aty S EOtv Aew= 1< T M owgts w) :
Proof: The following TM N computes the reduction f: ¥

o o ©

What should the inputs and outputs to f be?

a) f should take as input a pair (M, M,) and output a pair (M, w)
f should take as input a pair (M, w) and output a pair (M, M,)
c) f should take as input a pair (M, M,) and either accept or reject
d) f should take as input a pair (M, w) and either accept or reject



Example: Another reduction to EQ1y

EQrm = {{My, My) [My, M5 are TMs and L(M,) = L(M;)}
Theorem: Aty <m EQTM

Proof: The following TM computes the reduction f:
M 0ceep®t W => LIM)=| (M)

M do¢, yat Qcch W =) L(Mﬂ\ ’/ L (M’)
On input (M, w):

1. Construct TMs My, M, as follows:
M; = “Oninput x, M, = “Oninput x,
1. \qmore X, OcepT,

2

Rue M 0w jpowl W, [
o e L(Mb) = ZW
ST M auepts W
L (M) = S\ @, b N adl ageptw
2. Output (M, M,)
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Consequences of Aty < EQ7m

1. Since Aty is undecidable, EQr), is also undecidable

2. ATM Sm EQTM Implles ATM Sm EQTM
Since Aty is unrecognizable, E(Q1)y is unrecognizable
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E Q1 itself is also unrecognizable

EQrm = {{My, My) |M;, M, are TMs and L(M;) = L(M;)}
Theorem: Aty <., EQ1Mm (Hence EQry is unrecognizable)
Proof: The following TM computes the reduction:

On input (M, w):
1. Construct TMs My, M, as follows:

M; = “Oninput x, M, = “Oninput x,
1. lIgnore x 1. Ignore x and reject”
2. Run M oninputw T
M) =
3. If M accepts, accept. ,B't & ﬁ

M mets Gbrzepdide, reject.”

) 3 L M weets W }
2. Output (Mq, My) | (M= {¢ NN o:?; "t ot W
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Other Undecidable
Problems
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Problems in Language Theory

Apparent dichotomy:

* TMs seem to be able to
solve problems about the
power of weaker
computational models
(e.g., DFAS)

 TMs can’t solve problems EDFA ETM
about the power of TMs decidable undecidable
themselves

Question: Are there E

undecidable problems that ,QDFA EQ.TM

do not involve TM decidable undecidable

descriptions?
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Undecidability of mathematics [Sipser 6.2]

Peano arithmetic: Formalization of mathematical statements
about the natural numbers, using +,X%, <

Ex: “There exist infinitely many primes”

Theorem [Church, Turing]:
TPA = {{(¢) | ¢ is a true statement in PA } is undecidable

Corollary [Gddel’s First Incompleteness Theorem]:

There exists a true statement @ in Peano arithmetic that is
not provable
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A simple undecidable problem
Post Correspondence Problem (PCP) [Sipser 5.2]:

Domino: aab] Top and bottom are strings.
Input: Co Iectlon of dominos.

S e

Match: List of some of the input dominos (repetitions
allowed) where top = bottom

e e[ el [

Problem: Does a match exist? This is undecidable
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Where we are in CS 332

Automata

Computability

Complexity

Previous unit: Computability theory
What problems can / can’t computers solve?

Final unit: Complexity theory
What problems can / can’t computers solve under
constraints on their computational resources?
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Time and space complexity

Today: Start answering the basic questions
1. How do we measure complexity? (as in CS 330)
2. Asymptotic notation (as in CS 330)

3. How robust is the TM model when we care about
measuring complexity?

4. How do we mathematically capture our intuitive
notion of “efficient algorithms”?
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Time and space complexity

Time complexity of a TM = Running time of an algorithm
= Max number of steps as a function of input length n

Space complexity of a TM = Memory usage of algorithm
= Max number of tape cells as a function of input length n
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Review of asymptotic notation f ™
O-notation (upper bounds) 9wl

— >

—

f(n) =0(g(n)) means:
There exist constants ¢ > 0,1, > 0 such that
f(n) < cg(n) foreveryn = n,

Example: 2n?+ 12 = 0(n?) (c=3,n9 =4)
Lie1z £ 2w ek (k)
A

— @(HL> = O(Vla)
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Properties of asymptotic notation:

Transitive:

f(n) = 0(g(n)) and g(n) = 0(h(n)) means f(n) = 0(h(n))
EX: 100 <13 =0 _ p*= OW®) = 1oa*~13= 0(n*)

Not reflexive:
f(n) = 0(g(n)) does not mean g(n) = 0(f(n))

Example: f(n) = 2n?, g(n) = n3

SC [ No ST,
hin) € C- %(ﬂ)
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Examples

-1067;3+ 2 —n +10 = 0(n’)

Aomient Temm
— O( > . u.‘Y T\U‘S
is wel Fight

‘ 2 (No= )
«vn + logn = @( o) -
20%"'" Vvﬂ/no

-n(]ogn+\/ﬁ) nlo'%n"un O(r\ﬁ O( %
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Little-oh

If O-notation is like <, then o-notation is like <

f(n) =o0(g(n)) means:
For every constant ¢ > 0, there exists ny > 0 such that
f(n) < cg(n) foreveryn = n,
&2 Vc>0 'ﬂnpeN S, %’k))éc => QA‘M £(_") =0

n-0m 8("\
Example: 2n?+12 =o(n®) (ny = max{4/c,3})
A c>0 e oo tony . Choose fo = MR {‘f‘/c ,3/% .

ant+ 12 € anf+ nt (n23) A oot vely
= ZILZ Zb’lz‘”Z 2 = N >0
Ntz 2 2 _y
2 (C-ﬂ) nz (nz %) n? n N n* &

= c n
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True facts about asymptotic expressions

Which of the following statements is true about the
function f(n) = 2™?

§) rm=oy ve i

Fo)=0@™) L Z - u(3) -0

N> 3” naw

c) f(n)=0(n? %
n? = 0(f(n))
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Asymptotic notation within expressions

Asymptotic notation within an expression is shorthand for
“there exists a function satisfying the statement”

Examples:
e n0(1)

*n% + 0(n)

. (1 + 0(1))71
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FAABs: Frequently asked asymptotic bounds

e Polynomials.a, + an + ... + a,n® is 0(n?) if a; > 0
e Logarithms.log,n = O(log,n) for all constants a,b > 0

Foreveryc > 0, logn = o(n°)

e Exponentials. Forallb > 1andalld > 0, n¢ = o(b")

e Factorial. n'=n(n—-1) -1
By Stirling’s formula,

n! = ( Znn) (g)n (1 + 0(1)) — 20(nlogn)
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