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Nondeterministic time

lett: N—> N

NTM M runs in time t(n) if:

For every n and every input w € 2", M halts on w within at
most t(n) steps on every computational branch
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Deterministic vs. nondeterministic time

Deterministic

accept or reject
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Nondeterministic
,/1<
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Deterministic vs. nondeterministic time

Theorem: Let t(n) = n be a function. Every NTM running
in time t(n) has an equivalent deterministic single-tape

TM running in time 20¢®)
Proof: Simulate NTM by 3-tape TM

Input w to N (read-only)

.. v : : .
Finite Simulation tape (run N on w using
wy | U | #H |wg |Wy . :
control nondeterministic choices from tape 3)

1|1 3|3 |7 Address in computation tree
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Counting leaves

What is an upper bound on the maximum number of
nodes in a tree with branching factor b and depth t?

2 4=
i+b +b +._+ b
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Deterministic vs. nondeterministic time

Theorem: Let t(n) = n be a function. Every NTM running
in time t(n) has an equivalent deterministic single-tape

TM running in tlmeobz‘f(fi")zws i oe dg sk [ input )
Proof: Simulate NTM by 3-tape TM "™ M Bl simulation
. : t(n) :

# nodes: b | address )

Running time:

e

To simulate one root-to-node path:
O ()

N
7

N
/

Total time: £ < dony b

¢ O(4wY)- \OH")-:: oltwy - 2
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Deterministic vs. nondeterministic time

Theorem: Let t(n) = n be a function. Every NTM running
in time t(n) has an equivalent deterministic single-tape

TM running in time 2°2()
Proof: Simulate NTM by 3-tape TM in time 2°0()

We know that a 3-tape TM can be simulated by a single-

tape TM with quadratic overhead, hence we get running
time Prye M omlabls owlead

A
(ZO(t(n)))Z = 22:0(t(n)) = 20(t(n))

q «-\'QQQ ruate
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Difference in time complexity

Extended Church-Turing Thesis:

At most polynomial difference in running time between all
(reasonable) deterministic models

At most exponential difference in running time between
deterministic and nondeterministic models
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Nondeterministic time

lett: N—> N
NTM M runs in time t(n) if:
For every n and every input w € 2", M halts on w within at

most t(n) steps on every computational branch

NTIME(t(n)) is a class (i.e., set) of languages:

A language A € NTIME(t(n)) if there exists an NTM M that

1) Decides 4, and
2) Runsin time O(t(n))
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NTIME explicitly

A language A € NTIME(t(n)) if there exists an NTM M
such that, on every input w € X*

1. Every computational branch of M halts in either th;
accept or reject state within O(t(Jw|)) steps

—
M e i he  OCTCW))
fz. If w € A, then there exists an accepting computational
branch of M on input w

3. Ifw & A, then every computational branch of M
\ rejects on input w

) M &(.ZLS A-
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Complexity class NP

Definition: NP is the class of languages decidable in
polynomial time on a nondeterministic TM

NP = U,?=1NTIME(nk) = 3[_[ T MM M ddig L

m gy -hw
Which of the following are definitely true about NP?
[a) P S NP P-30]| 7 bbsmate g e ™
Y P decding L Z“u. b cont e
b) NP CI - | =
c) NP £P ExP={L| 2 dkemxsic  cloreshal-tue

N - W& . ™ a‘:&g L S
@ NP S EXP  WP= UNTTME(®) € y rrmg(22Y) = exp

e) EXP C NP =
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Hamiltonian Path

HAMPATH = {(G, s, t) |G is a directed graph and there

hawd by ot is@ path from s to t that passes
e s & ¥ through every vertex exactly onc§}
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HAMPATH € NP

The following nondeterministic algorithm decides
HAMPATH in polynomial time:

On input (G, s, t): (Vertices of G are numbers 1, ..., k)
1. Nondeterministically guess a sequence
C1, Cy, ..., C Of nUMbers 1, ..., k

 er ( 2. Check that ¢4, ¢y, ..., ¢ is @ permutation: Every
wayt\  number 1, ..., k appears exactly once

b @ b 3 Check that ¢; = s, ¢, = t, and there is an edge
oo ¥ from every c; to ¢;4 1

4. Accept if all checks pass, otherwise, reject.



Oninput (G, s, t):

A n a |yZ | n g t h e a |go rlt h m 1. Nondeterministically guess vertices ¢y, ¢y, ..., ¢k

2. Check that ¢y, ¢y, ..., C is @ permutation

N eed tO Check' 3. Check that ¢; = s, ¢, = t, and there is an edge
’ from every ¢; to ¢; 41
1) CO rrectn esSs 4. Accept if all checks pass, otherwise, reject.
£6,6,47 € HameAT = I3 « Hawdtoriam et Coiey (i hen s o b W 6

= Rtk ofF wa delrninom = whtch C.,‘f,(k_ weay quissed |eedy
a\ decks do gagy S N™M  aceh o hay hrech

(G,56] ¢ HAmea 2 Hee D vo Hamiltacan R e

TRV
= e quee ¢ Jo be o S (e
2O Q) wiae o &, ~fu ehw t‘\ss 0 T e one
=2 Wndh of compinkun lealy o reytet,
2) Running time
. Baw wdex toles O(log W) Wh do desche D oW legl) Hue to guss

7. (owt (=L and cleckh u..: ¢ ans c::.m 1c.,.., Cle
e 0((he)) = oW’ lg W)

. le ?c:rs o whes o clul Z5 O((ﬂ}l 20,
O((u. P u,)") e Lo (oo op @ach poir n  Gdiace, alik l-':, )
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Nondeterministically guessing, then checking

How did we design an NTM for HAMPATH?

e Given a candidate path, it is easy (poly-time) to check
whether this path is a Hamiltonian path

* We designed a poly-time NTM by nondeterministically
guessing this path and then deterministically checking it

* Lots of problems have this structure (CLIQUE, 3-COLOR,
FACTOR,...). They might be hard to solve, but a candidate
solution is easy to check.

General structure: w € L if and only if there exists a
nondeterministically guessable, but deterministically
checkable “certificate” ¢ to that fact




An alternative characterization of NP

“Languages with polynomial-time verifiers”

A verifier for a language L is a deterministic algorithm V
such that w € L iff there exists a string ¢ such that
V({w, c)) accepts Ceockfule™  SuXness®  proot”

Running time of a verifier is only measured in terms of |w|

V' is a polynomial-time verifier if it runs in time polynomial
in |w| on every input (w, c)

(Without loss of generality, |c| is polynomial in |w|, i.e.,
Ic| = O(Jw|®) for some constant k)
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HAMPATH has a polynomial-time verifier

Certificate c:  ¢,,..,0  wptuskdy  an  aleyed  Handbwon pethy
Verifier IV; wiwe® @ kaie

NA
Oninput {(G,s,t;c): (Vertices of G are numbers 1, ..., k)

1. Check that ¢4, ¢5, ..., C is @ permutation: Every
number 1, ..., k appears exactly once

2. Check that ¢, = s, ¢, = t, and there is an edge
from every c; to ¢;4 1

3. Accept if all checks pass, otherwise, reject.

Comehuss €6, ¢,t7 CUAMAM =D 3 ,Mm ot Cumie fom 32t
=)\ awph  on  wped o, ¢
6,5.6? ¢— UAn0 AT =D Het 7 W Hdwilhwas poth

=2 ¢ c, Verfer krdy {W,¢?

lnhe”  Sae walie (uof 0 & NM, plig b e el = Ol o0

“ ol t
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NP is the class of languages with polynomial-
time verifiers

Theorem: A language L € NP iff there is a polynomial-
time verifier for L
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Alternative Proof of NP € EXP

wel =2 @ ¢ &4 V u,c?) aceh \
uéL = Y \/(4..;,(7) wiech Soe  pIYveT

One can prove NP € EXP as follops. Let VV be a verifier for an
NP language L running in time T'(n). We can construct a

deterministic 20(TM) time algorithm M deciding L as follows.

a) Oninput(w,c), runV on (w, c) and output the result

b) Oninputw, runV on all possible (w, c¢), where c is a
certificate string. Accept if any run accepts.

[c)) Oninputw, runV on all possible (w, c), where c is a
— certificate of length at most T (|w]). Accept if any run

accepts. nke 22D o ¢, 0T

d) Oninputw, runV on all possible (x, c¢), where x_is a string
of length |[w| and c is a certificate of length at most
T (|lw]). Accept if any run accepts.




NP is the class of languages with polynomial-
time verifiers

Theorem: A language L € NP iff there is a polynomial-
time verifier for L g o 1hgaimal

Proof: < Let L have a time-T (n) verifier V({w, c))

Idea: Design NTM N for L that nondeterministically
guesses a certificate | Ranhie

On Wb b\].. o ))
\. Nm&d’«mmqh‘q\lj guss  C o lwh € ' Cru)) g O(T(n

LA Voo et L0, TE ach, aceph. | 5(q)
IF veed, egect.

( pnrechecg" I(' ODe L . JF ¢ sh \I[Lw,(,)) acplz
- ‘ 2 Beweh e ¢ v guiced leads N fo acpt.
T wel " VO Caves J(LA, D) bo wEd.

v) ?‘:g Wyamch leds N (o repd.
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