Probability in Computing

LECTURE 23

Last time

» Applications of Markov and
Chebyshev

Today

e Continuous Distributions:

e Uniform Distribution

Reminders  Normal Distribution
« HW 11 due Thursday

Reading
 P42.1,423

V23723 Tiago Januario, Sofya Raskhodnikova,; Probability in Computing L1.1



%33} Continuous Uniform Distribution

* Also known as Rectangular Distribution

fx (%) |

a b X

* Pr(a <x<b)=1= height - widht
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32| PDF: Uniform Distribution

* A continuous random variable X 1s said to have a
Uniform distribution over the interval |a, b],

shown as X ~ Uniform(a,b), if its PDF 1s
given by

1
fX(x): h—q a<x<b>b

0 x<aorx>»>b
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22> | Top Hat question (Join Code: 033357)

* A student waits for the T between zero and 10
minutes, uniformly distributed. What is the

probability that a student waits between 4 to 6
minutes?
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%_%S} CDF': Uniform Distribution

« By definition Fy(x) = Pr(X < x). We have
Fy(x) =0forx < aand Fy(x) =1forx > b

 Fora < x < b we have
Fy(x) = Pr(X < x)

a b X
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%%S} CDF: Uniform Distribution

« By definition Fy(x) = Pr(X < x). We have
Fy(x) =0forx < aand Fy(x) =1forx > b

e Fora < x < b we have
X—Aa

o Fy(x) = b—a

e To summarize

(0 x<a
F(x)—<x_a a<x<b
X - \b—a -

L1 X>Db
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37| Top Hat question (Join Code: (033357)

A student waits for the T between zero and 10
minutes, uniformly distributed. What is the
probability that the student waits at least 7
minutes?
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22> | Top Hat question (Join Code: 033357)

A student waits for the T between zero and 10
minutes, uniformly distributed. What is the
expected waiting time?
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%‘g Variance and Standard Deviation

A student waits for the T between zero and 10
minutes, uniformly distributed. What is the
variance and standard deviation?
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é%% Conditional Uniform Probability

What 1s the probability that a student waits at most
8 minutes given that they waited at least 6 minutes?
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2%5} Continuous Uniform Distribution

X ~ Uniform(a, b) 1 PDF

1
PDF: fx(x) = { b—a

ifa<x<b

otherwise

0
(0 if x<a

X—a . I
CDF: Eﬂ@z{b—a ifa<x<b a E(X) b
1 ifx>b
a+b
E =
(X) >
(b — a)?
V —
ar(X) T
b—a
Ox =

V12 def X(a,b):

return (b-a)*random() + a
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2%5} Continuous Uniform Distribution

Reminder: The recommended way to calculate probabilities for continuous RVs i1s

with intervals, usually using the CDF.
PDF

Example: 0.1
X ~ Uniform(0, 10)

fx(x)={1lo p=x= 1D

0 otherwise

0 x<0
Fx(x) = 1—’6 0<x<10
1 x> 10
1
Pr(65X58)=FX(8)—FX(6)=1%_1%=_
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237| Recall: Binomial Distribution

e X ~ Binomial(n, p) example

Binomial(20,0.5) PDF Binomial(20,0.5) CDF
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GH
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%%S% X~Binomial(n,p) forp = 0.5asn - oo
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Probability

GH
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%%S;’ X~Binomial(n,p) forp = 0.5asn - oo
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GH

0.12

X~Binomial(n,p) forp = 0.5asn — oo
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%%S% X~Binomial(n,p) forp = 0.5asn - oo
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Probability

GH
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Probability

GH
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%%S;’ X~Binomial(n,p) forp = 0.5asn - oo
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0.025 |

0.020 |

0.015 |

Probability

0.010 |

0.005 |

0.000
e 40 480 500 520

Outcomes

540 560

4/25/23 Tiago Januario, Sofya Raskhodnikova; Probability in Computing 212



aa7| X~Binomial(n,p) forp =0.5asn - o

0.030 B(lOOO,Q.S) (PMF)

440 450 430 500 520 540 550
Outcomes
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2@3% X~Binomial(n,p) forp = 0.5asn - oo
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37| Symmetric probability distributions

4/25/23

A symmetric probability distribution 1s a
probability distribution which 1s unchanged when
its PDF 1s reflected around a vertical line at some
value of the random variable represented by the

distribution.
f(x)
1
m~ . [ ®
0 a b X I1 0 i

This Photo by Unknown Author is licensed under CC BY-SA
This Photo by Unknown Author is licensed under CC BY-SA-NC
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2%5} Normal Distribution

* Very important probability distribution
* Also known as Gaussian or Bell-shaped curve

—30 —20 —10c u 1lo 20 30
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2‘?’355;,| 68-95-99.7% rule

—30 =20 —1c u 1lo 20 30
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z%si,l 68-95-99.7% rule

—30 —20 —%a U 1}0 20 30
68.26%
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2| 68-95-99.7% rule

—30 —20 —140 U 1}0 20 30
68.26%
95.45%
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2| 68-95-99.7% rule

—30 —20 —140 U 1}0 20 30
68.26%
95.45%

99.73%
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2%5; Normal Distribution: Examples

The normal distribution occurs when a very large number of

factors add together to create some random phenomenon.

Example: What is the IQ of a human being?

Standard Deviations -4 -3 -2 -1 0 1 2 3 4
Wechsler G 40 55 70 85 100 115 130 145 160
Stanford-Binet I 36 52 68 84 100 116 132 148 164

Cumulative % 0003 0135 2275 15.866 50.000 84134 97.725 99.865 99.997
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2%5:’ Standard Normal Distribution

Since there are countless Normal Distributions, we

focus on a normalized version, simply called the
Standard Normal Distribution
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CS . :
PLY, Standard Normal Distribution

We can convert any random variable which has a
normal distribution X~N (y, 02) into a standardized
random variable Z~N(0,1) by computing its z-score
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CS . :
PLY, Standard Normal Distribution

We can convert any random variable which has a
normal distribution X~N (y, 02) into a standardized
random variable Z~N(0,1) by computing its z-score
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22| Top Hat Activity (Join Code 033357)

* The heights of adult men 1n the United
States are approximately normally
distributed with a mean of 70 inches and a
standard deviation of 3 inches.

» Heights of adult women are approximately
normally distributed with a mean of 64.5
inches and a standard deviation of 2.5
inches.

* Compute the z-score of your height
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Normal Distribution: N(0, 1)
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PEY, Normal Distribution

Normal Distribution: N(0, 1.0)

040 -

0.35 1

0.30 A

025 1

020 -

Probability

015 1

010 +

0.05 A

000

Range of RV X
mean = 0@
var = 1
stdev = 1.0
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PEY, Normal Distribution

Normal Distribution: N(0, 1.0)
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PEY, Normal Distribution

Probability
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z%s} Example: Normal Distribution

Your local p1zza shop claims that their large 1s at
least 161n or 1t 1s free. Their pi1zza 1s normally
distributed with u = 16.3in and o = 0.2in. What
1s the probability of getting free pizza?

This Photo by Unknown Author is licensed under CC BY-SA

4/25/23 Tiago Januario, Sofya Raskhodnikova; Probability in Computing L1.40
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s37| PDF: Normal Distribution

 The PDF of a standard normal random variable,
Z ~ N(0,1) is given by
1 _z
f;(z) =——=e 2,forallz € R.

V21
 and 1ts CDF 1is given by

1
F,(z) = \/TTT e 2 du

Unfortunately, this integral does not have a closed
form solution ®
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s37| PDF: Normal Distribution

 The PDF of a standard normal random variable,
Z ~ N(0,1) is given by
1 _z
f;(z) =——=e 2,forallz € R.

V21
 and 1ts CDF 1is given by

OP(x)=PrZ<x)=F,(z2)=— | e 2 du
Unfortunately, this integral does not have a closed
form solution ®
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%%S}I Properties of ®(x)

Here are some cool properties of ¢
1. lim ®(x) =1 and lim ®(x) =0
X——00

X— 00

2. ©(0) =

;
3. d(—x) =

1—®(x),forallx € R

If Z 1s a standard normal variable and X = 0Z + u

1S a normal random variable, then
X~N (ou 0-2)
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%%S} Getting Free Pizza

Your local p1zza shop claims that their large 1s at
least 161n or 1t 1s free. Their pi1zza 1s normally

distributed with u = 16.3in and o = 0.2in. What
1s the probability of getting free pizza?
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ml Getting Huge Pizza

Your local p1zza shop claims that their large 1s at
least 161n or 1t 1s free. Their pi1zza 1s normally
distributed with u = 16.3in and o = 0.2in. What
1s the probability of getting a pizza over 16.5in?



é%% Getting Huge Pizza

Your local p1zza shop claims that their large 1s at
least 161n or 1t 1s free. Their pi1zza 1s normally
distributed with u = 16.3in and o = 0.2in. What
1s the probability of getting a pi1zza between
15.95in and 16.63in?
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PEY, Normal Distribution

Recall that the only way we can analyze probabilities in the continuous case is
with the CDF:

Probability Distribution for N(66,9) o= 3.0

| . / \
flz)= ——e 2* " A

\V 212 ..

& & 70 7S

a o - : v
F(a) = / f(x) dx
—Qo0

Pr(X < a) = F(a)
Pr(X > a) =1.0- F(a)

Pr(a < X < b) = F(b) — F(a)

&0 & 70 7
x in Range(X)
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