BU CS 332 — Theory of Computation

https://forms.gle/dKhaa9iFatDd2d2ZA

Lecture 20:
* Complexity Class NP Reading:
* Nondeterminstic TMs vs. Sipser Ch 7.3

Deterministic Verifiers
FNG‘
—
Alexander Poremba & Mark Bun T /7 1t-Z

April 16, 2026



Nondeterministic time

lett: N—> N

NTM M runs in time t(n) if:

For every n and every input w € 2", M halts on w within at
most t(n) steps on every computational branch
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Deterministic vs. nondeterministic time
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Deterministic vs. nondeterministic time

Theorem: Let t(n) = n be a function. Every NTM running
in time t(n) has an equivalent deterministic single-tape

TM running in time 20¢®)
Proof: Simulate NTM by 3-tape TM

Input w to N (read-only)

.. v : : .
Finite Simulation tape (run N on w using
wy | U | #H |wg |Wy . :
control nondeterministic choices from tape 3)

1|1 3|3 |7 Address in computation tree
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Counting leaves

What is an upper bound on the maximum number of
nodes in a tree with branching factor b and depth t?
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Deterministic vs. nondeterministic time

Theorem: Let t(n) = n be a function. Every NTM running
in time t(n) has an equivalent deterministic single-tape

TM running in time 20¢®) lod e - skep ] input

Proof Sm\lcjiati“N_Tl\A tz»iitapee“a'l\‘{li" - M | simulation

* # nodes Lt Y Hhe v _>|, ddrecs

Running time: Consled dyudny 80 N

bh st on ok legh W
To simulate one root-to-node path:
¢ o( tw) ﬂ

Total time:

£tn) ﬂoy ( OC‘K'D) tln)

I

ﬁ k(n} v |o = Y b [

O(z Bt(n)-r"),,(ocetn») "‘Jz" < Ua) + log, (0tttn) / l\
" 0 |
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Deterministic vs. nondeterministic time

Theorem: Let t(n) = n be a function. Every NTM running
in time t(n) has an equivalent deterministic single-tape

TM running in time 2°2()
Proof: Simulate NTM by 3-tape TM in time 2°0()

We know that a 3-tape TM can be simulated by a single-

tape TM with quadratic overhead, hence we get running
time jowend of \-hye padebin

Ot 2 = 92:0(t(n)) — HO(t()
(202 _ 7 2

A/

e, ;v Y-tepe T
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Difference in time complexity

Extended Church-Turing Thesis:

At most polynomial difference in running time between all
(reasonable) deterministic models

At most exponential difference in running time between
deterministic and nondeterministic models
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Nondeterministic time

lett: N—> N
NTM M runs in time t(n) if:
For every n and every input w € 2", M halts on w within at

most t(n) steps on every computational branch

NTIME(t(n)) is a class (i.e., set) of languages:

A language A € NTIME(t(n)) if there exists an NTM M that

1) Decides 4, and
2) Runsin time O(t(n))
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NTIME explicitly

A language A € NTIME(t(n)) if there exists an NTM M
such that, on every input w € X*

1. Every computational branch of M halts in either th
accept or reject state within O(t(Jw|)) steps

M wag a tie O(Hw)

2. If w € A4, then there exists an accepting computational
branch of M on input w

3. Ifw & A, then every computational branch of M
rejects on input w

~
M decdes A
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EEXD

Complexity class NP @ )
.

Definition: NP is the class of languages decidable in
polynomial time on a nondeterministic TM

NP = ULy NTIME(n®) = §L | L B debade o soe piy

W oa ap NTWM

Which of the following are definitely true about NP?
[a)\ P S NP Do Clay of logeapes deeble

m dolermnake (O(J'H"‘

b) NP S P 1

c) NP £P | gxp= ¢ " ""“"f‘\ “Wme
“ce. / v

‘ d) ‘ NP € EXP NTImME(Hw) & TTwE( '2_0‘“‘“)_) 2 i ke

D NrImME(a*) ¢ TIWE (2°9) -
e) EXP S N}‘jz,z}. D NP = J NTTHE() = %Uﬁ(f‘ ) = ext
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Hamiltonian Path

HAMPATH = {(G, s, t) |G is a directed graph and there

. is% path from s to t that passes

WA gm \rn o Pa A thr()ugh eveI‘y vertex exaCtly Oncé}
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HAMPATH € NP

The following nondeterministic algorithm decides
HAMPATH in polynomial time:

On input (G, s, t): (Vertices of G are numbers 1, ..., k)
1. Nondeterministically guess a sequence
C1, Cy, ..., C Of nUMbers 1, ..., k

M . .
C‘:;w‘fb 2. Check that ¢4, ¢, ..., ci is @ permutation: Every
et number 1, ..., k appears exactly once

v ) 3. Check that ¢; = s, ¢, = t, and there is an edge
e from every c; to ¢4
\w (R

w “ 4. Accept if all checks pass, otherwise, reject.

"t



Oninput (G, s, t):

A n a |yZ | n g t h e a |go rlt h m 1. Nondeterministically guess vertices ¢y, ¢y, ..., ¢k

2. Check that ¢y, ¢y, ..., C is @ permutation

N eed tO CheCk' 3. Check that ¢; = s, ¢, = t, and there is an edge

from every c; to ¢;44

1) CO rrectn esSs 4. Accept if all checks pass, otherwise, reject.
u <63SJ€7 € H“’”fﬁm =) a a Haatfmion f.‘”ﬂ cl) C"a ”')CL """‘ > o &
m 6
97%4‘“(“ 0‘ umh‘d’m‘n:sm a;\ ukbh C,“..,Cq_ :\ 9\"““ ‘00\45 "9 eg'.
3¢ 6,5,67 ¢ HINIAM D Hae D wo Hamtwan peth fun s 4 & m &

=? w *m C“.av)‘“_ w.‘\ el ﬁ:\ e M % m M2, o~

) be bo o pth fam s o € . ]
-’>°§9 Wadh of cw"mo. M kad fo o dean fliy D wyect .
2) Running

time
. bwse W Oy W-b¥ mumbec w e OTW &5 W | o)
- A . -
7. (Ve fa, 2 WL ¢ WL : 0lw’) ¥ riatwe
o et N ~ )

Tor com wamboe- (=i, 1 Gk ¢ aper « - € {

: ed -
S R il

f .
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Nondeterministically guessing, then checking

How did we design an NTM for HAMPATH?

e Given a candidate path, it is easy (poly-time) to check
whether this path is a Hamiltonian path

* We designed a poly-time NTM by nondeterministically
guessing this path and then deterministically checking it

* Lots of problems have this structure (CLIQUE, 3-COLOR,
FACTOR,...). They might be hard to solve, but a candidate
solution is easy to check.

General structure: w € L if and only if there exists a
nondeterministically guessable, but deterministically
checkable “certificate” ¢ to that fact




An alternative characterization of NP

“Languages with polynomial-time verifiers”

A verifier for a language L is a deterministic algorithm IV
such that w € L iff there exists a string ¢ such that

V({w, c)) accepts CCehBlae™ N den” oot

Running time of a verifier is only measured in terms of |w|

V' is a polynomial-time verifier if it runs in time polynomial
in |w| on every input (w, c)

(Without loss of generality, |c| is polynomial in |w|, i.e.,
Ic| = O(Jw|®) for some constant k)

4/16/2026 CS332 - Theory of Computation 16



HAMPATH has a polynomial-time verifier

Certificate C:  Sequee o whws €, .,0u  wpoohy o ua.-m:a
f

Verifier V: wweae 0/ cokisale

~AA
On input (G, s, t; E’): (Vertices of G are numbers 1, ..., k)

1. Check that ¢4, ¢5, ..., C is @ permutation: Every
number 1, ..., k appears exactly once

2. Check that ¢, = s, ¢, = t, and there is an edge
from every c; to ¢;4 1

3. Accept if all checks pass, otherwise, reject.
(oweckes: 38 £6,4,47 € HAmAA = JF Hawddmn M C,, .G famn 5 ot

—

2 \/ oaceh gun 0562 04 ce— €
T £6,5,£72 ¢HAMAIA = e D w0 Hamdbumnm e Cyy e
DV rmedy g Lo gtd md ay offide C
0-_?““..«- lel= O(“'"7 W) eo wlher  can n.J. ‘¥ ond PG-I-VQ Cockes w  pdy-tne
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NP is the class of languages with polynomial-
time verifiers

Theorem: A language L € NP iff there is a polynomial-
time verifier for L
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Alternative proof of NP € EXP

wel =2 Fec 3. V(LW?) aceh V rip w T —I;NJD
wéL 2 Ve V(<4uw,c?) eeh S

98 plynewal
One can prove NP € EXP as follows. Let VV be a verifier for an
NP language L running in time T'(n). We can construct a

deterministic 20(TM) time algorithm M deciding L as follows.

a) Oninput(w,c), runV on (w, c) and output the result

b) Oninputw, runV on all possible (w, c), wherecisa
certificate string. Accept if any run accepts.

| ¢)] Oninputw, runV onall possible (w, c), where c is
certificate of length at most T(Jw|). Accept if any run

accepts. Bands & b cobficte, by o OCT(1WY)

d) Oninputw, runV on all possible (x, c), where x is a string
of length |w| and c is a certificate of length at most
T(lw|). Accept if any run accepts.




NP is the class of languages with polynomial-
time verifiers

Theorem: A language L € NP iff there is a polynomial-
time verifier for L R edguonsal

Proof: < Let L have a time-T (n) verifier V({w, c))

ldea: Design NTM N for L that nondeterministically

uesses a certificate | )
5 | fendne-
/—N

On \\‘ch-\— W P O (Tn) e

| . ”Muﬁmubk'vl‘j 9gwiss < of lawia ‘L_T(lw)‘
2. ta V o dw,c?. JT¥ aceps ag’_".Y ot e

IE weh, Aed-.
Comechenss  TE wel © J ¢ sd. V aah 2y ]
W Drck of wnddume, e © 6 gusd L"‘E“‘_":f.
wéeL: No ¢ Canes \ do acyt o) =) NM  regedy
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