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PAC Learning [Valiant]

PAC means Probably Approximately Correct”

Let Q) be a (finite or infinite) domain.

Let C be a class of Boolean functions on domain (, i.e., functions
of the form f: Q — {0,1}

Let D be a distribution over ().

The learner L is given parameters €,6 € (0,1) and aset S of m
examples drawn i.i.d. from D and labeled with a function f € C:

{(x,f(x)): X € S}.
Goal of L: to find a Aypothesis h € C with error less than &:
errqp(h): = Plz‘)[f(x) + h(x)].
x~

An algorithm L is a PAC-learner for a class C if the probability
it returns a hypothesis h with errqy(h) < eisatleast 1 — 6.

The probability is taken over distribution 2 and the coins of £



ERM

ERM stands for "empirical risk minimization”
e Empirical error (or empirical risk) of a hypothesis h is
errs(h):= Pr[f(x) # h(x)]
x~

e An empirical risk minimizer is a hypothesis that has the
smallest errs among all hypothesis in the class, i.e., it mislabels
the smallest number of examplesin S.

e We will see that returning an ERM hypothesis is a great
strategy for the learner.



Big Question

For a given class C,
what sample size m
is sufficient for PAC learning?



Vapnik-Chervonenkis (VC) Dimension

e We will think of functions f € C as indicator functions for sets.
e For this part, we will equate them with sets. l.e., now f € ().

e ForafinitesetS € (), the projection of C onto S is
[e(S)={hNS:h €C}
In the old notation, this is the set of possible labelings of S by hypotheses from €

e AsetSisshattered by C if |HC(S)| = 2151 j.e., no labeling is
ruled out.
e Note thatif S is shattered by C, then so is every subset of S.

e The VC dimension of a class C is the size of the largest set
shattered by C:

VC(C) = max{|S|: S shattered by C}

o Letllp(m) == mangQ’|S|=m{|HC(S)|}, i.e., the maximum size
of a projection of C for an m-element set.



Sauer Lemma

/Sauer Lemma [Vapnik Chervonenkis] \
Let C be a class of Boolean functionsand d = V( (C)<co. ‘
d my. «g (M
Then Ip(m) < (<md) < (%) = 0(m?) (L) sz ;')
\_ B If VC(C)=00, then [1(m) = 2™ for all m

Proof (by a shifting argument): Fix a set S of size m.
o Let F=IIp(S), i.e., itis a family of subsets of [m].

e Wlogm>d Otherwise, (<md) is 2™ and the lemma holds.
e We will transform family F into a family G by using shifting
‘ 1. Repeat until no further change is possible: A
2. fori=1tom
3. for all F € F do
4 if F — {i} & F then replace F by F — {i}

\_ 2. Set G =F andreturn G 4




Proof Sauer Lemma

/Sauer Lemma [Vapnik Chervonenkis]

Let C be a class of Boolean functionsand d = VC(C)<oo.

m em) @ _ d
KThen [Me(m) < (S d) < (7) = O(m ) y
Proof (continued): Properties of the transformation.

1 |g| — |T| “ 1. Repeat until no further change is possible:
] 2. fori =1tom

2. IfA c Sisshatteredby g, | * for all F € F do

then A is shattered by F | s, setg=Fandretumg

4 if F — {i} € F thenreplace F by F — {i}

3. IfA € G, thensois every subset of A. g is closed under taking subsets

Instead of upper bounding |F|, we upper bound |§|.

e Every member of G is shattered by G, By (3)
so it is also shattered by F. By (2)

e Thus, every member of § has size at most d, and

1G] < (smd)



Proof Sauer Lemma

Proof (continued): It remains to verify:
2. If A c §Sisshattered by G, (1. Repeat until no further change is possible:

: 2. fori =1tom
then A is shattered by F . tor oll F € F do
Fix some execution of Steps 3-4 | 4 e R e = oy F — {1}

\_ 3. Set G=Fandreturn§

for some specific setting of i.
Let F and F’ be the family before and after the execution, resp.

e Consider A shattered by F’. We need to show: A is shattered by F.
e W.l.o.g.assume i € A. Otherwise, intersections of A with members

e FixR C A Need to show: of the family are not affected by the operation
(removal of i from the sets)
3T € F suchthat ANT =R
e Then3F' € F suchthat ANF' =R  Ashattered by

— Ifi ER,then F' € F. /
— Supposei & R.
Then 3T € F suchthat ANT' =R U{i}.SetT =T' — {i}
T € F, since T' wasn’t replaced in Step4,and AN T = R. 8



Sauer Lemma

/Sauer Lemma [Vapnik Chervonenkis]

Let C be a class of Boolean functions and d = VC(C)<co.

\Then [Me(m) < (Smd) < (%)d = O(md)
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