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Lecture Notes 11:

Alternation, Time-Space Tradeoffs

Reading.
* Arora-Barak § 5.3-5.4

Last time: Polynomial hierarchy, PH via oracles
We’ve now seen three equivalent characterizations of each level of the polynomial hierarchy. For exam-
ple, the class 3% can be described in any of the following ways:

1. IvP

2. The class of languages L such that there exist polynomials p, ¢ and a poly-time deterministic TM M
such that
e L — Jue{0,1}"0Dvy e {0,139 7 (2, u,0) = 1.

3. NPNP — NpSAT

Today, we’ll describe a fourth in terms of alternating TMs.

1 Alternating Turing Machines

Alternating TMs generalize NTMs to allow for a mixture of existential and universal “guessing.” While, like
NTMs, they don’t represent a realistic model of computation, they are helpful for “programming” natural
algorithms for certain problems and give illuminating alternative characterizations of the complexity classes
we’ve studied.

To motivate the definition, let’s recall the tree view of plain old nondeterministic computation. When
running an NTM N on an input z, it starts in some initial configuration. Then in every time step, it has a
choice of two transition functions to follow. The NTM accepts if there exists a leaf in this tree representing
an accepting configuration.
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Similarly, one can define a coNTM, except that it accepts whenever all leaves are in accepting configu-
rations.

Another way to think about this is that in an NTM, all nodes in the tree of computation paths are labeled
by V (“existential guessing”). The interpretation here being that the computation as a whole accepts if at
least one of the outgoing paths leads to acceptance. On a coNTM, think of all nodes as being labeled by A
(“universal guessing”), with the computation accepting if both outgoing paths lead to acceptance.

Now a question you might ask is: What happens if we mix A and V labels? This gives us alternating
TMs.

Definition 1 (Informal). An alternating TM is like an NTM, but before taking each transition, it may choose
whether to interpret the branch as existential (V) or universal (A).

See Arora-Barak for how to formalize this definition. Basically, each state in an alternating TM is
labeled with either V or A, governing how to interpret the transitions from that state as above. To determine
wither an alternating TM accepts an input, imagine writing down the configuration graph and use the state
labels to backpropagate the acceptance criteria up to the start configuration.

A useful perspective on alternating TMs comes from parallel computation. On each transition, you can
think of an alternating TM as spawning two processes. It can then choose to accept overall if either:

V: At least one process accepts
A: Both processes accept.

Example 2. Recall the problem
SMALL-EQ-DNF = {(¢, k) | IDNF ¢, [¢| < k, Vap(z) = (z)}.

The following alternating TM decides this language:
On input (¢, k):
Existentially guess a DNF 1) of size < k
Universally guess an input
Accept iff ¥ (x) = ¢(z).
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1.1 Bounded Alternations

Definition 3. An ATM is of ¥; type if its start state is labeled V and it alternates < ¢ — 1 times on every
computation branch. (Similarly for II; type, but with V replaced with A)
Define the class

3,-TIME(T (n)) = {L | L is decidable by a ¥; type ATM in O(T'(n)) steps}.
ATMs with bounded alternations give us yet another characterization of the polynomial hierarchy.

Fact 4.

o
¥? = | =i-TIME(n°)
c=1

2 Unbounded Alternations

Define the classes

ATIME(T(n)) = {L | L is decidable by an ATM in O(T'(n)) steps}
ASPACE(T(n)) = {L | L is decidable by an ATM in O(T'(n)) space}.

These naturally give rise to alternating analogs of the main classes we’ve studied, e.g., AL, AP, APSPACE.
What do we know about these alternating classes? It turns out we know exactly what they are: AL =
P, AP = PSPACE, APSPACE = EXP. We’ll do one of these today.

Theorem 5. AP = PSPACE.

Proof. As always, there are two things to show.



PSPACE C AP. Since AP is closed under poly-time reductions, it suffices to show that the PSPACE-
complete problem TQBF is in AP. Here’s the alternating algorithm:
On input QBF ¥ = Q121Q2z2 . .. Qnrpp:
If n = 0, evaluate ¢
If Q1 = 3: Existentially guess x1, and recurse on V|, .
If 1 = V: Universally guess x1, and recurse on V|, .

AP C PSPACE. We’ll actually show the more general statement that an ATM running in time 7'(n) can
be simulated by a deterministic TM running in space O(7'(n)). Recall that to simulate an alternating TM M
on an input x, we could materialize the tree of possible computations and propagate the acceptance criteria
up from the leaves to the root. Unfortunately, if our ATM runs in time 7'(n), this tree has size roughly 2T (n)
So instead, the idea will be to simulate this evaluation while only constructing nodes as we need them. More
specifically, we’ll do a depth-first post-order traversal to evaluate the nodes in the tree.

At any point in the traversal, one needs enough working space to simulate one branch of the computation,
which takes O(T'(n)) space, plus maintain the identity of the current working path from the tree root, which
takes another O(7'(n)) space. So the total space usage of this algorithm is O(7'(n)). O

3 Time-Space Tradeoffs

For all we know...

1. SAT could have a linear time algorithm, i.e., SAT € DTIME(n).
2. SAT could have a logspace algorithm, i.e., SAT € L.

3. Orboth! Le., SAT € DTIME(n) N L.

We believe these are probably not the case, but are very far from proving so. However, what we can
show is that SAT cannot be solved by an algorithm that simultaneously runs in low time and in low space.

Definition 6. For functions 7'(n) and S(n), define TISP(T'(n), S(n)) to be the class of languages decid-
able by TMs running in both time 7'(n) and space S(n).



Make sure you understand the difference between TISP(T'(n), S(n)) and DTIME(T'(n))NSPACE(S(n))!
Curiously, while this is just a statement about the deterministic time/space complexity of a specific
combinatorial problem, the proof crucially makes use of alternations.

Theorem 7.
SAT ¢ TISP(n'!,n%1).

We won’t prove this for SAT directly. What we’ll actually show is that there exists a language L €
NTIME(n) such that L ¢ TISP(n'2, n%2). The statement about SAT follows from a refinement of the
Cook-Levin Theorem which says that an arbitrary language L € NTIME(T(n)) can be reduced to SAT
quasi-linear blowup, i.e., each instance in L maps to a formula of size O(T'(n) logT'(n)), and that each bit
of the resulting formula can be computed in polylog time and space.

Here’s the gameplan for the proof. Assume for the sake of contradiction that NTIME(n) C TISP(n!2, n%2).
Our goal will be to derive a contradiction to the nondeterministic time hierarchy theorem as follows.

[ NTIME(n) € TISP(n12,102) | — | NTIME(n) € DTIME(n'?) |

Padding Claim 2: “Trade
J alternation for time”

| NTIME(') € TISP(n'%,1?) | Z,TIME(n®) € NTIME(n*®) |

Claim 1: “Trade time for
J alternation”

NTIME(n'®) € 5, TIME(n®) |

Contradiction to nondeterministic
time hierarchy

| NTIME(n'®)  NTIME(?¢) |

Claim 8. TISP(n'2,n%) C S, TIME(nd).

Proof. Suppose L is decided by a TM M running in time < Kn'? and space O(n?) for some constant K.
Then

x € L <= Japath from Cyy to Cyec in G, of length < Kn'?
<= Jconfigurations Cy, ..., C,e such that Cy = Cyart, Cpys = Cicc

and there is a path from each C;_; to C; of length < K nS.
Now observe that:

» The sequence of configurations Cy, ..., C,s has description length O(n°) - O(n?) = O(n®), since
each configuration can be described in O(n?) bits.



* By simulation via the UTM, it’s possible to check if C;_1 can reach C; within KnS steps using time

o(n").
Thus, the following X5 type TM decides L in time O(n®):
On input z:
Existentially guess configurations Cy, ..., Cs
Universally guess an index i € 1,...,nS
Check Cy = Citart, Cp6 = Chace, and that C;_1 leads to C; in < K nb steps. ]

Claim 9. [f NTIME(n) C DTIME(n!?), then £;TIME (n®) C NTIME (n"9).

Proof. Let L € SoTIME(n®). Then there exists an O(n®)-time TM M (where runtime is measured as a
function of |x|) and constant ¢ such that

zeL < Jue{0,1} vy e {0, 13 M(z,u,v) =1
e Fue{0, 1} st (z,u) ¢ R,

where the helper language R is defined as
R = {{z,u) | I € {0, 1} P M (2, u,v) = 0}.

Note that R € NTIME(n) C DTIME(n!-?) by assumption, so there is some deterministic TM D
deciding R in time O(n'?).
Thus, we obtain the following NTM for the language L:
On input z:
Nondeterministically guess u € {0, 1}0‘
Run D(x,u) and flip the answer.
The runtime of this NTM is O(n®) + O((n®)}?) = O(n%9). O

x|®

3.1 Different Time-Space Tradeoffs

1. The same proof gives the following. For every ¢ > 0, there exists 6 > 0 such that NTIME(n) ¢
TISP(n'*0, n'—%)

2. At the other extreme, we also have that for every ¢ > 0, there exists 6 > 0 such that NTIME(n) ¢
TISP (n?s(/T)=¢ pd) where 2 cos(m/7) ~ 1.8019. This record is due to Williams from around
2007, and was discovered by computer search. Moreover, this search provides evidence that this
bound is optimal for “alternation-trading” proofs.
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