
CS 537: Randomness in Computing Prof. Sofya Raskhodnikova
Boston University October 28, 2022

Homework 8 – Due Thursday, November 3, 2022

Page limit You can submit at most 2 pages per problem, even if the problem has multiple parts.
If you submit a longer solution for some problem, only the first sheet of paper will be graded.

Reminder Collaboration is permitted, but you must write the solutions by yourself without assis-
tance, and be ready to explain them orally to the instructor if asked. You must also identify your
collaborators and whether you gave help, received help, or worked something out together. Getting
solutions from outside sources such as the Web or students not enrolled in the class is strictly forbidden.

Exercises Please practice on exercises in Chapter 5 of Mitzenmacher-Upfal.

Problems

1. (Serving the balls) Based on exercise 5.12 from MU.

(a) Do part (a) of Exercise 5.12.

(b) Read part (b) of Exercise 5.12. Show that xj+1 ≤ x2j/n. You may use Bernoulli’s inequality:
(1 + x)r ≥ 1 + rx for every integer r ≥ 0 and every real number x ≥ −1.

(c) Compute x1 and show that lnx1 ≤ lnn− a for some constant a > 0.

(d) Show that if every round the number of balls served is exactly the expected number of balls
served then all the balls are served in O(log log n) rounds.

Hint: Show that lnxj+1 ≤ lnn− 2ja.

2. (Poisson diagnostics) You are administering tests to people picked from the population of Boston
uniformly and independently at random. Suppose that p1 fraction of the population is healthy, p2
fraction of the population has Coronavirus, and p3 fraction of the population has a common flu
virus, where p1 +p2 +p3 = 1. You take a Poisson number of samples with mean µ. Let X,Y and Z
be the number of healthy people, people with Coronavirus, and people with a common flu virus in
your sample, respectively. Prove that X,Y and Z are independent Poisson random variables with
means p1µ, p2µ, and p3µ, respectively.

3. (Poisson Fish) You and your roommate bike to Walden Pond. Your friend proposes an algorithmA
that takes descriptions of fish sampled uniformly at random from the pond and outputs an estimate
of the number of species in the pond. Sampling is with replacement, of course; it is state law, and
who knows what else is swimming in that pond. The difficulty is that algorithm A needs the
number of samples it gets as input to be distributed according to Poisson distribution. Specifically,
it draws N ∼ Poisson(s), that is, from the Poisson distribution with parameter s, and then takes
N samples. However, to fish at Walden pond, you had to get a permit, and the permit says that
you can catch (and then release, of course) at most 2s fish.

You think to yourself that effectively you will be running algorithm A′ instead of algorithm A.
Algorithm A′ runs algorithm A as a black box if the number of samples A requests is at most 2s;
otherwise algorithm A′ returns “fail”. Your goal is to prove that A and A′ have essentially the
same behavior. Let random variable Y be the estimate returned by A and random variable Y ′ be
the estimate returned by A′.
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(a) Use Chebyshev’s inequality to prove the following claim: For every set S of possible outputs,∣∣Pr[Y ∈ S]− Pr[Y ′ ∈ S]
∣∣ ≤ 2

s
.

Your roommate (who is a complexity theorist) says that you just proved that algorithms with a
fixed-size sample can simulate Poisson algorithms. He defined Poisson algorithms as algorithms
that take N uniform samples, where N is drawn from a Poisson distribution. He is wondering if
Poisson algorithms can simulate algorithms with a fixed-size sample. Now suppose you have an
algorithm A that takes s samples. Your goal is to design a Poisson algorithm A′ so that both
algorithm satisfy the claim above.

(b) State your algorithm A′.

(c) Prove the claim. Apply Chernoff-type bounds for Poisson distribution (instead of Chebyshev’s
inequality).

Note: Both Chernoff bounds and Chebyshev’s inequality are applicable for both parts (a) and (c).
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