Probability in Computing

LECTURE 17

Last time

* Expectation and infinite sums
 Linearity of expectation

Today

. » Expectation of continuous random variables
Reminders e Product of independent random variables
* HW 8 is due Thursday « Law of the Unconscious Statistician
Reading (LOTUY)
* LLM 19.4-19.5  Conditional expectation
* LLM 20.2, 20.3 « Law of Total Expectation
- P322,323
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ay37| Top Hat question (Join Code: 033357)

* Example: permutations

— 3 students exchange their hats, so that
everybody gets a random hat

— Let X be the number of students that got their own hats.
— E.g., if students 1,2,3 got hats 2,1,3 then X=1.
 PMF of X:

1 1 1
Pr(X =0) =5, Pr(X =1) =, Pr(X =3) = -.

e What’s the expectation of X?
A. 3/4

B. 1

C. 3/2

D. None of the above.
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:%S% Example: Random Hats

* Example: permutations

- n students exchange their hats, so that
everybody gets a random hat

— Let X be the number of students that got their own hats.
 What’s the expectation of X for general n?
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i%% Expectation for Continuous RVs

* The expectation of a continuous random variable 1s defined as 1n
the discrete case, but we replace the sum with an integral

« Let X be a random variable with PMF fy (discrete case)
or PDF fy (continuous case)

discrete:
E(X) = 2 x - fx(x)
XER
continuous: E(X) = foox - fx(x) dx
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37| Example: Uniform Random Variable

* Suppose X 1s chosen uniformly at random from the interval [a, b]

+ The PDF is fy(x) = —— for x € [, b]

—a

* E(X) =J_o:ox-fx(x)dx=be. - dx = - jbxdx

. b-—a b—a

b 1  b%—a? _b+a

1 x?
- b—a 2 2

b—a 2

a

* Note: [E(X) is the midpoint of the interval [a, b]

a b+a b
2

3/28/23 Tiago Januario, Sofya Raskhodnikova; Probability in Computing L1.6



3/28/23

Suppose we throw a dart at a circular board of radius r

Let D be the distance from the center of the board to the hitting
point of the dart

The PDF is fy(x) = i—f forx € |0, 7]

= T 2x 2 (7,
E(D) = | x-fy(x)dx =j x - —dx =—| x%dx
—00 0 r r 0
2«3 2 3 2r
r2 3 r2 33
0
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a3»| Functions of Random Variables

* A random variable can be a function of another random variable
» Examples:Y =3X + 1;Y = X%Y = |X|

 [fY i1s a function of X then PMD/PDF of Y @
1s related to the PDF of X

« Law of the Unconscious Statistician (LOTUS): If Y = g(X) then
gsoee. B =B@GEO) = ) g(x) - fx(x)

XER

continuous: E(Y) =E(g(X)) = j_ g(x) - fx(x)dx
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ﬁ%%l LOTUS: Examples @E

« Law of the Unconscious Statistician (LOTUS): If Y = g(X) then
discrete: E(Y) = E(g(X)) = z g(x) - fx(x)

XER
CO

continuous: E(Y) =E(g(X)) = j g(x) - fx(x)dx

« Example 1: Let X be uniform over {—4, ..., 4}. Then PMF of X is

p
1 .
fX(x) — 6 ifx € {—4', ,4}
0 otherwise
2\ _ 2 _ » 1 2 5 2 2 2
E(X%) = ) x? fy(x) = %5 =§(1 + 22 4+ 32 4+ 42)
XER
x€{—4,..,4}

3/28/23 Tiago Januario, Sofya Raskhodnikova; Probability in Computing L1.9



37| Without LOTUS: Examples {(

« Example 1: Let X be uniform over {—4, ..., 4}. Then PMF of X is

)
1 .
fX(x) = 5 ifx € {—4, ,4}
0 otherwise
Range(X?) = {0,1,4,9,16} = {0,1?,2%,32,4%}
(2

if k € {1,4,9,16}
fx2 (k) =+

9

L if k € {0}
9 1

0

otherwise

\

2 2
E(X?) = k-3 =§(12+22+32+4Z)

ke{12,22,32 42}
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ﬁ%%l LOTUS: Examples

« Law of the Unconscious Statistician (LOTUS): If Y = g(X) then
discrete: E(Y) = E(g(X)) = z g(x) - fx(x)

XER
CO

continuous: E(Y) =E(g(X)) = j g(x) - fx(x)dx

« Example 2: Let X be uniform over [0,1]. Then PDF of X is

(1 ifx e[o1]

Jx(%) = {0 otherwise
o 1 X3 1 1
B = | 2 fiedx = [ x2ax= L) 1
o ) 3] 73
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Q%S}I Product of independent RVs

e Theorem. For any two independent random variables X
and Y on the same probability space,

E(X -Y) = E(X) - E(Y)

» Note. The equality does not hold, in general, for
dependent random variables.

Example. We toss two coins.
Let X=number of HEADS, Y= number of TAILS.
Calculate E(X), E(Y) and E(XY).
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ﬁ%% Product of independent RVs

* Find the ranges and probabilities

e B A T
(H,H) 2 0 0
(H,T} 1 1 1 1/4
(T,H} 1 1 1 1/4
(T, T} 0 2 0 1/4
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ﬁ%% Product of independent RVs

* Find the ranges and probabilities

e S PR T

(H,H) 2 0 0

H,T) 1 1 1 1/4
(T,H} 1 1 1 1/4
(T, T} 0 2 0 1/4
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%5;, Product of independent RVs

* Find the ranges and probabilities .-
2 0 1/4
E(X) = z x - Pr(X = x)

XERX

1 1/4

1
1 1 1/4
0

N = =

0 1/4
E(Y) = z x - Pr(Y = y)
YERy
E(X-Y)= Z z x-y-PriX=xY=y)
YERx YERy
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%5;, Product of independent RVs

* Find the ranges and probabilities .-
0

1 1 1 2 1/4
E(X)=0-—-4+1-=-4+2-—=1 | 1 1/4
4 2 4 1 1 1 1/4
E(Y) = 2 x-Pr(Y =y) e
YERy
E(X-Y) = Z z x-y-PriX=xY =y)
YERx YERy
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%5;, Product of independent RVs

* Find the ranges and probabilities .-
0

E(X)=0- P SR —
— N - — = 1 1 1 1/4
iL % il' 11 1 1/4
EW)=0-—-4+1-—-4+2-—=1 0 2 0 1/
(Y) ZT15+2-
YERyx YERYy
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e%s% Product of independent RVs

* Find the ranges and probabilities .-
0

EX) =0 —41 42221 .
— N Py — = 1 1 1 1/4
iL % il' 11 1 1/4
E(Y)=0-—+1-—4+2-—=1 0 2 0 1/4
(¥) ZT15+2-
E(X-Y)=2-0 1+1 1 1+o 2 1_1
- 1 2 42

In this example, the equality does not hold
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ay37| Top Hat question (Join Code: 033357)

For arbitrary random variables X and Y, by linearity of expectation:

A.

B.
C.
D.
E.

3/28/23

E(X+Y) =EX)+E(Y)

E(aX + bY) = alE(X) + bE(Y) forall a, b € R.
E(XY) = E(X) E(Y)

Both A and B are correct.

A,B and C are correct.
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% Conditional Expectation

* Definition: The conditional expectation of a discrete random
variable X given an event A 1s

E(X|A4) = z x-Pr(X=x|4)

XERy

z Pr(X=x N A)
= X -

e Pr(A)
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g}_%Si—, Conditional Expectation

* We can also have a condition involving another random variable:

EX|Y=y) = zx-Pr(X=x|Y=y)

XERX

B PriX=xnNnY =y)
- Z’C' Pr(Y = y)

XERX
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i%% Conditional Expectation

* Example:

E(X|A)= Y x:-Pr(X =x|A)

XER

E(X|X=2a)= Yx-PriX=x|X=>=aqa)

XER

X = number obtained when rolling a die {1,2,3,4,5,6)}
A = “number rolled 1s at least 4” l l

E(X|A) = EX|X=4)= 5
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:?_%S} Law of Total Expectation

* Using the Law of Total Probability, we can show:
E(X) =E(X|A1) - Pr(A1)+E(X|Az) - Pr(Az)+...+ E(X|Ap) - Pr(Ap)
X 1s a random variable

Al, A2, ..., An is a partition of the sample space {2 Q
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é%s% Law of Total Expectation

e Using the Law of Total Probability, we can show:

E(X) =E(X|A,) - Pr(A))+E(X|A,) - Pr(Ay)+...+ E(X|A,) - Pr(Ap)

X = number obtained when rolling a die {1,2,3,4,5,6}
A = number rolled 1s at least 5 ! - '
B = number rolled 1s at most 4 B A
E(X) =E(X|A) - Pr(A)+E(X|B) - Pr(B)
= E(X|A) -E+IE(X|B) 232 + cas 105 _ 3.5
3 3 3 3 3
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2%5; Example: More Dice

* Let X =number of dots showing on two rolled dice

« Let A = the first roll was > 4 2nd
1/2[3]/as5]6

Naive approach: Just assume 1st

the event 1s the whole sample space: 415678 09]10
5|6|7]8]9 [10]11
6l7]8l9]10]11]12

E(X| | A)=

S+ +10)+ @+ + 1D+ T+ +12) _ 153 _

18 18
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5_%3;, Example: More Dice

* Let X =number of dots showing on two rolled dice

e Let A = the first roll was = 4 2nd
112/3/4|5|6
. . , 1/2(3]4|5]6]7
Using Conditional Expectation: 530als]6 73
1st [3/4|5|6|7 |89
a4|5|6[7]8 910
xiae g PEEIAN s
xeR I‘( ) 6
1 2 3 2 1
_ 5£+6%+(7+8+9+10)£+11£+12%=85

1

2
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2%5; Example: More Dice

* Let X =number of dots showing on two rolled dice

 [et A = the first roll was > 4

Using the Law of Total Expectation
on a partition of an event:

1st
E(X|A)=

2nd

1(2(3/4|5|6
112|3|4|5|6|7
2(3|4|5|6 |78
345|677 |89
45|67 8 9 | 10
5(6(7(8| 9 |10]|11
6| 7|8|9(10|11 |12
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2%5; Example: More Dice

* Let X =number of dots showing on two rolled dice

 [et A = the first roll was > 4

Using the Law of Total Expectation 2nd
on a partition of an event: 1/2/3/4/5)6
11234567
2/3[als5]|6]7]s
1st [3/4|5|6|7 |89
E(X|A)= als|e6|7]8]9 10
g|6[7]8]9[10]11
5.5-%+8.5-%+9.5-% _ g5 6l7189]10]11]12

1
2
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